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sa D’un ‘lagrangien unifié déduction est faite d’un systéme de quatre identités qui par 
Vintermédiaire des équations des champs conduisent rigoureusement aux équations des 
trajectoires. 
On peut alors identifier un rapport charge/masse. 


“ Introduction 


: Aprés un rappel des déterminations classiques de l’équation des trajec- 
toires en relativité générale nous examinerons divers enrichissements heuristi- 
ques de la structure du tenseur impulsion énergie, qui caractérise des fluides 
granuleux avec tension, pression ou viscosité. Nous allons ensuite considérer 
un lagrangien dont le choix a déja été justifié, et nous lui appliquerons une 
variation de Lig- WEYL; ainsi nous serons conduits 4 des identités rigoureuses. 
Par l’intermédiaire des équations des champs on retrouve ensuite, complétée, 
une expression qui rappelle celle donnant les géodésiques d’EISENHART, et qui 
apparait comme le systeme différentiel vérifié par un «courant extremum», 
compte tenu des phénomeénes gravitationnels et électromagnétiques. C’est une 
loi de force plus générale que celle de LORENTZ. 

On peut évidemment donner l’expression rigoureuse du tenseur impul- 
sion énergie xT, de cette théorie, mais pour V’interpréter nous passerons a 
Vapproximation [10] des champs faibles: supposant ¢,, petit nous indiquons 


pour 77, une structure qui nous renseignera sur la nature profonde du fluide 


élémentaire. 

Nous avons donc fait deux hypotheses: 

— les trajectoires des particules chargées, lignes de courant du fluide, 
peuvent étre obtenues comme une condition de stabilité lors d’une libration 
infinitésimale de l’ensemble des champs et plus spécialement du champ mé- 
trique. 

— Aprés l’obtention des résultats rigoureux nous supposens que le 


champ électromagnétique est faible vis a vis d’un scalaire de la théorie. 
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La gravitation 
Les équations d’ErsTEIN de la relativité générale s’écrivent dans le cas 


intérieur 


Sap Lh) ap - |! 


Le tenseur S,, construit a partir de la connexion affine symétrique est d’origine 
purement géométrique. Seul, il nous a permis de mettre en équation Pévolution — 
des champs. La matiére chargée ou non est décrite par le second membre dont 
la structure caractérise celle du fluide matériel. 
Ainsi 47.3 = Tas représenterat un schéma champ électromagnétique 
pur. Quant A la matiére chargée et a l’état de poussiére sans pression [8 p. 97] 
elle s’introduira par un terme en QU,U, 
dx 
XT op = QU, Us + Tap? b> — 
ds 
ct le tenseur d’impulsion énergie d’un fluide visqueux s’écrira” 
(Tp = (0 +p —4V,C*) ug — (Pp — AVC) Bag + 
[ee = Hija sas 
7 = [Vals aE aos € (Vi C.-C + Vi C,.C,)]. 


Cette complication par juxtaposition ne peut évidemment qu’approcher 
aveuglément la réalité profonde, et ne posséde pas ’harmonie d’une déduction 
partant d’un cadre géométrique. 

Les équations des trajectoires sont alors données simplement: le ten- 
seur S,g est naturellement conservatif et par le jeu des équations d’ EINSTEIN 
on en déduit la conservation de ¥T,;. Ce qui dans Vhypothése du schéma 
matiére pure donne les équations 


wey ue = 


les trajectoires du vecteur vitesse unitaire sont donc des géodésiques. Par 
contre le schéma matiére — champ électromagnétique engendre, en ajoutant 
une hypothése de convection de LORENTZ (J, = /u,) analogue 4 ’hypothése 
sur la forme du tenseur impulsion énergie, l’expression suivante: 


A 4 4 . 
Fw irc = EF, J F,,: champ électromagnétique; 


0 J.: courant; 4/0: charge/masse. 


1t,g tenseur de MAXWELL. 
p 
dp 
P+P 


. , . aaa D . va Po 
covariante dans la métrique Sap = F gag; @ densité propre et p pression scalaire du fluide. 


22, 4 sont des coeificients de viscosité, F=exp E indice du fluide; 7 dérivation 
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Les trajectoires du champ unifié 


Extension qui se veut directe de la relativité générale, la théorie du 
_ ur as ie : : 

champ unifié d’ EINSTEIN n’a pas réussi 4 donner des trajectoires de particules 
ou tout au moins un systéme différentiel aux lignes de courant. 

2 En relativité générale les équations du champ jouent un réle fondamental 


dans la détermination des équations du mouvement. Ou bien Videntité en 
divergence se répercute dans le cas intérieur et par l’intermédiaire du tenseur 
impulsion énergie en quatre identités qui donnent l’écart aux géodésiques: 


“Ceci étant essentiellement dt a4 la présence de la charge. Ou bien la méthode 
des singularités joue sur le flux d’un vecteur qui est directement issu des 
-€quations du cas extérieur [9]. Un seul trait commun, l’apport matériel pro- 
-posé indépendamment de toute géométrie, tient un réle déterminant. 
%: D’aprés le théoréme de NOETHER [6] il doit exister quatre identités 
dites de conservation. WEYL [6, p. 200] et EINSTEIN [7, p. 8] ont utilisé une 
déformation infinitésimale du continuum, dans le cadre d’une unification des 
théories électromagnétiques et gravitationnelles, et ont bien déterminé ces 
sidentités. Mais si le premier réussit une synthése de l’électromagnétisme, le 
second échoue devant le champ unifié. 
Nous avons déja donné un exemple intéressant de fonction d’action 
unifiée et nous avons expliqué [1] pour quelles raisons son expression nous 
apparaissait comme ne devant pas étre réduite: 


P= ys [R...(r) ea MI yy + a (q”” fies iy Sa ray) (1) 


(R,,(r) tenseur de Ricci dans la connexion Py 
Ps T= The 5 My = 0, T,— 8, 1,38 det. de 8,05 9" = Viel 3”), 


En effet la suppression? d’un composant quelconque introduit des restric- 
tions [10] incompatibles avec la nécessité d’une complete généralité de la 
, 

théorie et nous le verrons, avec la détermination explicite d’identités de con- 


servation. 
Nous allons transposer 4 ce lagrangien une variation du type LrE- WEYL, 


gans en chercher pour l’instant une signification physique. 


Les identités rigoureuses 


Appliquons 4 la fonction d’action I construite sur ce lagrangien des 
Bho : ; a F 
variations quelconques portant sur la connexion affine J";, le scalaire a, le ten- 


3 Voir [1]. Partant d’une connexion générale (syst¢me A) on peut incorporer partielle- 
ment 7), au tenseur de RIEMANN d’un schéma 4 vecteur de torsion nul (systeme B). Alors 
particulariser m revient a détruire la définition du courant, comme pour a nul. 
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seur métrique g’”. Supposons-les indépendantes et nulles aux limites d’inté- 
gration, on obtient les équations des champs. Ainsi: | 
G15 — 0 
? 

qui simplifiées par contraction donnent: 
Gh =0, Crago TE tol +e7lh a", (2) 
8, 9°° = Ka o? K= “ Pp + Koz 9% I, ' 

m 

pur | 
Asge lf, 28 = 0, (3) 
L, = H,, — 404,,=R,, — mn, 1 «1, I, —aa"g,, — 0. (4) 


Mais si l’on fait le choix capital d’une transformation de Liz-WEYL sur les 
étres géométriques ou phénoménologiques qui constituent notre espace, on 
détermine quatre identités. Soit la variation de I 


sr= § Ger arg, + L,,dg + Ada, 


D,dt 


admettons les équations dites de «liaison» 


Gey — 0 


a 
et la normalisation 


A}: 


De cette maniére nous particularisons la variation de lunique champ phéno- 
ménologique g'”. Nous avons: 


6 gh” os Oe gO, & et “ 8, Eu + &e 8, g’”’, 
0 V[g| = 9, (& Vigi)- 


oni , 
Oxia 26/B — ah 


(5) 


Avec des intégrations par parties et A cause de nos hypothéses sur le champ 
&" (nul aux frontiéres de D) il vient: 


On [Pos qi sie Do q*] q” So Ds =. (6) 


Faisons immédiatement deux remarques. La forme (6) est analogue a 
celle obtenue dans les théories usuelles (a ou m nuls). Elle est organiquement 
vérifiée en admettant les équations (4) du champ Bis 

Remplacons maintenant Ly par H,, — acg,,, il vient: 


8, [ts qh’ = Pig q*"] es, qt” 8, Hes =. 2a? V— g 9,4 = 0. (7) | 
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Puis exprimons H,, par sa définition donnée en (4); scindons-le en parties 
symétrique et antisymétrique: 


- 


rig 1 


ise Se : 1 
+ PY—gd,4 + Sette 8g" + & [Hy 9%] cS OL eae (8) 


s 
=A 
a i . ~ . ~ . 

i A une capacité scalaire prés on sait [5] que les deux premiers termes consti- 
_ tuent la divergence dans la métrique 


~ a ‘ =e 
z ’ 1 l= he (kh? — pe: h det. de hap) (9) 
_ du tenseur 
Zi 1 
Rap = a Aap Ruv Ae (10) 
que nous décomposerons en’ 
- Sap — 1Map- (10) 
. On a en définitive la formulation rigoureuse suivante: 
l 
(7V? (Sa — 2% My) + a,| a(t, I, 2-8" r.1,8)| a 
1 
sage kt ga ls lai le (11) 


i 
i raid [8, 1,» aa 8, Hoy + 8, Ayo] ==), 


Soit encore: 
ie os 1 
gfe gin, K Hy, ge pile (8, Hy, + 86 Ay oF 8, Hy) + 
habe ll 
| 4 a7 7? (— 4M) =O. ee 


de cette expression celles habituelles aux nombreuses 


EINSTEIN et de SCHRODINGER en faisant a nul. 
suffisante d’obtention 


On peut obtenir a partir 
variantes des théories d’ 

Notons que dans ce cas la condition nécessaire et 
d’un théoréme de conservation est Vannulation du dernier terme de: 


1 
JAP V? [Sa — Madana] — 8" Oey + 8 Hog + 8,Hiy)=0 0?) 


ce qui entraine l’identification de H,, 4 un rotationn e 
Vv 


4 Sig est le tenseur d’ EINSTEIN dans la métrique /g; —7M ag les termes complémentaires. 
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Nous allons donner une nouvelle forme A (11). Posons par définition 


Pa 


VF? 


a 
se 


vy 


ie ary 
Piel els I ey, oF (den =e 
1 “e 

a Hag; @'det‘de D,,: = ee DO =O OF, 
I*=9, (Vo @""); [= fe ‘De (hate 


Il vient alors toujours rigoureusement: 
a(y= el), =h Oy Vee) + Fee a 


Ce sont diverses expressions des quatre identités qui préservent le choix arbi- 
traire d’un référentiel. 

La forme du premier membre appelle deux remarques. En associant a la 
nouvelle théorie des électrons de Drrac [3] le symbolisme du tenseur tour- 
billon [2] on retrouve un terme en J “mi, [1]. D’autre part la définition 
des géodésiques d’EISENHART fait intervenir une équation que l’on peut 
écrire sous la forme tensorielle suivante: 


ye nee ae TY (15) 


D, représentant la dérivation covariante dans la connexion générale J%3,, et A 
le vecteur déplacé parallélement A lui-méme. Si l’on suppose que le vecteur 
est conservatif il vient par contraction une condition nécessaire 


4D, 4, = 4,D, 2 = 0. (16) 


On peut dire que "expression (11’, 14) met en évidence au second membre 
un écart, di aux forces d’origine électromagnétique, par rapport aux lignes 
de courant. Ces lignes donnent pour le cas électromagnétique Vanalogue des 
géodésiques d’un espace déformé par la gravitation seule. 


Les identités approchées 


Cependant la signification de cette identité n’apparait pas clairement. 
Pour en dégager une interprétation plus précise, considérons les équations de 
la gravitation: 


ioe + a ie ve = a a Yup ° (17) 


Nous allons Supposer successivement que le champ 9,, est faible, de telle 
e négliger les produits au dela d’un certain ordre [5, 10], 
et que nous sommes dans un domaine ot le scalaire a a2 


valeurs par rapport a Pur 


fagon que l’on puiss 


prend de trés grandes 
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La premiére hypothése permet d’exprimer (17) au second ordre par 
Cut Gog OTL = 40 hy (18) 


= avec: Q 


a. / if 1 
on 2 pe koa 6S) 2 V8] (Ter — VaPug t Ve Pou) + 


i 22 


PF 1 K2 
+ sym en yp, | 5 aa [KS? (Pr Yoq + Pox Yuq — 3Per Yue) — —Z Su Sv 


1 : u 
= = y Phe 3 a 2 te 3 Me = VP eie| 


en effet® on a par construction: 


By 


1 
Ros Cas — We Ue — 9 Ve Vlog g =F Ue U, a (Ui. dy =r Dig i») (19) 


ad . 
Ces équations comprennent outre G,, et les termes en aa? un terme 
, ‘ . N N Wiggers 
G,, au mieux du premier ordre par rapport a Py. D’aprés la définition (10) 


on a l’expression: 


/ 1 - 
=— VM = G re G (20) 


uv 


mais la contribution de cette quantité ne sera négligeable vis a vis des terme 


o 


; t 
Ka,.02 1. = se qh’ [9, A, + 3, Ho, + 8, 0] 


que dans la mesure ou notre seconde hypothése est valable. Substituons alors 


. cette valeur dans Videntité (11)’: 


Ae wre = lige 
ay— gi TU aa KH,, | 13 i ie (3, Ai. 205i ye 8, H,.) 
(21) 


aed pe gl ee 
2 _ Y V"{ Cpa a? 2 Yur G = 0. 


oO 


5 Nous utiliserons indifféremment I”, ou S, (voir [1]). 
S uj, partie symétrique de la connexion; te est le symbole de CHRISTOFFEL et Lie 
la partie antisymétrique: V 
ao — Je 0 o (i) ae 
Le, a= {2\ + Ue, + Lie Li, = 9- 


uv 


Les indices pointés sont élevés ou abaissés par la métrique /. 
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Ce sont les trajectoires du vecteur I, 
Notons enfin, et ceci est trés important, que l’expression (21) disparait 
identiquement avec a nul et se réduit pour I’, isotrope (a = 0) a: 


PV.t.=0. (22) 


Si Pon suppose a constant, H,, égal A un rotationnel, et une hypothése 
Vv 


de convection: 


dx 
[,=V2eu,, u,ut=1, a ta Fac: (23) 
s 
on retrouve les résultats de la relativité générale 
K 
iw Py u, — oa Pua u* = 0. (24) 


L’importante conclusion que nous retiendrons ici est que, avec a pré- 


ca ° = . 
sence neécessaire du scalaire a, le terme Ka apparait comme un rapport de charge 
a masse. 


Le tenseur énergie-impulsion 


Donnons enfin la structure rigoureuse du tenseur énergie-impulsion 


xT’, défini par (10’) et les équations de la gravitation (17, 18, 19) 


1 : 1 
a (ie Ls a Yur bap Bm Suv = Rus — > Yue ar Sy — aa? y+ 
(25) 
tal, T,— te (—4ac2+al"P,), 


Supposons maintenant [10] que le champ 9,, est petit, en négligeant les 
termes d’ordre supérieur au second il vient: 


Ruy as G., ae Cv 


et enfin: 
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Z CLASSICAL RELATIVISTIC MOTION OF A POLE 


-. 


PARTICLE UNDER THE ACTION OF EXTERNAL AND 


‘) 


- PROPER SCALAR FIELDS 


By 
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S INSTITUTE OF THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST 


Z (Presented by K. F. Novobatzky. — Received 20. IX. 1960) 


The ¢lassical relativistic equations of motion of a pole particle subjected to scalar 
fields are investigated. It can be shown that in the case of a free particle the equations of 
motion admit a rigorous solution which corresponds to the uniform rectilinear motion. The 
probable existence of the runaway solutions is mentioned. It is shown that in a special case 
the particle can move uniformly along a straight line even under the action of a constant 
external field. The variation of the rest mass is studied on hand of this example and it is pointed 
out that the proper field of the particle gives no contribution to the rest mass. An analogue 
of ELIEZER’s integral theorem is derived for a particle moving in a central scalar field. Finally 
it is shown in a certain approximation that the particle cannot perform a uniform circular 
motion under the action of the force derived from the Yukawa potential. 


§ 1. Introduction 


The problem of the classical relativistic motion of point particles in 
external and proper scalar fields has been investigated in many papers. 
But the main concern of these publications is almost exclusively with the 
deduction of the equations of motion from general principles. (See e. g. 
Buasua [1], Hartsa—Cuanpra [2], Havas and his co-workers [3, 4, 5, 6]). 

The classical relativistic equations of motion of pole particles are deduced 
from the relativistic non quantized theory of the scalar field. They are more 
complicated than those describing the motion of pole particles under the 
action of external and proper electromagnetic fields. This complication has 
its origin in the fact that a non-vanishing rest mass belongs to the quanta of 
the scalar field described by the Klein—Gordon equation. The non-vanishing 
rest mass is the cause of the tail of Green’s function of the scalar field — one 
of the main differences between the scalar and electromagnetic fields. This tail 
is the consequence of the fact that the interaction transmitted by these quanta 
may propagate with any velocity smaller than that of the light in vacuum. 

The tail of Green’s function of the Klein—Gordon equation leads to 
curious terms in the equations of motion: integrals extended over the whole 
past portion of the world line of the particle. That is why the equations of 
motion in the scalar field turn out to be a strongly coupled system of non- 


linear integro-differential equations. 
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In spite of the mathematical problems concerning the solution of such 
a system of equations, there has been a gradually increasing interest in the 
problems of motion in a scalar field. One may understand this. 


| 
| 
i 


| 


The relativistic dynamics was originally based upon the properties of | 


the Lorentz force. Later the physicists observed that there exists an important 
force of quite different origin and nature, which plays the main role in the 
nuclear processes. The simplest relativistic model of the nuclear forces — and 


an example of non-electromagnetic forces at all — can be constructed just by | 


means of the theory of the scalar field. 


In the analysis of motion in a scalar field the researchers have in general 


to introduce drastic approximations (see e.g. P. Havas and C. R. Ment [4], 
J. Sawick1 [7]). The test-particle approximation systematically expounded by 
G. Marx and G.Szamosi1 [8] gave important and interesting results (rest- 
mass variation theorem, theory of the relativistic repulsive core, etc.), but 
without taking into account the effect of the proper field. 

In order to join in this line of the investigations we analysed the possi- 
bilities of the solution of the equations of motion in a scalar field. 


§ 2. The equations of motion 


Let t denote the proper time, 2"(t) the world-line, and 


‘aed CE aa 
vane (z) (1) 


the four-velocity of the pole particle. The Einstein summation convention is. 
understood for Greek indices occurring twice, from 0 to 3, the zero index 
corresponding to the time component. The velocity of light in vacuum is taken 
to be unity. 

As is well known from the theory of the scalar field, the equations of 
motion have the general form 


d 
G, lm + Ue + U,) eo] = Ft Fi, (2) 


. . Lt 1 
where m is the rest mass, FY and fF, the external and proper scalar forces, 
U, and U, the respective potentials. 


If we restrict ourselves to retarded interactions only, then — according 
to Havas [3] — we arrive at the equations 
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2 


ee es = Aer’ 
2 


(3) 


. st , d ! 
Dales J» (zs) do + atx |e") —Salesdae| = gFe+ a [" U}. 


a 


Here g stands for the coupling constant (mesonic charge) and x is 4? times 
the rest mass of the quantum associated with the scalar field. Jn represents 
_ the Bessel function of order n. In the integrals we have s“ and s defined by 
’ the relations 


s# = zt (t) — at (t’) (4) 
and 
s=+(s,s%)H2. (5) 
Finally U and 
Fea — = (6) 
Ox, 


denote the external scalar potential and force, respectively. 


- In order to attribute physical meaning to the solutions of the equations 
(3) we must demand that the extra condition 
ad | (7) 


_hbe satisfied. 


§ 3. Rigorous special solutions of the equations of motion 


Unfortunately there is no mathematical method which would give 
directly all the solutions of the equations (3) in the general ease. Therefore we 
must use either some indirect methods (e. g. trial functions) or some approx- 


imative methods. 
First we consider the rigorous solutions which can be obtained using 


simple trial functions. 


a) Everywhere vanishing external forces, uniform rectilinear motion 


The equations to be solved in this case are the following: 


Lp bd ghar BE Le 
na + v4v, 0’) eet 
: d { rs (8a) 
> «6h 
Aas | ae J (xs) dt + i ar a — Ii lxs) ar = 0 
4 5 


—o 


and 


(i kee (8b) 


o 
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Based on the properties of the Bessel functions one can demonstrate 


the following statements. 
The equations (8a, b) admit a rigorous solution of the form 


z(t) =a" + bt, (9) 


where a” and b” are arbitrary four-vectors, that do not depend on the proper 


time. They are arbitrary in the sense that 


bbe =1 (10) 


must hold and the other components must be compatible with the prescribed 
initial values. The solution (9) describes a uniform rectilinear motion corres- 


ponding to the initial conditions 


(0) = a; 
2 (0) = bY, (11) 
(0) =0. | 


b) Everywhere vanishing force, the possible existence of a non-uniform motion. 


The problem of self-accelerating, runaway solutions is of great import- 
ance in the field theory [10]. 

It can be shown that considering rectilinear motions only, the world- 
line of a free particle can be given in the form 


2°(t) = AtshAt+C®, (12) 
z(t) = Ach Atr4C}, 


(C° and C1 are the constants of integration) if and only if A is the root of the 
equation 


mA +g? 47 Iy(Amh yg) Ky (Ae 4) 50, (13) 


with I, and Ky representing the modified Bessel and Neumann functions of 
zero order. 
The solution (12) corresponds to the following initial conditions: 


z" (0) ={C°, A+++ C1,0,0}, 
at. (0) == £1,.050,0 34 (14) 
2" (0) ={0, A, 0,0}. 


As we have pointed out in a previous paper the motion described by the 
solution differs from the self-accelerating solution obtained in the relativistic 
theory of electron motion, since the characteristic equation (13) has no real 
roots for A. On the other hand the solutions with complex A probably have 
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A : 
also an oscillatory character superimposed on the runaway character. (In the- 
‘ease of ¥ = 0 we arrive at the same runaway solution as in the case of the 
fe $ 

classical electron.) 
<A 


J 


a 
¢) Uniform motion in a special constant external field 
.. 


; Let us consider the motion of a particle in an external field F”, which 
is constant everywhere. Taking 


Us —F* x), 


t 
the equations of motion to be solved are: 


aft Ya a 2 1 5 st 
mo" — xe (Shor vig, 07 ie 7s ot 4g" are (xs) dt’ + 
Ss 
—e (15a) 


d eT d 
- vl a: dt’| = gF" — gF° —_ [v"z, 
same Ea 1 (xs) | g g a | ] 


“and 
vv =1, (15b): 


oc 


It is easy to observe that our statements mentioned in section a) § 3 can 
be generalized readily to apply in this case. 
The equations of motion (15a, b) admit a rigorous solution of the form 
(9) provided that 
b 5° = 1 


and - 
ee eG re 0. (16): 


In non-trivial cases the latter condition is equivalent to the following: 
pice kP®, (17); 
This shows that this solution exists in the case if the four-vector of the 


velocity is parallel to that of the force at the initial moment. Then this force 


will be non-accelerating [8]. 
In order to elucidate the situation we must study the rest mass variation 


in the case of the equations of motion containing also the proper field. Re- 
arranging the terms in the equations (3) we write 
d “] ie a ee 
[[m 20 + ata |< Satas)ar|or]— at + wins) — ete + 
s 2 
: (18): 
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‘Then we introduce 


Sele 
M ()=m—gU gtx | —Jylas) dr (19) 

s f 

as the proper-time dependent dynamical rest mass. Performing the differen-- 
tiations in (18), we multiply it by v“ and arrive at . 
= gv, Fe eta — atate, | - Salas) de’. (20) 
s 


a) 


Substituting the value of 2“ according to (9) we get from (20) 


dM 


= gk. (21) 
dt 
‘This evidently leads to 
M(t) = gkt + M, (22)) 
with 
M, = m + gkb,a’. (23)} 


‘The equation (22) shows that the action of the force appears only in the changey 
of the rest mass of the particle during its motion in the non-acceleratingd 
constant scalar field. The change is monotonously increasing if b“ and F"} 
are parallel (k > 0), monotonously decreasing if they are antiparallel (k < 0) 
‘The second term in (23) corresponds to the mass equivalent of the initial poten4} 
tial energy. 


§ 4. On the possibility of a first integral of the equations of motion 
for central external fields 


Let us consider the motion of a particle in a central external field which] 
may be derived from the potential U = U(r), where r = lr |; tis the position) 
vector in a three-dimensional Cartesian system of reference, whose origin ii 
at the centre of the attraction or repulsion. We write the equations of motion] 
in the form 

2 1 : 
« © 8? Sarena r J 8 
nt (ee eee : J. (xs) dr’ + 
$ 
seas? (244 


2 f i , dU ° 
+etzle | Talus) de'| = fo eee (U7, 
s r dt 
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3 =1(t) —1r(t’) (25) 


‘a 


is the three-vector constructed from the last three components of s“. Multiply- 
ing the equation (24) by the vectorial product 1 x t and re-arranging the 
terms we obtain 


¢ 


(ttt) — a (cer = 


Z = UE g* x (J, (xs) dv’ 
Ss 


=x] COCO) 5, as) ae’ 


—o 


This integro-differential equation can be considered as the analogue of 
ELiEzEr’s integral theorem [11] concerning the motion of electric charges in 
electromagnetic fields. 

“ If r(x), t(t’) and v(t) are complanar vectors for all t and t’ then 


V (x) = (18) (27) 
satisfies the differential equation 


ee 
eV DE Ve) 0: (28) 
The solution of the equation (28) is 


V (t) = V (%) exp $ (29) 


et M (v') de’ 
g 


where V(t,) is the volume of the parallelepiped whose edges are t(t), t(To) 
and {(t,). But if V(t) = 9, that is the vectors are complanar at the moment 
T, they will remain complanar always. In other words, if the motion starts 
with complanar 1, ; and i, the result will be a motion confined to a plane. 
Non-complanar start is followed by a motion which deviates from the planar 
motion according to the equation (28). One cannot draw furhter inferences 
without the concrete knowledge of M(t) in this case. 
In the general case we have the equation 


§2 


V(t) — rae V(t) =3 2 i t(T)E()ECe)  F, (ys) dr’. (30) 


00 
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Its general solution can be given formally by the expression 


Vices exe ie i (’ | { J : ae Faas 25) $ 


" — (3m 


exp|— <> j M (2) a| dz dz", 
B° 


but its physical content cannot be revealed unless we know the actual motiony 
precisely. So in the general case this theorem does not help to solve the equa-: 
tions of motion. 


§ 5. On the problem of uniform revolution around a center 
of attraction 


If we are interested in the possibility of the uniform revolution of al 
particle around a center of attraction, we may start with trial functions of the4 
form: 


t | 
29 =1t, 2 = Rsint, 22? = Reosit, 22 = 0 (32) 


which do not contradict the theorem deduced in the previous paragraph. The4 
derivation of the ‘characteristic equations” belonging to the trial functions 
(32) cannot be done without some simplifying assumptions. The approxima-4 
tions used in the calculations were the following: provided that the main part} 
of the interaction with the proper field can be restricted to a finite time interval] 
(t — t’), the calculations are justified for the values of w obeying the relation 
w(t — t') <1. A cumbersome calculation shows that the characteristic equ- | 
ations of the problem do not allow solutions which can be interpreted physi-4 
cally. This shows that the classical two-nucleon problem has no solution of7 


the form (32). 


§ 6. Conclusions 


The study of the motion of a particle in a scalar field meets with much} 
greater difficulties than those encountered in the (electromagnetic) vector} 
fields. Exact results were obtained in the simplest cases only. Non-trivial |] 
problems might be treated — if at all — only by powerful special calculating | 
machines, because the mathematical problems of the solution of coupled non-} 
linear integro-differential equations do not seem to be sufficiently cleared up-| 
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KJIACCHUECKOE PEJINTHBUCTHYECKOE JIBMYKEHME TOUEYUHOM YACTHLUbI 
MOO QEMCTBUEM BHEIHErO UW COBCTBEHHOrO CKAJIAPHOLVO NOJIA 


YU. ABOHM 


Pes3iome 


B craTbe paccmoTpeHda mpoOseMa Ku1aCcMYeCKOTO PeJIATHBUCTHYECKOTO ABWKCHHA 
TOYeUHOI YACTHUI B CKAaIAPHOM Mose. JoKasaHo, uTO B CTyYae CBOOOAHOM YACTHUbI ypaBHeHuA 
JIBHDKEHUA UMEIOT pellieHe, COOTBETCTBYIOIee PaBHOMe PHOMY UH TIpAMOIMHeEHHOMY JBU)KEHUIO. 
VIOMAHYTO, YTO YPaBHeHUA ABMXKEHUA MOFyT UMeTb ABTOYCKOPHTCJIbHbIe PeLeHHA. Toxaspi- 
BaeTCA, YTO B ClelMasIbHOM csyyae YACTHIa MOKET ABUTAThCA PABHOMEPHO Hi NpAMOMHeHHO 
M Mog jelicrBMeM MOCTOAHHOrO BHelHero Noa. IIpu anasuse 9TOH 3aqauM usyyueHa BapvaluA 

, MACCHI OKO H MOKasaHO, 4TO COOCTBEHHOE MONE YACTHIIbI He OKASbIBACT BJIMAHHA Ha BAPUAllo 
Maccbl MoKoa. UnrerpasbHasa Teopema Iauesepa oGoOmeHa ANA CyYaA ABWOKCHUA B CHT 
paswIbHOM CKasIApHOM Mose. HakoHell, NOKasaHO B HeKOTOPOM NIpHOIMOKeEHMU, YTO YaCcTHIa He 
MOOKeT COBeEPUIaTh PaBHOMepHOe BpallleHe Ha MOCTOAHHOM paccTOAHUM OT WeHTpa CHsIbI NOf 
meiiCTBMeM MO, MpOoucxossMero oT NoTeHuMana FOKaga. 
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PROPAGATORS WITH DIPOLE GHOSTS > 
FOR FERMION FIELDS 


y 


By 
K. L. Nacy 


INSTITUTE OF THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST 


(Presented by K. F. Novobatzky — Received: 4. X. 1960) 


The spectral representation of propagators for relativistic fermion fields has been cal- 


~ culated in field theories, where the existence of dipole ghost states with py > 0 are assumed. 


This general result is compared with a form obtained by MITTER in a certain approximation 


- for a HEISENBERG type of theory. 


In the theory of the elementary particles proposed by HetsEnzere [1] 
the field equations — showing an appropriate transformation character — are 


completed by using the form 


- ; 2 
eee ee 
2 (gee «3 P (p?)? 
for the vacuum expectation value of the propagator 
S’ (x — x’) = <0|{y(x),¥(*' )f 0>, (2) 


where \0 > is the real vacuum state and (x) is the matter field operator in the 
He1sENnBERG picture. The form (1) was stated [1] to be a consequence of the 
field equations and to correspond to a field theory with an indefinite metric 
and especially to a theory with indefinite metric with only dipole ghosts [2]. 
Using, however, the general method of KAtLeN and LEHMANN [3], it was 
shown [4] on the other hand that in a relativistic field theory the relativistic 
generalization of a dipole ghost state gives a result similar but not identical 


to that represented in (1). 
Recently Mirter [5] — using essentially a Tamm—Dancoff type approxi- 


mation method — obtained a form for S’ different from (1): 
I YuP 
—— (pp) = 2) dy2_“b Fr  , (3) 
pee fe (x?) eee 


0 
where a Touschek invariance had been also required and in the first approxi- 
mation mentioned above 


0 (2) =a lim 0 (x? — é). (4) 


e>0 
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Here a is an appropriate constant built up from the universal length occurring | 
in HEISENBERC’s field equation and the limes procedure is understood to be | 
performed after the integration. The form (3) and (4) was stated in [5] to — 
correspond to a dipole ghost of zero rest mass. | 
Here we repeat the general KALLEN— LEHMANN calculations for a fer-_ 
mion field with dipole ghost states, since in [4] the calculations were performed 
only for a scalar (pseudoscalar) field, and compare the general results thus 
obtained with Mirter’s form of S’. The main line of obtaining the spectral — 
representation of a fermion propagator S’ corresponding to a dipole ghost is 


the same as in [4]. In connection with the indefinite metric the terminology 
found in [6] is used. 
Thus we suppose that there exists an energy-momentum four-vector 
P,, with the property 
[P.-¥] =18.y (5) 


and treat a field theory with dipole ghost states, according to which one finds 
states with the properties: 


(P, —p,) |p > =0,<pjp> =0;p?*<0; | 
(6) | 
(Pi —p,Jipos = Cpe] pip oe 


Here because of relativistic invariance 


C, a S(P*) Pu: (7) 


pD> is the dipole ghost state corresponding to the eigenstate p> both with 
zero norm. \ip> and |pD> are not orthogonal 


<pD|p’>=a(p*)dpp'. (8) 


From (6) and (7) < pD | FP; 'pD > = C,a(p?), thus f(p?) a(p2) is real. From 


(6) and (8) the unit operator is 


> \lp D> = <pl+ip>——Ipp>| (9) 


and thus 
; | l 
S= S| <0) y(2)|pD>—+_<plg(w)|0> + 
a* (p?) 


| 10) 
+ <0lvG)ip> <p Div @)i0>| + fsa} ‘I 
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Introducing 


~ 


4 Qnp S| <0|v(0)|pD> = 


q ~ a* (2) 


+ <0|y(0)|p>——= <p|v(0)|0>= 
i a (p’) 


= (iyp —— p®) e (— p®) + @2(— P*)> 


<pl|y(0)}/0>+ 


4 nd 


| f(p?) a (p?) - . = | 
— (22/8 z 0 0)! 
(22)? S Rereya (py ly (0)|p > <pl|y(0)|0> 


© =(yp— V—p es (—P*) +e (— P*) » 


q where Lorentz invariance has been required, we finally obtain 


Sx) = [[S@ =x se) + A — #5) oo!) + 
oe (12) 
+ (x — xy Ban (x — x’ ; x?) 03 (x2) + A (x — %'5%?)* On (x?) ] dx? , 
Each function 9; is real and may be also negative and LEHMANN’s inequality 
0 <0.) < 2x01 (#) 


does not hold. Fermion propagators in field theories with ghost states of higher 


pole order can be calculated in a similar way with the result that there new 


= sae Acta Phys. Hung. Tom. XIII. Fase. 1. 
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and new terms appear containing as many derivatives multiplied by the distan- 
ces as the dipole order of the ghost state (Cf. [7]). 
Requiring an additional Touschek invariance 0, = 0, = 0 and 


8 (a — @)= f fo, (4) + 09 (2) (x — *'),8,} 7,8, A (@ — "5 2) dee. (18)| 

0 
Since k 
: : ; : YP + ie gel 
% 8, S (x 322) = — 2S (x ; x2) — iy 8, LV (% 32?) —2 #2 (pecans ee" dkg| 
these general principles allow MirrEr’s form of S’ (3) and (4) to correspond to¢ 
dipole ghost states, but the form (1) does not. 


The author is greatly indebted to Dr. H. Mitrer for sending him 
preprint of his interesting article. 
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_ MEASUREMENT OF THERMAL NEUTRON DIFFUSION 


_ PARAMETERS IN WATER AND IN SOLID DIPHENYL 


a WITH PULSED NEUTRON SOURCE 


ha 
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CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST 


(Presented by L. Janossy — Received 14. X. 1960) 


; The diffusion parameters of thermal neutrons were measured in water and in solid. 

diphenyl at room temperature by the pulse method. The results of the measurements in water’ 

_ are consistent within the statistical error with the values known in literature. The diffusion para- 

meters obtained in diphenyl are: 1) = 286 + 23 wsec, D(To) = 42940 + 1800 cm? sec “1, 
Lp = 3,50 + 0,18 cm, C = 13300 + 2850 em! sec"! and A, = 0,515 cm. 


Introduction 


° In investigations into the properties of organic moderators, the develop- 
ment of methods for the measurement of nuclear constants is considered to 
be of great importance. 

In this paper the application of the pulsed neutron technique developed 
for measuring the diffusion parameters of thermal neutrons will be described.. 
The use of pulsed neutron technique has become extensive, starting in 1953 [1]. 
This is due to a number of advantages as compared with the stationary method. 
The diffusion constant D, the mean lifetime |), and the thermalization constant. 
C can be determined by the pulsed neutron technique in a relatively short 
time and on small quantities of material. For the stationary method usually 
more material is needed and the parameters D and I) can be discriminated 
only by the “‘poisoning method” (C is not measurable at all). In addition, the 
latter procedure is rather lengthy though the values obtained for the diffusion 
length are more accurate than those determined by the pulse method. 

After short theoretical considerations the measuring apparatus will be 
described and the results obtained for water and solid diphenyl will be given. 


Theoretical considerations 


Let t = —t, be the time at wich a short burst of fast neutrons occurs 
in the moderator, then f, is the time required by the neutrons to reach thermal 
equilibrium with the nuclei of the moderator. The behaviour of the neutron 
gas can then be described for t > 0 by the diffusion equation 


8a (nt) =D(T,) Ani) —— 2b?) (1) 
at I, 
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where n(t, r) is the thermal neutron density at time ¢ in the point r, D(T,) 
is the diffusion constant for neutrons which have reached thermal equilibrium, 
1, is the mean lifetime of neutrons in an infinite moderator. 


The solution of (1) vanishing at the extrapolated boundary of a cylindrical | 


tank with radius R and height H is 


- ; = : r  sngis : 
(tr) = € 8% Simin ( _ cos mg. sin ae BimnP(T wt | (2) | 


I,m,n 


Here 
iS) == To ae, oe 


my == 09 12 es 


Gm, is the I-th zero of the m-th order Bessel function of the first kind, and 


a 2 


ml 


R 


imn ¥ (3) 


mo 


ni | 


H 


The amplitudes S,,,, are determined by the initial thermal neutron density. 
From (3) it is seen that the lowest indices stand for the lowest value among 

th t B Th h 5 _ ° . . . 
e constants Bjmn. Thus, the variation in neutron density with time becomes 
exponential a sufficiently long time after the neutron burst and the term involv- 


9 
a 


ed in the exponent will be precisely Bj,,, that is 


= ie) “Se HS 
7. (i, FT) Sagi Ja (0 a - sn — 


and 


0 


The quantity Bi), i.e. the geometric buckling of the cylinder will be 
denoted from now on by Bj. 

Let us now consider more fully the diffusion constant in (4). As previously 
said, D(T,,) refers to the equilibrium temperature T,, of the neutrons. T,, is 
enown to be in general different from T,,, the moderator temperature. Physically 
uhis is due to the fact that the energy spectrum of the net neutron flux in a 
given volume element is different from the energy spectrum of the neutrons 
present at the same time in this volume element. The energy spectrum of the 
net neutron flux shifts toward the higher velocities. As a result of this the 
energy distribution of the neutrons present in the volume element AV at r 


will change in consequence of two effects: 
1. collisions and 


2. spatial motion of neutrons. 
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; The collisions will produce in the neutron gas of a temperature above 
Ty “cooling”, while in that of a temperature below T, “heating”. Thus, if 
“the collisions alone were responsible for the energy spectrum, the equilibrium 
‘neutron temperature T,, would be the same as that of the moderator. There is, 
however, a second effect which manifests itself when the average flux intensity 
_at the point T is different from zero. Then, depending on the influx of neutrons 
into the volume element under consideration being higher or lower than their 

outflux, the motion of neutrons will produce heating or cooling, respectively. 
Since, at time t the net influx of neutrons in the unit volume per unit time is 


DA nit, r), it follows from (4) that 


3 D An(t,?)~ — BRD(T,)R(r,ze "<0, 
where ' (5) 


R(r, z) = Sy Jo 


r a) me 
Qo, ——| + sin —— 
01 . 
R 


This means that a certain time after the injection of the neutron burst the net 

influx in each volume element of the moderator will be negative for finite 
_ moderators, i.e. there will be a net outflux, so that eventually the spatial 
~ motion produces cooling in the neutron gas. This leads to T, < T for finite 
“moderators. This effect is the so-called diffusion cooling. 

From (5) it is apparent that the net outflux per unit volume i.e. the 
diffusion cooling decreases with decreasing B;, thus with increasing dimen- 
sions. In the extreme case when the moderator is infinite the effect vanishes 
in the diffusion approximation. Consequently, T;, is such function of Bj for 


which 
T,, (Bj = 0) = Ty. (6) 
It is obvious that through its dependence on the neutron temperature 
T,, the diffusion constant becomes a function of the geometric buckling. It is 
also apparent from (6) that 
lim D [T, (B2)| = D(T))- (7) 
B20 
Hence, even if the dimensions are not infinite but still large enough, 
i.e. B? is sufficiently small, D(T,) can be related to D(T,) in the following 


way 


D(T,,) = D(T,) — € Bi + 0(B3). (8) 


The constant C can be shown to be usually positive and related to the 
so-called thermalization time. From (4) using (8) for the decay constant the 
following expression ([2], [3], [4]) can be obtained 


eee er) BES C Bt. 


0 


Acta Phys. Hung, Tom. XIII. Fasc. 1. 


eee 


4 


28 A, ADAM. L. BOD and L. PAL ; | 
H 
| 


Measuring now the values of 1/1 for various moderator dimensions, i. et 
for various values of B?, the experimental points can be fitted to a parabolic 
curve from which the constants I,, D(T,) and C can be determined. The ditties 
sion length Lp, the transport mean free path /,, and the capture cross section - 
0, are given by the following expressions 


Lp =). D(T,), 4 = ae (10), 


ee Ah 


Measuring apparatus 


As neutron source a 200 kV accelerator was used which produced fast | 
neutrons emitted in the reaction T3(d, n) He* [5]. The ion pulses were obtained | 
by pulsing simultaneously the oscillator and the extraction voltage. The ion. 


8F; counters 


Fig. 1. A schematic view of the experimental arrangement 


source was kept in an excited state by the oscillator for 50 psec while the 
10 psec extracting pulse arrived at the half time of the excitation period. The 
extracting pulse height was set to be 5 kV. The ion pulse appearing on the | 
target was precisely of the same shape as the extracting pulse, thus the neutron | 
pulse width was also 10 usec. The pulses succeeded each other in every 1.400 
usec. The neutron yield was adjusted to be 3-104 n/pulse. The channel width | 
of the time analyser used in the experiment was varied from 20 to 50 psec, | 
while the delay varied from 50 to 500 usec. The timing was achieved by al 
quarz oscillator precision timer to 0,125 sec accuracy, that is with an error | 


less than 1%. 
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a The measuring container (Fig. 1) was an aluminium tank 180 mm in 
diameter and 170 mm high made of 2,5 mm thick plates apart from the bottom 
plate which was only 0,5 mm thick. The detectors, five BF; filled tubes con- 
nected in parallel were mounted below the bottom of the tank. In this way 
‘the bottom was virtually completely covered by detectors. The common pla- 


teau slope of the five counters was 3% per 100 V. The assembly consisting of 


gir) = const Jy(24055 } 


Fig. 2. The shape of Cd plate cut according to the function @ (r) = const. Jo (2, 405 | 


tank and counters was covered by a 1 mm Cd plate. A 4 cm thick B,C shield 
was provided to screen the assembly from the scattered neutrons. 

The interpretation of the results is based on the assumption that only the 
fundamental mode is present in the expression (4). The intensity of the higher 
harmonics is strongly reduced with respect to the intensity of the fundamental 
mode by starting the measurement with sufficiently long delay. A residue of 
higher harmonics is usually visible in the decay curve as a deviation from a 
strictly exponential law observed in the initial part of the measurements. 

The influence of the higher harmonics can be reduced by a judicious 
choice of the experimental conditions. The order of the dying-out of the higher 
harmonics is determined by ratio R/H. In our case the radial harmonics 
constituting the chief contamination for low water levels were suppressed by 
interposing a Cd plate (Fig.2) cut according to the function g(r) = 


const. J e 405 oa between the bottom of the tank and the counters. 
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Measurements in water 


The mean lifetimes of thermal neutrons were measured for eight different 


_ water levels. For these levels the values of Bj varied from 0,802 to 0,102 cm~2. 


_ level were consistent within the statistical error. The values of 1/1 were compu- 
_ ted from the experimental data after subtraction of the background by the 


Dependence of on B? 


in water 


05 G75 10 
BR cm? 


Fig. 3. Dependence of 1/l on Bj in water 


» method of least squares. The background was measured in a particular run 
before and after each measurement. The correction for background was negli- 
gible but for measurements of rather long duration. For the computation of 
the constants in the parabolic expression (Fig. 3) the method of least squares 


was used again. 
The results of our measurements are shown together with the experi- 


mental values of other authors in Table I. It is seen that the results are consis- 


tent within the statistical error. 


Measurements in solid diphenyl 


The diphenyl (C,H; — C¢Hs) used in our measurements was of 1,062 
g/cm? density and its melting point was 69°C. 
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The mean lifetimes of thermal neutrons were measured for nine different 
sizes. The value of B? varied from 0,671 to 0,111 cm~*. The diphenyl tempera- 
ture was kept at 21 + 1° C. 

In the evaluation of the experimental data a particular problem arose 


1 
from our not knowing the value of A, for diphenyl. In fact, Bait (Bg 


and By = f(4,) since the terms R and H in the equation 

2,405 )\2 qe \2 

ney 

represent the extrapolated radius and height, respectively, that is R= 
= R,+ 0,71-A, and H = Hy + 1,42-4:. 

The value of 4, was determined by iteration (Fig. 4). First, the values 

of the Bj were computed for 4;= 0 and from the parabolic expression thus 


———|—— 


LA=00 cm L=271cm 
I. = 0396 © L= 330 = 
MW. A= 0490 «© L= 347 « 
Mio A= 0510 «= L= 350 « 


025 05 075 10 


Fig. 4. Determination of 4, in solid diphenyl 


obtained the value of D(T,) was determined. Making use of the relation 


ec 
D ( o) = ~~ the value of 4; was computed from this D(T,). Using now | 


this value of 4, the values of the B2 were re-calculated and the iteration con- 
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tinued until consistent results were obtained. Finally, the values in ‘question 
were found to be 


. Ll, = 286 + 23 usec, 

4 D(T,) = 42940 + 1800 cm? sec-1, 
x Ip = 3,50 + 0,18 cm, 

5 C = 13300 + 2850 cm! sec-}, 
oa At = 0,515 cm. 


Using now the diphenyl density given above as well as the values of 
the absorption cross sections for H and C given in the literature it is found 


' 1 
from the relation 4) = — that 1, = 290 usec, which is in good 
5 [Son + Decl . : 


agreement with our experimental results. 
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OHPENEJIEHVE MAPAMETPOB JHM®®Y3HH TEMJIOBbIX HEMTPOHOB 
B BODE VU B TBEPJOM JM®EHVJIE MPM MOMOLMM 
UMITYJIBCHOrO METOJIA 


A. AJAM, JI. BOY u JI, MASI 


Pesrome 


Ilpv nomomm uMiysCcHOro MeTOAa ObIIM OMpeAeSIeHbI Ia paMeTpbl qudy3uu TenJIOBbIx 


HeiiTPOHOB B BOLE HU B TBEPAOM Audepenuse pu KOMHaTHOM Temnepatype. IlosyueHHble WaH- 


HbIe AJIA BOLbI C jqocraTrouHol CTeHeHbIO TOUHOCTH COBMaawoT C COOTBETCTBYIOWMMU JIMTe pa- 


TYDHBIMM ZaHHbiMu. Jia TBepAOTO AMeHuNA OpIIM NoMyyeHbl CileAyioulMe Manuele: fie = 
586 + 23 usec, D(T')) = 42940 + 1800 cm? sec™, Lp =3,50 + 0,18 em, C = 13300 + 2850 


em! sec! u Ai= 0,915 cm. 
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j INFORMATIONSTHEORIE, BOHR—ROSENFELDSCHE 
a UNBESTIMMTHEITSRELATIONEN UND DAS 

a PROBLEM DER OPTIMALEN OPTISCHEN 

a ABBILDUNG! 


Von 


R.S. INGARDEN 


INSTITUT FUR THEORETISCHE PHYSIK DER UNIVERSITAT, WROCLAW, POLEN 
‘ INSTITUT FUR PHYSIK DER POLNISCHEN AKADEMIE DER WISSENSCHAFTEN 


(Vorgelegt von K. F. Novobatzky. — Eingegangen: 19. X. 1960) 


: Der fundamentale Gasorsche Entwicklungssatz der optischen Informationstheorie 
wird bewiesen. Es wird die Formel von Linroort fiir den Informationsgehalt des optischen 
‘Bildes fiir vollstandig und partiell koharentes Licht verallgemeinert. Von den BoHR— ROSEN- 
FELDschen Feldunbestimmtheitsrelationen ausgehend wird ein Zusammenhang zwischen der 
maximalen Zahl der Belichtungsniveaus im Bild und der Anzahl der Freiheitsgrade der opti- 
schen Welle gefunden. Aus dieser Tatsache folgt fiir gegebene dussere Bedingungen die Existenz 
der optimalen Wellenlange (oder fiir gegebene Wellenlange die Existenz der optimalen Bedin- 
gungen, wie Beleuchtung, Belichtungszeit, Offnungsverhiltnis usw.). Alle Betrachtungen 

_. werden in der Gaussschen Annidherung durchgefihrt. 


by 


Einleitung 


Als Einleitung méchte ich tiber die drei Arbeiten [1], [2], [3] kurz berich- 
ten, die mir als besonders wichtig fiir die Informationstheorie der optischen 
Instrumente scheinen. Alle drei wurden im Jahre 1955 veréffentlicht. 

In der Arbeit von Gapor [1] wird eine sehr einfache und geistreiche 
Bestimmung des »Signalraumes« der Optik gegeben, d.h. des komplexen 
Hilbertschen Raumes, in dem man alle optischen Signale von einer bestimmten 
gegebenen Wellenlange /, lokalisieren kann (iiber den Signalraum siehe [4)). 
Dieser Hilbertsche Raum hat nach Gasor die endliche Dimensionszahl 


aA on 


: wad (facae = | f aeap Q) 


cs A Q 


(siehe Fig. 1). Wir benutzen in dieser Arbeit folgende Bezeichnungen: x = 
== (X1, %, 2) = (x,2)3 y = (Yon 2) =(¥2)3 B= (My H)S Y= (Yar Ya)s a= 
= (ay, Gy)s E = (84, £y)s ke = (hy, ha, bz) = heo(E, 1 ~ 5°) = (he, he) = (hy, I) 
ky = 22/43 P = (Py Po) = Ak; A=h/2x, woh die Planksche Wirkungskon- 
stante ist. Ferner: dx — dx,dx,; d&=d&,d&,; dk = dk,dhy; dp = dp,dp,; 


2 ae 2 72 2 2. 2 Et =x) = x22 0 = 
ax tot; BH he + kes a®@ =a, + ag; B= 84 + fa3 r =|x| = [xs © 


1 Ein Vortrag gehalten an der II. Optischen Konferenz des Optischen und Kinotechni- 
schen Vereins (Optikai és Kinotechnikai Egyesiilet) in Budapest, 711. September ue 
Der vorliegende Text ist etwas erginzt und mehr ausgearbeitet im Vergleich zu dem Wortlaut 
des Vortrages. 
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ene | 
= \k| = Yh2; % a = x0 + Xo5 ak = x,k, + xh. S bedeutet die Flache des’ 
Objektes (Bildes) und A den raumlichen Aperturwinkel des Instruments. In 
dem Fall, der in der Fig. 1 dargestellt ist, gilt angendhert . 


N= SA 5 (2) | 
22 | 


Die Formel (1) hat Gasor auf dem Integralinvariantensatz der geometrischen | 


Pupillen ebene 


Ogiekinieeidy-Ehene (z<F) 
Z- ey Y2 


ZA x1 Bi Yt 


(Fax, Foy) 


Fig. 1 


Optik begriindet. Diesen kann man das optische LiouvILLEsche Theorem nennen 
und in der Form schreiben: | 


dx dé = invariant oder ( ( dx = invariant. 3 
) | dx dp ( 


In diesem Fall ist die Invarianz gegen optische Transformationen durch Bre- 
chungen und Spiegelungen zu verstehen. Ausserdem stiitzt sich GaBor auf’ 
Dimensionsbetrachtungen, wenn er die Existenz der »Quantenzellen« vom | 
Volumen A? in dem optischen »Phasenraum« {2 = (x, p) (oder entsprechend | 
vom Volumen 4° im »Strahlenraum« (x, €)) annimmt. 

Mit anderen Worten, GABOR nimmt an, dass jede Lésung der Helmholtz- | 
schen Gleichung 


(A+k)u=o, (4) ) 


die auf den schraffierten Gebieten der Objekt(Bild)- und Pupillenebene ver- 
schwindet (Fig. 1), in der Form 


u (x) = Di c; u; (x) (9)! 
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< argestellt werden kann (GaBors »expansion theorem«). Nach dem optischen 
_Lrovvinieschen Satz haben der Objekt- und der Bildsignalraum die gleiche 
-Dimensionszahl N. Man kann deshalb einen linearen hermitischen Abbildungs- 
_ operator oj definieren, der die Objektwelle 16; in die Bildwelle \¢; | trans- 
_formiert: 


N 
c= > Vi; €;2 Oj; = WF;. (6) 
j=l 


Diese Darstellung ist eine Verbindung der Gasorschen mit der alten Man- 
pEtstTAMschen Idee [5]. Gapor selbst gibt sie in einer etwas komplizierteren 

Form an, die mit dem Begriff der partiellen Koharenz verbunden ist (einfach- 

‘heitshalber haben wir oben vollstandig koharentes Licht vorausgesetzt). 

Die Gaporschen Betrachtungen sind sehr elegant, bis jetzt sind sie aber 
wenig mathematisch und physikalisch ausgearbeitet. Kein strenger Beweis 
des Gasorschen Entwicklungstheorems ist bis jetzt veréffentlicht worden, 
jedenfalls nach Wissen des Verfassers. Die zweite Quantelung des Lichtes ist 
in dieser Theorie vernachlassigt, wahrend die erste nur in sehr grober, dimen- 

- sionsanalytischer Form beriicksichtigt ist. 

Tora.pvo pi Francia geht in [2] auf das gleiche Problem von einer anderen 
Seite ein. Er beschrankt sich aber auch auf klassische Betrachtungen. Er geht 
von der bekannten Formel fiir die Beugungswelle im Fall des rechteckigen 


Spaltes 


u’ (x) = shea Se, | u (x) sine on Caren) dx (7) 
4 0 
aus (einfachheitshalber ist die Vergrosserung gleich eins angenommen). Hier 
sin 7 xX 
ist u(x) die Objektamplitude, u'(x’) die Bildamplitude, sine ~1 = arte 
1 
sine x = sinc x, sinc x,. Wegen 
he 
sinc cia | ert df , (8) 
ho 
.z fe 
wo f = (fy fo) ist, treten im Bild nur die Frequenzen 
gl ig ie (9) 


auf. Nach der beriihmten Gapor—SHANNONschen »sampling method« (siehe 
z. B. [6], Kap. 8, § 7) kann man dann die Funktion u’(x’) allein durch ihre 
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Werte in den diskreten Netzpunkten, die in jeder Hauptrichtung jeweils um 
die Strecke A,/2 a; (¢ = 1,2) entfernt sind, charakterisieren. So, im Fall der 
rechteckigen Offnung, bekommt man leicht eine Formel fiir die Zahl der | 
(komplexen) Freiheitsgrade 


N= =. (10) 


wo A = 4 aj,a, ist. Die Formel (10) ist identisch mit (2). Aus dem Gesagten 
folgt auch unmittelbar fiir diesen speziellen Fall ein Beweis des GaBorschen 
Entwicklungssatzes, weil man mit Hilfe der Produkte der SHANNONschen 
»sinc«-Funktionen leicht die entsprechende Entwicklung aufschreiben kann. 

In der Arbeit von Linroor [3] werden ein »vereinfachtes« und ein »nicht- 
vereinfachtes« Modell diskutiert. Wir interessieren uns hier nur fiir das erste. 
Ich werde buchstablich Linroots Worte angeben, weil es schwer ist, dieses 
einfacher auszudriicken [3] § VIII: »We construct a simplified model of an 
optical image as follows: The rectangular field is divided up into small cells 
(squares or hexagons) of diameter comparable with the resolution limit of the 
system. Each cell is supposed to be capable of a finite number of discrete states 
or ‘brightness levels’. Then, if N is the number of cells and M the number of 
brightness levels for each cell, the total number of possible images is MN and, 
if all these are taken as having equal prior probabilities, the information con- 
tent of each image (regarded as a message state) is N log M.« (Wir haben die 
Symbole gemiss unseren Bezeichnungen geandert.) Weil die »Auflésungs- 
grenze« (resolution limit) angenahert-den Wert 


‘ (11) 


hat, bekommt man nach Linroot genau die angendherte Gasorsche Formel 


(2), wo A = o®. Fiir den gesamten (oder maximalen) Informationsgehalt des 
optischen Bildes ist 
H, = Nlog M, (12) 


wo M die Zahl der » Belichtungsniveaus« ist. 


Verallgemeinerung der Linfootschen Forme] 


Wir haben gesehen, dass in der Lryrootschen Arbeit [3] zwei neue Ele- 
mente im Vergleich mit [1] und [2] auftreten: die Zahl M der Belichtungs- 
niveaus und der Informationsgehalt H, des optischen Bildes. Physikalisch 
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: mentspricht der erste Begriff entweder der Wellenquantelung des Lichtes oder 

i der Kornstruktur der photographischen (bzw. visuellen) Schicht (wenn die 

A Kérner grésseren Durchmesser als 0 haben, was praktisch nur ausnahmsweise 

;  auftritt). Der zweite Begriff entspricht der maximalen Entropie der Licht- 

__verteilung im Bild (»maximal« bedeutet hier, wie auch oben: bei beliebigem 

_ Objekt aber gegebenem Gert). In Verbindung mit diesen Begriffen muss 

- betont werden, dass die Formel (12) nur im Fall der vollstandig inkoharenten 

z Belichtung richtig ist, wenn das Licht der einzelnen koharenten Wellenziige 

pte aus verschiedenen Punktquellen ausgehen) prinzipiell unterschieden wer- 
den kann, z. B. mit Hilfe einer entsprechenden Ausblendung. 

Im Fall des koharenten Lichtes sind die Photonen ununterscheidbar und 

_ die Zahl der méglichen Bilder ist bedeutend kleiner. Statt der Anzahl der Kom- 

iimationen mit pe edecholung und mit Beriicksichtigung der Anordnung 

_ (Variationen) M™ (Boltzmannsche Statistik), wie bei Linroor, muss man bei 

koharentem Licht die Anzahl der Kombinationen mit Wiederholung aber 

ohne Beriicksichtigung der Anordnung (Bose—Finsteinsche Statistik) nehmen 


< ie eee a3) 
N (M—1)! M! 


~ Da im allgemeinen 


M>1, N>I1 (14) 


ist, haben wir nach der Stirlingschen Formel fiir die Fakultatsfunktion 


1 (M+ DN ier 


= (15) 
y2n + M™MNN 


I, = 


Das gibt fir H eine in N und M symmetrische Formel 
Hy = log I, = (M + N)log(M + N) — MlogM — NlogM —log 2x. (16) 


Zur Unterscheidung haben wir oben das Zeichen H, fiir den inkoharenten Fall 
und das Zeichen H, fiir den koharenten Fall benutzt. Wenn die Inkoharenz 
nur partiell ist, liegt der Informationsgehalt H zwischen H, und Hp. Deshalb 
kann man bei gegebenen N und M einen neuen Koeffizienten der partiellen 
Inkohdrenz einfiithren 


y — pine He” 5 (17) 


der verschwindet, wenn das Licht kohdrent ist, und gleich eins ist im Fall der 


vollstandigen Inkoharenz. Nach (17) haben wir 


H=H,= He ¥ (A, — Hy) = (l= vy) Hy + y A, (18) 
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AO 
oder wegen (12) und (16) 
H, = (1 —») (M+ N) log (M + N) — Mlog M— Nog N — log 2a] + 
2 |) + YN log M, (19) 

was eine Formel fiir den allgemeinsten Fall bietet. . 


Beweis des Gaborschen Entwicklungssatzes 


Wir fangen mit der allgemeinen Form der monochromatischen, im leeren 
Raum in der positiven z-Richtung fortschreitenden Welle an: 
(20) 


v (x, t) epTthglh a | y (k) el(kx+Vk2-2 2) dp == e-ikoct u (x) : 


K 
wo ¢ die Lichtgeschwindigkeit ist. Wegen des fortschreitenden Charakters der 


Welle muss man das Integrationsgebiet in der k-Ebene in (20) auf das Innere 


des Kreises K mit dem Radius k, beschranken: 
(21) 


K: ky — 2 > 0, oder o<k,. 


Wir interessieren uns hier nur fiir die Werte von u(x) auf der Ebene z = 0 


(z. B. der Objektebene). Diese Werte werden wir mit u(x) bezeichnen. 
Wir fiihren die polaren Koordinaten in den x- und k-Ebenen ein und 


bekommen 
2a ky 
aie ° i 
u(r, 9) = — dd | v (0, B) el@r 08-2) 6 do, (22) 
0 0 
Dann entwickeln wir y(e, ¥) in eine Fourier—Besselsche Reihe 
co ee , 0 
y (@, d) =F > Ain ee a al ? (23) 
l=1m=—o ky 
wo a, die Wurzeln der nullten Besselschen Funktion sind 
J,(a) =0. (24) 


(25) 


Fiir grosse | haben wir asymptotisch 
ajp~ral. 
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ch einer kurzen Rechnung bekommen wir 


1 (1,9) = S i Aim Bin (r) (26) 


Z t=1lm=—o 

‘&- - Ko 

A Bin (0) = | In(or)So(m Jodo (27) 
io 0 

a 0 

ist. Insbesondere 

z 

Jo (ko r) Jy (a) 

B B = a; J \o a 98 
4 2 moat eee (28) 


£ ' 
Jede der Funktionen B,)(r) hat ihr Maximum auf dem Unfang des Kreises mit 
dem Radius 

wie 


ie 2 29 
as (29) 


ro 


das letztere gilt fiir grosse 1 wegen (25). Wenn die Welle u(r, gy) fir r 2 Tmax 
verschwindet (Objekt mit dem Radius rmax oder Liicke mit dem Radius rmax 
in der Objektebene), miissen alle Koeffizienten Aj, fiir 


2 Faas 


a = tas (30) 


) 


auch verschwinden. Wenn wir ausserdem fordern, dass u(r, ~) in der Umge- 
bung des Koordinatenanfangpunktes keine unendlich grossen Schwankungen 
in der g-Richtung hat, mussen fiir jedes | auch die Koeffizienten Ajm mit 


jm| > (31) 
gleich Null sein. Jetzt sehen wir leicht, dass die Anzahl der im allgemeinen 
nichtverschwindenden Koeffizienten A jm (die ein »Dreieck« bilden) oder die 


Anzahl der komplexen Freiheitsgrade unseres Problems gleich 


Wess 4 ane oti Ss (32) 


z. Das entspricht dem Fall der freien Welle oder dem Off- 
t einer kreisférmigen Pupille und 
nur in dem Kreis 


: 2 
ist, wo S = Tmax 
nungswinkel 7/2. Wenn man ein Geradt mi 
Liicke und der numerischen Apertur a hat, muss man in (20) 


K,: o<kya (33) 
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integrieren (k, > kya) und man bekommt endlich statt (32) 


A | 


2 2 | 
* It Ae . 


wo A = a?x. Wir nehmen hier an, dass die Apertur von dem Bildpunkt a 
nicht abhangt, was selbstverstandlich nur eine Annaherunng ist und nur fiir 
nicht zu grosse Offnungsverhdltnisse und Sehwinkel (d.h. im Gaussschen) 
Gebiet) gilt (siehe Fig. 1). . 
Wir sehen, dass jetzt die Formel (34) fiir die Zahl der Freiheitsgrade von: 
der Formel (2) um den numerischen Koeffizienten 4/22 ~ 0,405 abweicht. 
Das ist aber verstandlich, weil (2) nur auf Dimensionsbetrachtungen gestiitzt# 
war, und es ist nicht a priori notwendig, dass N bei gegebenen /, nur von den 
Oberflachen der Pupille und der Liicke abhangt und nicht von ihrer Gestalt. 
Darum muss man im allgemeinen in die Formel (2) einen dimensionslosen| 
Koeffizienten einfiihren, den wir mit G bezeichnen und »Gestaltkoeffizienten« 4 
nennen werden: 
SA 


Nz ¢ ‘ 2’)) 
4 4 


‘Gleichzeitig haben wir eine nichttriviale Verallgemeinerung der Gasor— | 
SHANNONschen »sampling method« fiir zwei Dimensionen erhalten, wesentlich || 
anders als die unmittelbaren Verallgemeinerungen angegeben z. B. in [2]]} 
(siehe oben) oder [6] Kap. 8, § 11. 

Man muss betonen, dass in allen unseren bisherigen Betrachtungen die + 
Objekt- und Bildwelle in genau gleicher Weise betrachtet waren, d.h. als ob} 
die Objektwelle vom Instrument zuriick in Richtung des Objektes projiziert | 
wiirde. (Mit anderen Worten: wir zahlen nur das Licht, welches tatsachlich | 
ins Instrument einfallt.) Deshalb hat die Objektwelle bei uns, wie auch bei| 
Gapor [1], eine endliche Zahl von Freiheitsgraden, und zwar genau so viele | 
wie die Bildwelle. Das steht im Gegensatz zu den Aussagen von ToRALDO p1 | 
FRANCIA in [2], der iiber eine unendliche Zahl von Freiheitsgraden der Objekt- | 
welle (im Gegensatz zu der Bildwelle) spricht. Nach unseren obigen Betrach- . 
tungen wurde dann die Objektwelle nicht monochromatisch sein und das 
Gerat miisste als Monochromator wirken. 

Aus dem Obigen ist eine Methode fiir alle anderen Falle leicht ersichtlich: | 
man muss nur die entsprechenden Koordinatensysteme in den Pupillen- und 
Liickenebenen und die mit diesen verbundenen orthogonalen Funktionen- 
systeme benutzen.! Gleichzeitig gewinnt man die entsprechende Form der 


‘ Auf diese Weise bekommt man auch eine Theorie der Beugungsphinomene, die mit 
verschiedenen Gestalten der Pupille und der Liicke (des Objekts) verbunden sind und die 


experimentell so schén von Frau V. BLUMOWA (Prag) an der Budapester Konferenz darge- | 
stellt wurden. 
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Gaxzorschen endlichen Entwicklung (5) und so den allgemeinen Beweis des 
expansion theorem«. Unsere Betrachtungen waren eigentlich nur fiir den Fall 
des yollstandig koharenten Lichtes durchgefiihrt. Es ist aber méglich, sie auch 
fiir das vollstandig oder partiell inkoharente Licht zu verallgemeinern (siehe [2] 
fir den Spezialfall der rechteckigen Offnung, wo aber die Betrachtungen nicht 
ganz komplett sind). Da jedoch diese Erwagungen etwas umstandlich sind, 
‘und das Endresultat fast genau dasselbe wie oben ist, werden wir hier darauf 
‘nicht naher eingehen. 


. Fiir unsere weiteren Betrachtungen werden wir die Formeln fiir den 
‘praktisch wichtigsten Fali der kreisférmigen Pupille und Liicke benutzen. 


Die grésste Zahl der Belichtungsniveaus 


Wir stellen uns jetzt eine weitere Frage: wie kann man die von LINFOOT 
benutzte Zahl M bestimmen, oder besser: die grésste Zahl M, die man physika- 
lisch realisieren kann? Bei diesem Problem gehen wir von den Bohr— Rosen- 
~feldschen Unbestimmtheitsrelationen fiir die Messung der Lichtintesitat 


_w = uu* aus (siehe z. B. [6] Kap. 16, § 8) 


(35) 


wo. t die Belichtungszeit, ¢ die »Probeladung« und A x die Lageunbestimmt- 
heit bedeuten. (Die »Probeladung« ist die aktive Ladung des elementaren, aber 
‘makroskopischen Lichtempfangers, 2. B. eines einzigen Bromsilberkristalls.) 
Dabei muss man yoraussetzen 


a 


A 
tl pe £6; (36) 
c 


“wo &, die Elementarladung ist. Wenn wir annehmen, dass 


(Sa? i 
Az=d= | =y- (37) 


ist (dann miissen die Durchmesser der elementaren Lichtempfanger nicht 
grosser als 6 sein) und mit W die maximale Lichtintensitat im Bild bezeichnen, 


1 Fir das raumliche Auflésungsvermogen ist nur die Anzahl N der komplexen Freiheits- 
srade massgebend, weil die Anzahl 2N der reellen Freiheitsgrade noch mit dem Polarisations- 
zustand der Welle verbunden ist (wir benutzen hier die komplexe quasiskalare Lichttheoric 


von WOLF und GREEN [7)). 
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| 


| 


| 


bekommen wir 


W W 22t2SA 


=i (38). 

M= tw 4B N | 

wo noch | 
W => Aw — (39)8) 

vorausgesetzt sein muss. Aus (38) folgt unmittelbar | 
272 | 

Tis ea YS (40) 

A he? | 


wo rechts jeweils eine bekannte Grésse steht. Es ist bemerkenswert, dass die _ 
dimensionslose Konstante C von der Wellenlange A, unabhangig ist und nur 
von der Planckschen Wirkungskonstante h und den dusseren Parametern des. 
Gerdits abhangt. Zu den dusseren Parametern gehéren: die Objektgrésse S 
(oder zu ihr proportionaler Sehwinkel), der raumliché Aperturwinkel A (oder 
die numerische Apertur, oder das Offnungsverhaltnis), die Belichtungszeit T,. 
die im kleinsten Bildelement maximal mégliche Lichtintensitat W (wenn alles 
Licht dort konzentriert sein wurde; darum ist diese Grésse gleich der totalen 
Lichtintensitat des Objekts, die man mit einem Belichtungsmesser bestimmen 
kann), die aktive Ladung « des Lichtempfangers (die beim Photographieren 
dem Volumen des Bromsilberkornes proportional ist und als Mass seiner Licht-- 
empfindlichkeit gelten kann). Es ist aber nichts Wunderliches in dieser Tatsache, 
weil diese und nur diese Gréssen jeder Photographierende messen muss (ausser 
Konstanten, wie h). 


Ein Beispiel 


In der Praxis kénnen sich alle ausseren Parameter in (40) in sehr weiten 
Grenzen andern. Um aber ein typisches Beispiel zu bekommen und an ihm 
unsere Resultate mindestens der Gréssenordnung nach mit dem Experiment 
zu vergleichen, betrachten wir die von Rose in der Arbeit [8] experimentell 
untersuchten Fille. Rose hat eine Serie sechs sehr schéner Aufnahmen ver- 
éffentlicht, die ausserordentlich anschaulich die Rolle der Quantenerscheinun- 
gen zeigt und in der die Helligkeit des Objektes um 4 Gréssenordnungen variiert 
(bei konstanten Werten aller anderen Parameter). Wir werden hier einfach- 
heitshalber nur zwei extreme Falle von Rose diskutieren: der der gréssten 
und der der kleinsten Helligkeit des Objektes (Fig. 1 und 6 in [8]). Nach 
RoseEschen Angaben kénnen wir folgende dusseren Parameter bestimmen 


{siehe auch [9]; wir benutzen die CGSE-Einheiten): 


t = 0,2 sek, S = 1,5-103\cm2, 4 = 2 -10-5, 
ae | 3-102 erg-cm 3 (41): 
a | 3-10-48 erg -cm—3, 
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Dabei sind alle unsere Voraussetzungen (siehe Fig. 1) befriedigt (X fw 35 cm, 


Y= 0,6 cm, F ~ 125 cm). Ausserdem ist, wie bekannt, 
e h = 6,6-10-%" erg - sek. (42) 


Viel schwieriger ist es, die Probeladung ¢ zu bestimmen (Rose gibt selbst- 
-yerstindlich keine Angaben dariiber). Wir benutzen eine grobe Schatzung 
dieser Grésse nach Morr und Gurney [10], Kap. VII, § 3, wo man die fol- 
_gende angenaherte Formel findet: 


e=nenr= wR RET 


' Eo 


(43) 


Hier ist n die Anzahl der Elementarladungen in einem aktiven Silberkérnchen 

des Bromsilberkristalls, Si ist die Zahl solcher Silberkérnchen pro Kristall, 

R — der Radius des Silberkérnchen, x — die Dielektrizitatskonstante fir 

AgBr, kg = 1,4 x 10-16 erg Grad- die Boltzmannsche Konstante und T— die 
~ absolute Temperatur. Wir setzen nach [10] die typischen Werte 


x~12, R=10, R=5-10% cm, T = 300° K (44) 
ein und bekommen 
e = 5-107? cm3?? gli? sek1 ~ 10° é, (45) 
in Ubereinstimmung mit (36). Endlich haben wir nach (40) 


Ze ota lO®, 
C = 2.5-10' cml? g-42 sek /W = 
410". 


Wir sehen, dass jedenfalls 
c= 1 (47) 


ist. 
Die optimale Wellenlange 


Bei unseren Voraussetzungen sind nach (40) die Zahlen M und N nicht 
unabhiangig, wie bei Linroot, sondern komplementar oder besser gesagt — 
reziprok. Fir h— 0 (der klassische Fall) hat man bei konstanten anderen 
Gréssen MN — -, was verstandlich ist, weil dann M-> co wird, unabhangig 
von N, das endlich bleiben kann. Wir sehen, dass die Endlichkeit des Produkts 
MN eine Folge der Quantenerscheinungen ist. Man bekommt weiter nach (40), 
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dass jetzt der Informationsgehalt H nur von einer Grésse abhangt (M oder N).. 
Man kann die Frage stellen, fiir welchen Wert dieser Grésse (z. B. N) H I 
maximal ist? | 

Fir das vollstandig inkoharente Licht (y = 1) bekommen wir einfach | 
nach (12) die Lage des Maximums des Informationsgehaltes (die pe. | 
von der Logarithmenbasis a in (12) ist): . 


2 
opt — (48) 
e 
(e ist die Nepersche Zahl) oder nach (34) 
2/eSA 2h e 
opt (1) = = ; 4 
49 Gh aC aN W. (499 
Das Maximum selbst ist gleich 
C2 
Ay* = —_- loge ~ 0.553 C2 , (50): 
e 


das letztere fiir a = 2, wie in der Informationstheorie iiblich. Es muss noch | 

nachgepriift werden, ob fiir (48) die zweite Ableitung d?H,/dN, negativ ist. 

Wir haben, tatsachlich 
(dH, 
“dad N2 


e 
N=nopt C?Ina ‘ ie 


fiir jedes a > 1. Aus (49) sehen wir, dass fiir h > 0 Ag?* > 0, was verstandlich 
in der klassischen Theorie ist. Wir bemerken weiter, dass 2}?*(1) unabhangig von 
S und A ist und nur von ¢,7t und W abhangt (alle anderen Gréssen sind 
Konstanten). 


Fir das vollstandig koharente Licht (y = 0) erhalten wir auf dieselbe 
Weise 


Not yeas (52) 
1] 
wo 7) eine Liésung der transzendenten Gleichung 
nlogn + (1 —m)log (1+) =0 (53) 


ist, die aus dem Verschwinden der ersten Ableitung dH,/dN folgt. (Auch hier 


ist es leicht sichtbar, dass ” von a unabhangig ist.) Die Gleichung (53) hat zwei 
und nur zwei Wurzeln 


ee (54) 
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£ Den folgenden kurzen und schénen Beweis, dass (53) nur die Wurzeln 
(54) hat, hat Herr E. H6p1 dem Verfasser nach seinem Vortrag in Budapest. 
freundlichst mitgeteilt: 


2 Man betrachtet zuerst die Funktion 
am a(n) =nlnn + (1 — 7) In(1 + 9) (55): 
(wir nehmen hier einfachheitshalber a = e an), die — da wir hier nur reelle: 
; 

4g) 


a: g'>0 
Fig. 2 
Argumente und Funktionen betrachten — nur fiir nichtnegative 7 definiert. 
ist. Man findet leicht, dass 
, 2 7] ge! 
et) — + In wade.) = (56) 
ks 1-7 OE a) 
Aus dem letzteren folgt sofort, dass 
= : : <— 
g he ist, je nachdem ob 7 = I (57) 
ist. Ferner erhalt man leicht, dass 

lim g(n)=c- (58), 


> © 


Aus den erwahnten Tatsachen schliesst man unmittelbar auf einen pfeifen- 
férmigen Verlauf der Kurve g(n) (siehe Fig. 2) und daraus auch auf die Richtig- 


keit der obigen Behauptung. 
Fiir 7, = 0 haben wir nach (52) 


Ne == 0O; (59) 
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‘was aber kein Maximum fiir H,(N) gibt. Nach (16) erhalten wir namlich 


lim H, (N) = — log [2 (60) 
No i 

| 

und | 
fee ike >) (61) 

N>o dNs +} 


fiir jedes s = 1, 2, 3,..., wahrend die Kurve H,(N) nicht von unten sondern: 

von oben zu dem Grenzwert (60) strebt (siehe Fig. 3). Wir haben darum fi 

(59) ein (uneigentliches) Minimum fiir H,(N). 
Fur 7, = 1 bekommen wir nach (52) 


NS et (62)) 


was tatsachlich ein Maximum gibt. Wir haben namlich 


ie 
(oe =o 


}<o (63), 
dN? |v-nort 


fir jedes.a > 1 (z. Bo fir a= 2: — 0,886/C), weil immer C> 0 ist. Nach (34) 


haben wir dann 


apo) = || BA -| | ie | 


Auch jetzt fir h—>0 apt 0 (der klassische Grenzfall), jedoch jetzt hangt 
As?*(0) wesentlich von S und A ab. Fiir den Maximalwert von H,(N) erhalten 
wir 

Hy* — 2Clog2 — log) 2x . (65)| 
Ferner 

lim H,(N) = —log) 2x . (66)| 

N-+0 
Der Verlauf von H,(N) ist schematisch in der Fig. 3 dargestellt. Es muss dabeii 
betont werden, dass die negativen Werte von H,(N) bei sehr kleinen und sehr 
grossen Werten von N (siehe (60) und (66)) nur eine Folge der in diesen Gebie-: 
ten nicht geltenden Stirlingschen Annaherung (die in (15) benutzt wurde) ist., 
Wegen dem Zusammenhang (40) sind die Voraussetzungen (14) nicht unab- 


hangig und, obwohl (47) gilt, nicht immer vertraglich. Statt (14) haben wi 
jetzt die Bedingungen 


lan -<G*) ‘lee M-2C; (67) 
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ir die Auwendbarkeit der Stirlingschen Formel in (13). Den wirklichen Ver- 
laut von H,(N) stellt schematisch die gestrichelte Kurve in Fig. 3 dar. Um die 
durch die Stirlingsche Anndherung verursachte Ungenauigkeit wenigstens 
teilweise zu kompensieren, kann man einfach das Glied log J 22 in allen es 


E Be H,(n) | 


genthaltenden Formeln streichen. Im Gebiet (67), speziell in der Umgebung 
yon NoPt — C (62), fihrt dieses Weglassen zu keinem merklichen ieee 


‘wegen (65) und (47). So haben wir jetzt statt (16), (19), (60), (65), (66) di 
Formeln: 


H, = (M + N)log(M + N) — Mlog M — Nlog N = 
(16’) 


Va 


H, =(1—y) [(M + N)log(M + N) — MlogM — Nlog N] +y NlogM — 


= wenn (40) gilt: i ; (l—y) a log 4 + (19’) 


= wenn (40) gilt: [— nlogn + (1 + 7) log(1 + ”)]; 


+ (1 — y) (1+ 7) log (1 + 7) +ylogC| ; 


lim H,(N) =lim H,(N) =0- (66'),(60'), Hy*=2C, (65) 


N->0 N-&o 


‘wo allgemein wie in (52) 
Cc? , 
pee (52”) 


Ahnlich bekommt man nach (12) fir H,, wenn (40) gilt, 
lim H,(N)=0, ee H,(N) = — °° (68) 


N—0 
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: ij 

und darum auch nach (19) fir 0<y <1 
: 


lim H,(N) =0,lim H,(N) =— oo. (69) 
N-0 : N->o 


Aus (60’) und (69) sehen wir, dass wir in dem uneigentlichen Punkt N = co | 
eine Unstetigkeit der Funktion Hy(N) (19’) beziiglich y haben, wenn y — 0- 
Man muss aber betonen, dass dieses Gebiet keinen eigentlichen physikalischen 
Sinn hat (weil dann M <1) und die Grenzen (66), (60’), (68), (69) sind nur 
wegen der Vollstandigkeit der mathematischen Diskussion nétig. | 
Im Zwischenfall 0 <y <1 ist die Rechnung etwas umstandlicher, 
aber die Resultate sind im allgemeinen qualitativ dieselben. Statt (53) haben 
wir jetzt die Gleichung | 


- 
Oy Us BU tide InC — 1] =0 (70) 


mit g(7) nach (55). Wir erhalten einfach 


lim q, (7) = -— oo, lim q,(7)=+ 00. (71) 


70 yj © 


Die Crésse-— lin (70) ist eine von 7 unabhangige additive Konstante 


1 
und sie beeinflusst nicht die Gestalt der Kurve q,(7), sondern nur ihre Lage 
beziiglich der Achse q = 0. Ahnlich wie in dem H6épischen Beweis rechnen wir 
die zwei ersten Ableitungen von q,(7) aus: 


, ms ? o) f Pe 
710) = in — + —_* und q' (7) = a — (72) 


P,(n) = —(2—y)7? + 2(1— 2y)n—y (73) 


ist. Weil fiir Oss <y <I der Nenner in (72) immer positiv ist, hangt das Vor- 
zeichen von q,, vom Vorzeichen des Polynoms P. (7) ab. Fiir die Wurzeln der | 
quadratischen Gleichung P,(7) = 0 haben wir 


I 2y 4 / il 6y + oy? 
Zw Oy, Pre 


he. = 


Wir lésen weiter die Gleichung 


Ay) =5y2—6p4+1=0 (75) | 
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vuf und erhalten 


ee 1 
3 Ah User (76) 


1 


z 
20) ist positiv in den Gebieten y 25 — Per y > 1.Von diesen ist nur das Gebiet 
5 ee (77) 


fiir unseres_ Problem wichtig (weil das andere, y > 1, keinen physikalischen 
Sinn hat). Nur i im Gebiet (77) gibt es zwei reelle Wurzeln (74). Sie sind positiv 
und liegen i im Intervall 0 <n<1 (dh. fiir NC nach (52’), siehe Fig. 4). 


Nur im Intervall 4, < 7 < 7. kann q) sein Vorzeichen vom negativen zum 
positiven andern (siehe Fig. 5a, b). In Fig. 5a—e sind die finf méglichen Typen 
des Verlaufs der Funktion q,(7) dargestellt. Der Unterschied zwischen den 
Typen a, b und c in Fig. 5 hangt vom Vorzeichen der Grésse q,(7,(y)) = (7) 
ab. Diese Grisse ist nur eine Funktion von y (von C ist sie unabhangig), deren 
Verlauf im uns interessierenden Argumentenintervall (77) die Fig. 6 darstellt. 
w(y) verschwindet fiir y = jy) ~ 0,108, ist negativ fir 0 << y < yo und positiv 
fiir y > y,. Aus Fig. 5 sehen wir, dass in den Fallen b, c, d, ah e, d. h. ftir 


yy (78) 
nur ein Maximum von H.(N) méglich ist. Im Fall a, d. h. fir 
Oi, Ve (79) 


sind drei Extrema méglich, aber nur fiir solche Werte der Konstante C, fir 
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Fig. 6 


welche der nach unten eingebogene Teil der Kurve q,(7) die Achse q = 0) 
schneidet. Es gibt daher zwei solche Funktionen Ci(y), C,(y), dass 


Cy) > C.(y) fiir (79), Cio) = C20) (80) 


und dass fiir die Werte von C im Intervall 


Cy) <C < Cy) (81) 
drei Wurzeln von q,(7) = 0 vorkommen. Es folgt aus der Stetigkeit des Pro-} 
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Dlems und dem Verlauf von q;,, dass die rechte (fiir das grésste 7) der drei Wur- 
-zeln ein Maximum von H,(N) geben wird. Die mittlere Wurzel gibt dann ein 
Minimum und die linke das zweite Maximum. Wir sind so zum Schluss gekom- 
“men, dass im Gebiet (79), (81) (das man ein Ausnahmegebiet nennen kann) 
_gwei Maxima des Informationsgehaltes méglich sind, wahrend ausserhalb 
dieses Gebietes nur eins auftreten kann. Nur die exakte numerische oder gra- 
_phische Analyse (die wir hier nicht durchgefiihrt haben) und ein ausfiihrlicher 
Vergleich mit dem Experiment kann entscheiden, ob das Ausnahmegebiet von 
_irgendeiner praktischen Bedeutung ist. 


| 
. 


Fortsetzung des Beispiels 

Wir kehren jetzt zu unserem aus der RosEschen Arbeit [8] genommenen 
Beispiel zuriick. Rosr gibt keine Angaben iiber den Kohiarenzgrand des vom 
ihm benutzten Lichtes. Weil aber die aufgenommenen Objekte nicht selbst- 
leuchtend waren, kann man mit guter Annaherung annehmen, dass das Licht 
ungefahr koharent war (y ~ 0). Mit den C-Werten aus (46) kénnen wir dann 
~ nach (64) die optimalen Wellenlangen leicht berechnen. Wir erhalten 
bs 
2*10-4¢m, 


gape = J 
2-107° cm, 


(82) 


wo, wie oben, die obere Zahl der kleinsten und die untere der gréssten Beleuch- 
tungsintensitat im Roseschen Experiment entspricht. Unsere Schatzung der 
numerischen Werte war grob (speziell die von ¢ nach (43) und (44)), so dass 
bestenfalls nur die Gréssenordnungen gut sind. Bei dieser Genauigkeit haben 


wir doch einen guten Einklang mit dem Experiment erhalten, weil (im Rahmen 
des Roseschen Experiments) der zweite Wert der Wellenlange dem maxi- 
malen Informationsgehalt entspricht und im sichtbaren (bzw. photographi- 
schen) Wellengebiet liegt (~ 10-5 em). Es ist auch verniinftig, dass man fir 
die kleineren Intensitaten des Lichtes die Wellenlange verlangern muss, um den 
maximalen Informationsgehalt zu bekommen. Dann wiirden namlich die 
- Lichtquanten kleiner und die Quantenzahl grésser (bei gegebener totaler 
: Energie) und deshalb kann das Bild mehr Einzelheiten zeigen. 


Schlussbemerkungen 


Das Rosesche Experiment hat uas eine grobe Kontrolle der Richtigkeit 
unserer Betrachtungen erméglicht. Es wurde aber sehr wiinschenswert sein, 
weitere Experimente durchzufiihren, um die Ubereinstimmung der Theorie 
mit dem Experiment genauer zu priifen. Speziell ware es von grosser Bedeu- 
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tung, die RoseEsche Serie fiir noch gréssere Lichtintensitaten zu erweitern, — 
um sich zu tiberzeugen, ob es tatsichlich ein Maximum des Informations- 
gehalts gibt (im RosEschen Experiment befinden wir uns nur auf der einen 
Seite des hypothetischen Maximums). | 
Es muss jedoch bemerkt werden, dass eine sehr genaue Uberenstimmung 
unserer Resultate mit dem Experiment kaum zu erhoffen ist, da unsere Voraus- 
setzungen ziemlich grobe Annaherungen enthalten. Z. B. gelten die BoHR— 
ROSENFELDschen Unbestimmtheitsrelationen eigentlich nur fiir die freien 
Ladungen, was bei den realen Lichtrezeptoren nicht genau der Fall ist. Bis 
jetzt aber sind z. B. die photographischen Prozesse theoretisch nicht ganz 
geklart und daher ist es schwer, unsere Betrachtungen zu vervollkommnen. 
Ks scheint aber, das die effektive Probeladung ¢ (die im allgemeinen eine Funk- 
tion von A, ist) ohne Theorie, rein experimentell bestimmt werden kann, wenn 


die Richtigkeit unserer Gesetzmassigkeiten wenigstens in gewissen Grenzen 
experimentell bewiesen wird. 

In unseren obigen Betrachtungen haben wir eigentlich einen Standpunkt 
eingenommen, der dem in der Praxis iiblichen entgegengesetzt ist: wir haben 
die Parameter der dusseren Bedingungen als gegeben betrachtet und die opti- 
male Wellenlange gesucht, wahrend normalerweise die Wellenlange des Lichtes 
durch die Lichtquellen und Lichtrezeptoren bestimmt ist und nur die Auswahl 
der dusseren Parameter zur Verfiigung steht. Jeder der dusseren Parameter 
kann bei Festlegung der anderen und bei gegebener Wellenlange als Optimali- 
sierungsgrésse benutzt werden. Z. B. das Auge optimalisiert automatisch 
sein Offnungsverhaltnis zu den jeweiligen dusseren Bedingungen und der 
Lichtwellenlange. Ahnlich wahlt der Photographierende empirisch die besten 
ausseren Parameter (wie z. B. Offnungsverhltnis, Belichtungszeit usw.) fir 
die gegebenen anderen Parameter und die Wellenlange des Lichtes. Im 
Roseschen Experiment diente als Optimalisierungsparameter die Beleuchtungs- 
intensitat. 

Aus der vorliegenden Arbeit sehen wir, dass im Problem der optimalen 
optischen Abbildung nicht nur die Quantennatur des Lichtes, sondern auch 
die Natur des Lichtempfangers von Bedeutung ist (Parameter ¢!). Daher sind 
z. B. die Experimente mit photographischen Schichten im allgemeinen nicht 
massgebend fiir das Auge und umgekehrt, wenn auch die anderen Parameter, 
wie Offnungsverhaltnis usw. dieselben sind (was z. B. Roser in [8] nicht 
beachtet, wenn er seine Arbeit »Quantum and Noise Limitations of the Visual 
Process« betitelt), Im Zusammenhang damit ist es zweckmissig, eine pessi- 
mistische Bemerkung von ToraLpo pi FRANCIA aus [2] tiber das Auflésungs- 
vermogen zu zitieren: »After so many investigations about resolving power, 
one cannot escape the discouraging conclusion that a very common sentence 
like: ‘The resolving power of such instrument has such value’ has no meaning. 
Resolving power is not a well-defined physical quantity.« Nach unseren Be- 
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‘arachtungen ist es ganz klar, dass der Begriff des Auflésungsvermiégens beziig- 
lich der Rezeptoreigenschaften relativisiert werden muss. Im allgemeinen Fall 
(dh. nicht nur in dem Gaussschen Gebiet) kann auch dieser Begriff von der 
Gestalt des Objektes wesentlich abhangen. Nach dieser Relativisierung aber 
_ kann man schon mit Hilfe der informationstheoretischen Methoden das Auf- 
-Jésungsvermégen eindeutig (»as a well-defined physical quantity«) feststellen, 


a. B. fiir das Gausssche Gebiet als 0™, siehe oben (37). 


| In unserer Arbeit haben wir die Bedingungen fiir die optimale optische 
_ Abbildung (oder das optimale optische System) erhalten, welche unabhangig 
~ von der Form des Objektes sind. In diese Bedingungen sind nur die 4usseren 
Parameter des optischen Systems eingegangen (russisch »radapuTbl«) und nicht 
_ die inneren (wie z. B. Kriimmungsradien der Brechungsflachen, Brechungs- 
koeffizienten usw.), die zu bestimmen die eingentliche Aufgabe des optischen 
Rechners ist. Das war eine Folge unseres »vereinfachten« Modells, und zwar 
der Einschrankung auf das Gaussschen Gebiet (siehe Fig. 1), wo die inneren 
Parameter belanglos fiir die optische Abbildung sind. Wenn wir auch nicht- 
vereinfachte Modelle mit Aberrations-, Rauschproblemen usw. betrachten 
wiirden, wie Linroot in [3], dann wiirden wir auch einige Bedingungen fur 
~ die inneren Parameter erhalten. Dieses Problem ist aber in der von uns oben 
- vorbereiteten Form in aller Allgemeinheit, des Verfassers Wissens nach, bis 
jetzt noch nicht gelést und scheint sehr schwierig zu sein. Der Verfasser hat 
nur ein viel einfacheres Problem gelést, nimlich das Bestimmen der inneren 
Parameter des optimalen optischen Systems fiir ein punktférmiges Objekt, 
wie dies auf der Stockholmer Konferenz der I. C. O in 1959 berichtet wurde 


(11), [12]. 
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TEOPHA WMH®OPMALIMY, COOTHOWEHHA HEOMPEXEJIEHHOCTH BOPA— i 
POSEH®EJIBA MW MPOBJIEMA ONTHMMAJIBHOrO ONTHYECKOrO + | 
HM30BPA)KEHHA 


P. C. AHTAPHEH 


PesromMe . 


JlokasaHo OcHOBHyI0 Teopemy TaOopa o pa3no>KeHHU B pA M43 ONTHYeCKOH Teopuu 
uHpopmaunu. OdobujeHo dopmysy JIundyta yA KoNMUeCTBA HH@opMauMu B ONTHUeCKOM 
u300paoxKeHHH Ha Ciyyaii CopepuleHHO M YacTHUHO KOrepeHTHOTO cBeTa. Mcxoyaa u3 cooTHo- 
meHHH HeompeseneHHocTu Bopa—Posendenbya HaliqeHa CBaASb M@)K]Y MAKCHMaJIBHBIM YHCJIOM. | 
YpopHel OCBeleHuA B M300PaxKeHHM M 4MCIOM CTeHeHH CBOOOAEI onTHyecKol BouHEI. Me 
sTOrO hakTa cileqyeT IA 3a]aHHbIX BHELWHUX ycnoBuit CylleCTBOBaHHe ONTHMANbHOM DIMHbE 
BOJIHBI (HJM [IA 3aaHHO! JJIMHbI BOJIHBI CYWIeCTBOBaHHe ONTHMAJIbHBIX YcJIOBHH, KaK OcBe- 
WIeHHe, BPeMA SKCMOSHIMM, OTHOCHTeIbHOe OTBepCcTHe H T.J.). Bee paccy>kqeHua TIPOBeeHbE 
B rayccOBOM NDHONWKeHHH. 
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CALCULATION OF THE PHASE SHIFTS OF THE 
YUKAWA POTENTIAL 


fe. 
; SOME PRACTICAL REMARKS CONCERNING THE. 
a 
= 


By 
T. Tietz 


DEPARTMENT OF THEORETICAL PHYSICS, UNIVERSITY LODZ, LODZ, POLAND 


(Presented by A. Kénya. — Received 4. XI. 1960) 


In this paper we give some practical formulas making possible the calculation of the 
phase shifts of the Yukawa potential. The formulas depend on whether the radial quantum. 
number | is large or small. Some numerical values illustrate the accuracy of the mentioned. 
phase shifts. 


According to Hutruén [1] we write the Schrédinger equation for the: 
Yukawa potential in the following form: 


+a ett a ea (1) 


x x2 


dx? 


1 
where x = xr,a = M(E/A*#’), M mr qehen + M,); E is the energy in the 


centre of mass system, M, the neutron mass, M, the proton mass and b = 


MB?/A2x. The symbol x is related to the meson mass M,, as follows; % = 
Mmcejh. The remaining symbols 4, ¢, r and | possess the standard meanings. 
B appearing in the formula of b is a constant. The solution @ of eq. (1), as 
known, fulfils the following boundary conditions: 

@(0)=0 and P(x) 


SSS 
lim x>© 


sin | Vax — = + n| (2) 


In order to obtain some formulas concerning the phase shifts of the 
Schrédinger equation of the Yukawa potential we start from the WKB 


approximation for 7. This formula applied to eq. (1) takes the form [2] 


co 


2 41/2 i 1\2 
eT fed 
be—* 2 2 
dx — a 


1|2 


dx , (3) 


Up a- 
xt 


where the lower limits x; and x; are the largest positive zeros of the respective 


x2 


x x? 


integrals. When the quantum number I is sufficiently large (be ™)/x; is small 


| 12 2 ‘ caer oe 
in comparison with (! am A |x; ,so that we may consider the lower limits in 
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the integrals to be equal. Expanding the square roots we obtain for the phasg r 
shifts 7, given by eq. (3) the following formula: | 


oo 


e~* dx 
ae i 1 27/2 ° (4)) 
ae je — [+=] 


(+ 3) Va 


After simple calculations we write formula (4) in the following form: 


_ eet 
e la 


b > 
= d 
aE | ye—1 
ai 


“ (5), 


‘The integral appearing in formula (5) can be evaluated by means of the follo-. 
‘wing integral [3]: 


oO 


1 
a ee 
o# (48 51) ded oe | ee 
\x 2 ; 
where | arg | < = and Re (p)>—l. (6) | 


K is the modified Hankel function of zero order and J’ the Euler function. 
With the last formula we can write the phase shifts , given by eq. (5) as. 


follows; 
P 1 
hi 2a 0 qe a (7) 


This simple formula for the phase shifts gives results the more accurate in. 
comparison with the numerical results the larger the quantum numbers. For: 
the first quantum numbers | — 0, 7=1 and 1=2 we must calculate 7; 
given by eq. (3) numerically if we want to obtain accurate values for 7.. 
Formula (3) for 7 is not convenient for practical numerical integration because : 


for a given a we must integrate for each | separately. Therefore we write: 
formula (3) at first as follows: 


1 \? que 2 71/2 
ears (eat 
hy, == woh? =| he : lp Side (8) ) 


a-- --— 
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(9) 


- ‘ 
For small quantum numbers | = 0, 1, 2, the term |! + =| /@x? is much smaller 


than unity over the whole range of x from x, to infinity. At x = x, the expres- 
a ly Vee 

sion f + a /wx? is equal to unity but decreases rapidly for x > x). Expand- 
ing the square root appearing in the first integral we obtain 


' 


aS co 


fa) ? ; j 4 
Garters 
n= ; (ot? — all?) dx + | wil2 5 Serr we dx (10) 
XI xr 
7 2 71/2 
Mt 
2 — 2 dx. 


The last integral in formulas (8) and (10) can be calculated analytically. 
eh poe 
Ne as |/a- 


The last formula for small / is much more useful for the numerical integra- 
tion than (3), because the factor containing 1 may be removed from the inte- 
gral. The integral in (3) has to be numerically integrated for each value of l. 
‘In Table I we have some numerical values for 7} and 7, calculated from 
formula (7) in comparison with the results obtained by other authors. 

Table I shows that formula (7) for 7, for the cases 1=1 and 1 = 2 gives 
results comparable with those obtained by other methods. For quantum num- 
pers 1 > 3 our values for 7, given by the analytical formula (7) will be suffi- 
ciently accurate. If we want to obtain accurate numerical values for the phase 
shifts for lower values of I, e. g. 1 = 0,1=1 and! = 2 we must calculate 7, 
numerically from the formula (10). For quantum numbers | — 3 our analy- 
tical formula for eq. (7) is sufficiently accurate. Thus the formulas (7) and (10) 
allow calculation of the phase shifts for the Yukawa potential for all quantum 


“numbers I. The problem of the phase shifts for the Yukawa potential for 
y the author in a short note [8]. 


The lower limit x, in this integral is 4, = 


higher quantum numbers | was also considered b 
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Comparison of our numerical results for tg 7 from eq. (7) with various other results, 
for 1 = 1 andl = 


er eS 


4 
l 2Va b ten i ' | 
| | 
1 1.2 —0.9 tg ; (eq. 7) = —0,04716 >| 
tg "Fr = —0,04508 ‘ 
tg MH = — 0.04600 
1 1.6 —0.9 tg 7 (eq. 7) = —0.07430 
tg "NF = —0.06775 
tg NH = — 0.06906 
tg 1K = —0.06850 
1 Ves 2.7 tg 7, (eq. 7)= 0.1414 
tg "PF = 0.1479 
tg MH = 0.1925 
2 37 2.52 tg 7, (eq. 7) = 0.0306 
tg NF = 7 §.0305 
tg nH == (0368 
tg Np = 0.0366 


FocE [4] (j)-); KALLen [5] (7x); Hanson [6] (7:47); RAMSEY [7] (1p): 
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ELECTROLUMINESCENCE AT LOW VOLTAGE 
By 
J. WEISZBURG 


INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 


(Presented by G. Szigeti. — Received 11. XI. 1960) 


It is ysual to distinguish between the intrinsic and the injection electroluminescence, 
also because of the differences of the threshold voltages of their lightings. There is no foundation 
for this distinction because the orders of the threshold voltages of the two groups agree with 


each other. The electroluminescent phenomena of evaporated ZnS layers at low voltages can 


be well described also by regularities characteristic of the Mott—Shottky-type barriers. The 
existing measuring data are not detailed enough to serve as check of the correctness of the 
various theoretical hypotheses. 


Dealing in general with the similar features of the intrinsic and the injec- 
tion electroluminescence we already previously pointed out [1] that the attempt 


of grouping by which the mechanisms and characteristics of the two pheno- 


mena are separated is based on doubtful arguments. In this article the connec- 
tion between the statements asserting the differences between the exciting 
voltages of the ‘“‘two kinds” of electroluminescence on one side and the measured 
results on the other is examined. 

At the very start we note that “low voltage” is a completely undeter- 
mined expression and means only that the voltage put on the examined sample, 
an unknown part of which produces the electroluminescence, is in absolute 
value small. Of course, from this only qualitative conclusions can be drawn 
as to the voltage causing the electroluminescence. In order to give a better 
survey of the problem, in Table I we chronologically summed up the data of 
some characteristic publications. 

The so-called intrinsic and injection electroluminescences have for- 
merly [2, 3, 4] been separated — among others — because the field strengths 
necessary for the excitation in the two cases (really the external exciting volt- 
age put into the sample) have been different. In case of injection electrolumi- 
nescence in forward direction there is no remarkable threshold field strength. 
In reverse direction light appears in. the range of the breakdown voltage of the 
material. The field strength necessary for the intrinsic electroluminescence 
— being an average value — differs from the former ones. It can be seen 
that in the course of time (with more experience and better detecting devices) 
the voltage threshold data have decreased in case of the material used for 
every kind of electroluminescence and generally independently of the material, 
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Table I H 
Exciting a) photon Ref. — 

width / No. 
oe eee Type Form voltage V frequency eV bet 2 i 

L SiC PC 8-R D.G 
1928 OSSEV De Dee =F 

2-F DG: 

1944 | KENDALL SiC PG 20 D. C. 11 
1947 | DEsTRIAU Zns E 28 rms 60 c/s | 12 
1951 LEHOVEC et al. | SiC PC 30 DOG. SUG, Sa 13 
1952 | Brambey etal. | ZnSiO, 12 100 60 c/s | 14 
1953 LEHOVEC et al. | SiC PC 1,8-F D. G. . 29 2,0 15 
1953 NEWMAN Ge 2 350 c/s 0,65 16 
1954 | SzicETr SiC BG 6-R D.G. P| Te 17 
1954 Naey et al. SiC Pe 1,4-R | De. . Sra 2,6 8 
1956 HARMAN BaTiO, P| 30 ems 4 10 c/s— | 2,4 18 

TiO, | —100 MC/s | 

SrTiO; 
1957 | JEcEs SnO, PC 34 | DQ | 19 
1958 DESTRIAU et al. 9 rms | | 20 
1959 | THORNTON ZnS FL 10 rms | 10 Ke/s 5 

20-F Dc, 

60-R DaG. 
1959 | THORNTON ZnS P | 2—3rms | 1000 c/s 6 
1959 | THoRNTON ZnS FL | 1,5rms | 1000 ¢/s 3,8 | 2,6 7 
1959 Kixvucati et al. CdS | sc } 20—50F DeG 21 
1960 | WertszBuRG | Sic heed 3 rms 1000 ¢/s 351 sw 26 22 
| | 4—6-R DAC: | 
| | 
1960 LEHMANN ZnS leo) 225) cme 5 Ke/s | | | 
| | 
| 


R. resp. F is the reverse resp. forward direction; SC = single crystal; PC = polycrystals 
P = powder; FL = film. 


tend to the value of some volts. This voltage value, being presumably a thres- 
hold value connected with the measuring technique, seems to be of the same 
order in the various kinds of electroluminescent excitations. But this does not 
Justify a separation of the theoretical interpretation of the phenomenon. 

The measurements of THORNTON are a great help in forming an idea of 
the phenomenon somewhat freer from contradiction. He effectuated these 
measurements on ZnS layers and powders [5, 6, 7]. The traditional theoretical 
contradiction appears the most vividly perhaps in his last-mentioned publi- | 
cation [7]. According to Taornton low voltage means that there is no impact. | 
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tude (Fig B means the bright~ 


nd V the applied voltage. 
We should like to show that according to some of our previous obser- 
ons the results of THorNTON can be interpreted also on another theoretical 
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basis. In the course of our examinations it has been found that the reverse 
current of the SiC samples is characteristic of the surface barriers and can be 
827 e? No 


- | : (1) 


It has also been found and shown by THORNTON too that the measured 
J. c. is proportional to the emitted electroluminescent light. From this the 


1/4 


kr 


correctness of 


B ~a-exp[bV14] (2) 
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would follow. Indeed, the measuring data of THoRNTON which were re-calcul- 
ated by us prove also the same fact (Fig. 2). For the sake of comparison the 
original figure of THORNTON can also be seen (Fig. 1). Both figures seem to 
prove the assumed regularities, though it is unquestionable that only one 
‘notion can be true. The agreement is not surprising taking into consideration 
ia that in the voltage range in question the values — V-12 and V1/4 are similarly 
a changing (Fig. 3). In this way it can also be said that every theory in which 
the relation 


i k 

e log Bac V (3) 
4 

_ is valid in case of —V-12 < V* < V1/4 can be proved by these measurements. 


This means that inside the given accuracy of measurement only the facts 
Z are known and conclusive inferences concerning the mechanism cannot be 
_ drawn. 
Nevertheless the equations (1) and (2) completed by other considerations 
seem to be suitable for the description of electroluminescent phenomena. 
_ We hope to come back on another occasion [9] to the more detailed discussion 
of this point. 
: Summing up one may say that the differences found previously between 
“the threshold voltages of the intrinsic and injection electroluminescences 
decreased to a high degree by the development of the experimental technique 
which shows the analogy, resp. identity of the two separate groups of phe- 
nomena. Theoretically, the inaccuracy of the measurements known for the 
time being allows only qualitative statements. Thus the validity of the various 
theories cannot be proved or refuted only by a better measuring technique or 
by more comprehensive examinations. The fact that the measurements of 
THORNTON could be described with fewer contradictions characteristic of the 
surface barriers shows that there must be a deeper relation between the 


electroluminescent phenomena experimentally known to differ from each other 


and these laws. 
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IJIEKTPOJIIOMMHECHEHUMA TIPH HU3KOM HAIIPA)KEHHM 
A. BEMCBYPL 


Pes1omMe 


MHTpHHCHKHHOHHY1I0 HM HHbEKIMOHHYW IJI€KTPOJIOMMHECHeHNMM OOBHO pasMyalor - 
M M0 pacxOKAeHH10 NOPOrOBOro HalpswKeHUA CBeYeHHA. ITO He MMeeT OCHOBAHUA, Tak Kale 
NOporopble HalpsKeHHA B OOeUX rpymmax, 10 NOPpAAKY BeIMYNH, CoBNayalorT. IaeKTpomOMU- 
HeCHCHTHbI€ ABJICHHA Ha HaNbWIeHHbIX COAX ZnS pH HH3KOM HalIps>KeHHH MOFYT ObITH 0- 
CTaTOYHO XOPOUIO OMMCaHbI HM 3aKOHOMePHOCTAMH, XapaKTePHbIMH JIA OapbepoB THMa Motra — 
Worrku. Toqpodnoctu, moaHocTb M TOUHOCT 9KcMepHMeHTaJIbHBIX JIAHHBIX, USBECTHBIX TG 
Beal BPeMA, He AOCTATOYNHI JIA MPOBePKH MpaBHJIbHOCTH PasIMUHBIX TeopeTHyeCKHX 
umoTes. 
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ON THE REVERSE CHARACTERISTICS OF GERMANIUM 
JUNCTION DIODES 
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BUDAPEST 


(Presented by G. Szigeti. — Received 7. XII. 1960) 


The reverse characteristics of germanium junction diodes have been examined in the 


_ temperature range of 200—340° K. It has been found that the reverse current — instead of 
- showing saturation — changes linearly with the voltage. On the basis of the temperature 


dependence of the slope of the linear section the hypothesis that we have to do here with 
a shunting effect of the adsorbed water layer of some molecules seems to be justified. Below 
0° C an activation energy of 9.1 kcal/mol appears as the conductivity of ice, in good agreement 
with the corresponding data figuring in the literature. From the temperature dependence 
of the defined saturation current a value of 0.70 eV was derived as the gap of germanium. 


It is already a well-known fact that the reverse characteristics of diodes 
and transistors are considerably influenced by the ambient atmosphere. This 
effect, as it is known, means that the diode law 


is not fulfilled in reverse direction, but with increasing voltage also the current 
rises monotonically. So, apparently, there is no reason for speaking of satura- 
tion. But we shall see that in some cases the saturation current can be defined 
appropriately. 

The influence of moisture on the characteristics of p—n junctions has 
been examined by several researchers and many models have been proposed 
for the explanation of the appearing excess current. According to A. L. Mc 
Wuorrer and R.H. Kinestron [1] the cause of the excess current is the 


_«ehannel” developing on the surface. But this hypothesis leads to logarithmic 


voltage-current characteristics. J.T. Law [2], [3] explains the linear charac- 
teristics by the ionic conduction of water adsorbed on the surface. W.T. 
Ericsen e¢ al. [4] and also F. N. Crarke [5] suggest an electronic conduction 
instead of the ionic one. According to the model suggested in article [4] the 
water layer adsorbed on the surface of the semi-conductor shows hole con- 
duction. The water molecules work their way into the surface states of the 
semi-conductor and in case of a sufficiently large covering form a “diffuse” 


band. 
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The difficulty of proving the ionic conduction model — as has been poin- 
ted out also by R. H. Kinesron [6] — consists in that the gas formation occur- 


° ° . . : e 2 


duced. = 
In the mechanism described in [4] the transition of the excess current 


through the oxide layer is not clear. 


In our present work the reverse current of encapsulated germanium _ 


diodes has been examined as function of the temperature. It seems that 1a 
measuring results can be interpreted by supposing ionic conduction. In addi- 
tion to the work of Law, the measurement of the 10°" A reverse Currents 
rendered possible the examination of the region below 0° C too and the appli- 
cation of his model also to ionic conduction taking place within ice. 


Experimental 


The measurements have been performed in the 200—340° K region. 
The respective characteristics have generally been plotted in steps of 5 degrees. 
The adjustment of the temperature happened between 200—300° K, as fol- 
lows. The diode was placed into a glass recipient filled with paraffine. This 


Fig. 1 


recipient was immersed in a Dewar vacuum flask filled with acetone and the 
temperature of the acetone was being reduced by dosages of dry ice. As the 
diode had the same temperature as the acetone after about 20 minutes, the 
acetone was maintained for 20 minutes at a constant temperature by the 
appropriate dosage of solid CO,, under steady agitating. The control happened 
by means of a pentane thermometer. The measurement was effectuated in the 
direction of the cooling. In the 300—340° K range a Héppler ultra-thermostat 
has been used. The temperature measurement took place by means of a cali- 
brated copper-to-constantan thermocouple, fixed to the diode. The electric 
scheme can be seen in Fig. 1. The measured reverse currents varied between 
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.10 10-1 A, therefore the measurement of the current was performed 
so that a voltage drop was measured on a known resitance by means of a milli- 
voltmeter of 10!” internal resistance. 


—1IN93\1N91 
1N93 

278°K 

Js5=3,18uA;R=73M82 


1NQ1 
310°K 
I5=76.84A; R=3.3MS2 


5 20 IN91[V] 
+ + 
50 100 150 200 ~=1N93[V] 


Fig. 2 


Experimental results and their interpretation 


The measurements have been performed on several germanium junction 
diodes. In the following we reproduce the measuring data of a 1N91 and a 
1N93 diode. 

In Fig. 2 a typical V(J) characteristic is visible. Its linear section is con- 
spicuous. In case of such a linear characteristic the saturation current can be 
defined in the way visible in Fig. 2.* 

The temperature dependence of I, de 
Fig. 3. On its basis the forbidden band of 
shows generally a value of E, = 0.70 eV, 


measured by means of other methods. 
On the basis of the model suggested the thin water layer adsorbed on 


the surface is responsible for the excess current. The resistance of this layer 


fined in this way can be seen in 
germanium can be defined and 
in good agreement with values 


* This definition of the saturation current has been suggested by Dr. Z. Bopo. 
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| 
can be defined on the basis of the linear section of Fig. 2. This resistance Ris _ 
the reciprocal of the incline. It is apparent that in the case of both diodes there | 


is a break of about —8° Cin the function R(T) (Fig. 4). The single sections can } 


1N91 1NQ93 
IgJs 19 Js 
JslpA] Js lA] 
. | 
2 i 
1N91 1N93 ‘ 2 
Eg=O,71 eV Eg=068 eV 
7 
7 
O 


3 Z 1000 
Tet fe FoR 


Fig. 3 


be characterized by the activation energy which is identical for both diodes, 


on both sections. The activation energy defined in the low temperature 


region was found to have a value of 9.1 kcal/mol. Let us compare this value 
with the activation energy relating to the conductivity of ice. 
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. means the fact that the function K(T) 
_6°C a definite break and tends to 0° C more 
The above-mentioned facts: the linear 


he diode type and the value 


(K-conductivity) of BrapLEY shows 
at about steeply than the 
incline of the low temperature part. 
V(t) characteristics, the incline independent of t 
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literature data allow to draw the conclusion that the assumption of ionic | 
conduction at least below 0° C is correct. | 

The above explanation meets with the difficulty that the activation | 
energy of the conductivity of water is according to the literature data smaller 
than that of ice. In our measurements, however, where we are concerned only | 
with adsorbed water, the activation energy of the conductivity of water would . 


appear greater than that of ice. 

In the above-mentioned experiments encapsulated ready diodes have 
been examined so that the single parameters could not be varied. In further 
investigations the validity of the above-mentioned model must be examined _ 
in open n—p junctions. 


Conclusions 


On the basis of the temperature dependence of the reverse current of 
germanium junction diodes the following can be concluded: 

1) The diodes show in reverse direction instead of saturation, linear- 
characteristics. 

2) We introduced an I; saturation current on the basis of the tempera- 
ture dependence by which the forbidden band of germanium could be 
determined. 

3) It seems that the linear characteristics can be interpreted in the region 
below 0° C by supposing an ionic conduction. 

4) The above examinations do not determine unambiguously, which of 
the mechanisms leading to linear characteristics takes place. 
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UBER EINE KLASSE DYNAMISCHER GROSSEN 


Von 


Armin UHLMANN 


THEORETISCH-PHYSIKALISCHES INSTITUT DER KARL-MARX-UNIVERSITAT, LEIPZIG, DDR 


(Vorgelegt von K. F. Novobatzky. — Eingegangen: 21. XI. 1960) 


| Fiir beliebige Metrik werden allgemeine dynamische Grossen definiert und untersucht. 
‘Sie erweisen sich sdmtlich als Zustandsfunktionale im Sinne von Dirac. Das Problem der 
Erhaltungssatze wird diskutiert. Gewisse energieartige dynamische Gréssen liefern in zweiter 
Naherung zwanglos die Newtonsche Gravitationsenergie. Beim Vorliegen von Raum-Zeit- 
‘Symmetrien werden einige dynamische Gréssen vor den anderen ausgezeichnet. Fiir die 
Minkowski-Metrik reduzieren sich diese auf die zehn allgemeinen Integrale der Mechanik. 
‘Schliesslich wird gezeigt, dass sich die Vertauschungsregeln der Quantentheorie fiir diese zehn 
Be eerale in natiirlicher Weise auf beliebige dynamische Gréssen und beliebige Metrik erweitern 
lassen. 


al 
es 


- ‘ 1. Vorbemerkungen 


Wir bezeichnen mit M das Raum-Zeit-Kontinuum und mit Q, Q’,... 
‘seine Punkte (»Raum-Zeit-Punkte«). M trage eine Raum-Zeit-Metrik vom 
“Typ (+ — — —), die wir zunachst nicht naher spezifizieren. Wir legen nur 
“noch zum Zwecke der Normierung fest, dass ds? als Verallgemeinerung von 


c2 dt2 — dx? — dy? — dz? 


die physikalische Dimension [L?] besitze. Lateinische Indizes laufen von 0 bis 3, 


3S 


griechische von 1 bis 3. Die kovariante Ableitung werde mit ; bezeichnet. 
_ Das willkiirliche Vorzeichen von Ri, werde durch Rj, = Rink ender: Unter 


dem »Oberflachendifferential« df“ verstehen wir das Vektordifferential 


C) C= =e Ersistaig 22? /\ dx \ dx's, 


“Hierbei bezeichnet /\ die aussere Multiplikation und ¢;j,j,i,i, den Levi-Civita 
Tensor. dv sei das vierdimensionale Volumenelement. 

Wir verwenden den allgemeinen Stokeschen Satz nur in der folgenden 
Form: Ist a; ein beliebiges Vektorfeld, G ein Raum- Zeit-Gebiet und R(G) sein 
orientierter Rand, so ist 

f a; df= \ ai a;-dv. (1) 
R(G) G 
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Sei Q eine raumartige Hyperflache. Die Beschrankung der Metrik auf 


induziert eine Metrik auf 2, zu der das Volumenelement 
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Q 


dy (2) = [— Det (g,,,) |"? d? x (2)) 


gehort, falls x° = const. eine Gleichung fiir Q ist. Bei richtiger Wahl der (wegen) 
der auftretenden Wurzeln) willkiirlichen Vorzeichen ist auf Q 


dv (Q) =, df, (3) 


falls 7; die auf 1 normierte Normale von Q ist. Man findet, dass unter 
dieser Voraussetzung fiir ein beliebiges Vektorfeld a; 


§ a df' =f a,9-do(Q) (4) 
gilt. 


2. Definition einer Klasse dynamischer Gréssen 


Bekanntlich korrespondieren in der Speziellen Relativitatstheorie (imi 
Folgenden mit SRT abgekiirzt) die zehn linear unabhangigen allgemeinen] 
dynamischen Integrale (Impuls, Energie, Drehimpuls, Schwerpunktsgréssen) 
zu einer linear unabhiangigen Basis der infinitesimalen Transformationen der# 
Lorentzgruppe. Die Lorentzgruppe ist die Gruppe der isometrischen Trans- 
formationen der Minkowski-Metrik, d.h. einer Metrik, die die Beziehung 
Rexam = 0 erfiillt. Die Isometriegruppe einer gentigend allgemein gewahlten 
Metrik besteht jedoch nur aus der Identitat. 

Die sachgemasse Verallgemeinerung der obigen Korrespondenz fiir belie- 
bige Metrik ist nach einer Idee von BERGMANN [1] der Ubergang zur Gruppe allers 
eineindeutigen Abbildungen von M auf sich. Zu den infinitesimalen Operatoren| 
dieser nur von der Topologie von M und nicht von der Metrik von M abhan- 
genden Gruppe sollten dann geeignete dynamische Gréssen korrespondieren. 

Bei einem solchen Standpunkt werden natiirlich auch im Bereich deri 
SRT ungeheuer viele neue »dynamische Gréssen« eingefiihrt. Jedoch heben sich 
die zehn allgemeinen Integrale dank der besonderen Symmetrie der Metriks 
(der sie ihr Dasein iiberhaupt erst verdanken) aus dieser Menge so stark heraus,,| 
dass ihre fast ausschliessliche Verwendung in der SRT ihre natiirliche Erkla- 
rung finden wird. 

Eine eineindeutige Abbildung o von M auf sich ist eine Vorschrift, die: 
jedem Weltpunkt Q einen zweiten Weltpunkt Q’ zuordnet, wobei wir — wied 
immer in dieser Arbeit — stillschweigend geniigende Regularitat voraussetzen..,| 
Die Menge der Q” soll wieder ganz M sein. Ist f =f(Q) irgendeine Funktion | 
auf (einem Teilgebiet von) M, so ist of durch | 


of (Q) = £(0") (5) 
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‘klart. Ist 4 ein reeller Parameter und jedem 4 eine eineindeutige Abbildung 
on M auf sich zugeordnet, A— o(A), so haben wir eine einparametrige, auf 
einen kanonischen Parameter bezogene Gruppe gerade dann vor uns, wenn 


A o (Ay + Ag) = 9 (A) o (AQ 6 
=. (A;) @ (A) (6) 


= Wir bilden nun einen kontravarianten Vektor wiefolgt: Ist xt irgend- 
ein a so sind seine Komponenten & bezgl. dieses Koordi- 
natensystems durch 
' o (A) xt — x! 
&' — lim =. 2 
70 A 


: (7) 


2% SA) Te 
# y oa 
‘ \ 


gegeben. Man weiss, dass hierdurch wirklich ein Vektorfeld erklart wird- 
a heisst »die zu o(A) gehérende infinitesimale Transformation«. 

Man weiss weiter, dass es umgekehrt zu jedem kontravarianten Vektor- 
feld genau eine auf kanonische Parameter bezogene Gruppe o(A) gibt, die 
dieses Vektorfeld zu infinitesimalen Transformation hat: 

é o (A) <> &. (8) 
; : Wir betrachten nun den Energie-[mpuls-Tensor T;;,, von dem wir zunachst 
nur die Eigenschaften 

"5 Py=Ty, FT, = 0 (9) 


fordern. Mit ihm definieren wir die dynamischen Gréssen 


P(o (A), Q)=P (EQ) = f HT, df*. (10) 


Den Ausdruck (10) finden wir erstmalig bei TRaurman [2] im Zusam- 
menhang mit der kovarianten Formulierung der zehn allgemeinen Inte- 
Beale der SRT. 
Der Untersuchung der Ausdriicke (10) ist diese Arbeit gewidmet. Es ist 
zu beachten, dass wir genauer 


Pp. aca bs (2, Q, 8rs? Tim) 


schreiben miissten. Jedoch werden nur gerade diejenigen Abhangigkeiten her- 
vorgehoben werden, die gerade interessieren. 


3. Die dynamischen Gréssen in der Speziellen Relativitatstheorie 


Ist g;, die Minskowski-Metrik und ¢; eine zur Tipe nieerULEe gehbrende 
infinitesimale Transformation, so ist P(é', 2,) = P(E, Q,) fir irgend zwei 
Hyperflachen 2, und 2, (siehe den nachsten Abéchnitt), Wir schreiben daher 
einfach P(é'). 
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TRAUTMAN [2] hat bemerkt, dass die P( é') gerade samtliche Linearkombi- 
nationen der zehn erhalten bleibenden Gréssen der SRT darstellen, wenn dies 
E' alle infinitesimalen Lorentztransformationen durchlaufen. Dies sieht many 
leicht ein, wenn man bedenkt, dass in einem Lorentzschen Koordinatensystem 
{xc' diese é' durch 


fal + phat, ph 4 ph 0 (11) 
gegeben sind. Wegen der Unabhangigkeit von 2 kann man nach (3) 


P(E) == [eT dp Ve eee ee (12) 
x°=0 x0 x°=0 


0 


schreiben. Die Behauptung ist unmittelbar abzulesen. 
TRAUTMAN [2] bemerkte weiter, dass fiir den Fall T; = 0 fiinf weitered 
linear unabhangige und erhalten bleibende Gréssen gewonnen werden kénnen,| 
wenn man die &' die infinitesimalen Operationen der konformen Gruppe deri 
Minkowski-Geometrie durchlaufen lasst. Es ergeben sich so gerade die finf- 
zehn aus der Konforminvarianz der Elektrodynamik folgenden erhalten blei-4 
benden Gréssen, wenn T;,, der Energie-Impuls-Tensor der Elektrodynamik ist. 
Wir wollen zeigen, dass die P(é', Q) die von beliebig bewegten Beobach- 
tern gemessene Energie (mindestens) im Bereich der SRT auszudriicken gestat- 
ten. Sei namlich ein Biindel zeitartiger Weltlinien gegeben, dass wir als Biindell 
der Weltlinien einer Schar beliebig bewegter Beobachter interpretieren wollen.,| 
Sei &' das nach vorwarts gerichtete Feld ihrer auf 1 normierten Tangenten., 
Dann gehért zu & eine einparametrige Gruppe o(A), deren Parameter 4 die: 
Eigenzeit der Beobachter angibt. Genauer, ist w eine Weltlinie des Biindelss 
und Q ein Weltpunkt auf w, so ist w die »Bahnkurve« von o(A) durch Q, d. hu} 
die Menge aller 
Orr ik beliebig. 


Die Ableitung eines beliebigen Koordinatensystems nach ( in Richtung vonif 
w (Gleichung (6)) ergibt deshalb einfach & und somit 


ds = (a! t* g,,)U2dA = (8 E)U2dA = dA. (13) 


Die beliebig bewegte Schar von Beobachtern »passiere« nun eine raumartigey 
Hyperflache 2 und messe zum »Zeitpunkt Q« die Energie E. Wir behaupten 


E= fj ciT. df®. (14) 


Zum Beweis bemerken wir, dass die Energie vom Zustand des Beobachters 
nur tiber die Geschwindigkeit abhangig ist. Haben daher zwei Beobachter zum 
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~wahlen wir einen itichiged Weltpunkt Q, aus Q aus. Es gibt dann eine zu 
einer Roeee er Lorentz-translation gehérende infinitesimale Lorentztrans- 
formation £ ‘&, fiir die 


G . E'(Qo) = & (Qo) (15) 


gilt, und wir kénnen die Bahnkurven dieser Translation als Weltlinien einer 
Schar von Beobachtern interpretieren, die sich in einem Inertialsystem befin- 


‘den. Aus (14) und (4) folgt 


, E=f fT yxtdv(Q), P(E) = f E* Tyr dv(Q). (16) 
2 2 
~Wegen (15) zeigt der Vergleich der beiden Formeln (16), dass im Weltpunkt 
Q, die in den Integralen auftretenden Dichten gleich sind. Nach einer oben 
gemachten Bemerkung sind aber im Weltpunkt Q, auch die beiden zu den 
verschiedenen Scharen von Beobachtern gehérenden Energiedichten gleich. 
_Uberdies steht als Integrand von P(é') die Energiedichte, die zur Schar der in 
. dem gewahlten Inertialsystem sich befindenden Beobachter gehért. Da Q) 
“beliebig war, ist 
| Sey (17) 


Baie gesuchte Energiedichte und (14) liefert die Gesamtenergie. 
| _ Damit ist gezeigt, dass die Gréssen (10) auch einen physikalischen Sinn 
| haben, wenn kein Erhaltungssatz vorliegt. 


4, Erhaltungssatze und ihre Klassifizierung 


Sei M, ein von den Hyperflachen 2, und 2, berandetes Raum-Zeit- 
) Gebiet. (Der orientierte Rand von M, sei 2, — Q,.) Dann folgt aus (1) 


P (él, 0,) — P(@!,2,) = § af (E¢T,,) dv. (18) 


M, 


Unter Beriicksichtigung von (9) wird der Integrand zu Tj; alg, 
Es folgt, dass P(E’, Q) genau dann eine erhalten bleibende Grésse ist 


{= Unabhiangigkeit von 2), wenn gilt: 
Ti, 34 = 0. (19) 


In der Mechanik besitzt ein System von m Freiheitsgraden 2m unab- 
hingige Integrale. Jedoch nur einige (namlich héchstens zehn) dieser Inte- 
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| 

grale sind allgemein, d. h. von den speziellen Eigenschaften des Syatenil 
weitgehend unabhangig. Dies kann man so formulieren: Hine dynamisehe | 
Grésse ist ein allgemeines Integral, wenn P(¢', 2) eine erhalten bleibende Grésse 
ist fiir jede mit (9) vertrigliche Wahl des Tensors Tj. Die Relation (9) ist offen- 
bar notwendig, damit T;,, iiberhaupt als Energie-Impuls-Tensor eines Systems : 
in Frage kommt. | 
Da T;, symmetrisch ist, folgt dann aus (19): Damit eine dynamische : 
Grosse P(é, Q) ein allgemeines Integral ist, ist 


gi Ek + gk Ef — 0 (20)} 


notwendig und hinreichend (TRAUTMAN [2]). 

Ein Vektorfeld, das (20) erfillt, heisst Killingsch. Die Killingfelder der: 
SRT sind gerade die infinitesimalen Transformationen der Lorentzgruppe, so) 
dass sich der Kreis schliesst: Obige Definition ist mit der iiblichen im Falle> 
der SRT identisch. 

Man weiss, dass ein Vektorfeld EH genau dann Killingsch ist, wenr es; 
infinitesimale Transformation einer isometrischen einparametrigen Gruppe o(A)} 
ist. Daher sind die allgemeinen Integrale eineindeutig mit der Symmetriegruppe } 
der Raum-Zeit-Metrik verkniipft. 

Fir eine geniigend allgemeine Raum-Zeit-Metrik degeneriert jedoch die 
Isometriegruppe auf die identische Transformation. Wir miissen schliessen,, 
dass allgemeine Integrale bei gekriimmter Raum-Zeit-Mannigfaltigkeit eine: 
seltene Erscheinung sind. D.h. es gibt keine »allgemeinen Erhaltungssatze«, 
die eine geradlinige Verallgemeinerung der aus der Newtonschen Mechanik 
und der SRT gewohnten allgemeinen Integrale darstellen. 

Es zeigt sich, dass diese auf den ersten Blick merkwiirdige Erscheinung} 
sehr natiirlich ist. In der Tat, um von (19) auf (20) zu kommen, mussten wir 
Tj, innerhalb der Bedingungen (9) geeignet »variieren« kénnen. Genauer, es} 
musste geniigend viele T;,, mit der Kigenschaft (9) geben, die als Energie-Impuls- 
Tensoren in Frage kommen. Betrachten wir aber die Allgemeine Relativitats- 
theorie (»ART«), so gibt es zu jeder Metrik g;, genau einen Tensor T;,, der als 
Energie-Impuls-Tensor in Frage kommt, namlich den durch die Einsteinschent 
Gleichungen gegebenen: 


Fy, = x1 (1/2 gy, R — Riz). (21) 


Daher ist eine Variation der T;;, nur bei gleichzeitiger Veranderung der Metri 
méglich und deshalb ist der Schluss von (19) auf (20) nicht durchfiihrbar? 
(20) ist hinreichend aber nicht notwendig. 

Fir die ART scheint daher (19) die angemessenere Forderung fiir erhaltem 
bleibende Gréssen zu sein und die Teilung in allgemeine und spezielle Integrald 
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vird zumindest formal, wenn nicht sinnlos auf Grund der durch die Hinstein- 
chen Gleichung bewirkten Relation zwischen T;, und Metrik. 

- Die Forderung (19) ist ungleich schwacher als (20). Tatsachlich gilt, 
y ie einfache Argumente aus der Theorie der partiellen Differentialgleichungen 
_erster Ordnung zeigen, der Satz: Ist 2 irgendein Vektorfeld, so gibt es (mindes- 
tens) eine reelle Funktion a mit a > 0 so, dass ¢! = aé' die Gleichung (19) 
_erfiillt. Erfillt &' die Gleichung (19), so auch alle Vektorfelder Bé mit 

_Y 

eT. P= 0. (x) 


Oxk 


gz. 
i) 
Daher ist 8 = F (B1> Bas Bz), wobei F heliebig und f, drei analytisch unabhangige 
_Lésungen von (x) sind. Es gibt also stets »geniigend viele« Vektorfelder derart, 
_ dass P(E‘, Q) eine erhalten bleibende Grésse ist. 
| Bemerken wir noch, dass nach Obigem die Struktur der erhalten blei- 
benden Gréssen P(é') von der Metrik (bzw. von Ti) abhangt und somit keine 
»an sich« und unabhangig von jeglicher konkreten physikalischen bzw. geo- 
metrischen Struktur gegebene Dinge sind. 


5. Zustandsgrossen 


Sei Q eine raumartige Hyperflache. Ist fx'} ein Koordinatensystem der- 
art, dass x° auf 2 konstant ist, so betrachten wir die Funktionen 


fe) 
8, und 3,0 om (22) 


Fine Grisse A heisst eine Zustandsgrésse (bzgl. der Metrik), wenn A aus den 
Funktionen (22) mit Hilfe von Operationen aufgebaut werden kann, deren 
Ausfihrung ohne Verlassen von Q méglich ist. Beispiele: Integration iiber 2, 
Differentiation nach x”. Besonders Drrac [3] stellte im Hinblick auf den kano- 
nischen Formalismus die Forderung auf, dass die Energie ein Funktional des 
Zustandes sein musse. 

Ehe wir diese Frage fiir die Gréssen (10) beantworten, wollen wir (22) 
durch Tensoren ersetzen und somit eine Unabhangigkeit vom Koordinaten- 
system und eine etwas scharfere Formulierung des Begriffs der Zustandsgrésse 


P] 


erreichen. 
Wir sagen, »ein Tensor sei modulo 2 bestimmt«, wenn wir zwei Tensoren 


“bereits dann als gleich betrachten, wenn sie auf Q tbereinstim- 


ay und Gp. 
men. D. h. es muss 


al (Q) = a (Q) far alle QE2 43) 
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sein. Zum Beispiel ist das Normalenfeld 7; von 2 nur modulo Q bestimmt, | 
da bei der Definition dieses Feldes die Frage uninteressant ist, wie es sich fiir 
Weltpunkte verhialt, die ausserhalb Q liegen. 

Wir ersetzen nun (22) durch zwei modulo 2 bestimmte Tensoren, die nur’ 
von 2 und der Metrik abhangen. Wir nennen diese g;,(Q) und 2;, und geben | 
die Konstruktionsvorschrift [4]. | 

Ist ; das Normalenfeld von 2, so definieren wir den modulo  definier-. 


ten Tensor gjx( 2) durch 


| 
i 


Sik (2) = §mn ve re (24a) 


rf = OF — nyt, (24b) 


mit 


Etwas komplizierter ist die Angabe von Q;,. Sei a; irgendein Vektorfeld, das 
auf 2 die Richtung der Normalen hat. D.h. ist 7; das Normalenfeld, so gibt 


es eine Funktion a > 0 auf Q mit 


6; — ay, = 0 -tur “OED: (25a} 
Wir setzen dann 
Qi, poe ri Th (8, an ar Om a) ae (25b) | 


Wir finden, dass, wie immer wir a; gemiss (25a) wahlen, die entstehenden | 
Tensoren 2;, modulo Q iibereinstimmen. | 

Verschwindet der Tensor (25b), so ist nach NEWMAN und JANIs [5] gerade | 
die Rosensche Starrheitsbedingung fiir eine Bewegung mit Tangenten 7/ erfiillt. | 
Nach Britt [6] heisst die Metrik »zeitsymmetrisch bezgl. Q«, wenn (25b) ver- | 
schwindet. Dieser Fall tritt insbesondere dann ein, wenn man in (25a) a | 
Killingsch wahlen kann. Dann ist Q Niveauflache einer Gruppe isometrischer | 
Bewegungen, d. h. stationar. | 


Nach dieser Vorbereitung betrachten wir nun eine beliebige dynamische | 
Griésse 


lee J ET pdf tee J ET, nf «de (Q). (26) | 
Offenbar ist P ein Zustandsfunktional, wenn es die Dichte 
us ET xf (27) 
ist. &' besitzt genau eine Zerlegung 
c= Bri + Bio mit Bin, = 0. (28) 


Bei gegebenem Q ist & durch 6 und "bestimmt. Setzen wir 


u, = 7! T;,.* U, = pi Lien*, (29) | 


Acta Phys. Hung. Tom. XIII. Fasc. 1. 


OBER EINE KLASSE DYNAMISCHER GROSSEN 83 


u = Pu, + Ug. (30) 


terisierend, betrachten, ist daher P eine Zustandsgrésse! 

a Um dies naher darzulegen, betrachten wir zunachst das Folgende: Die 
-~Raum-Zeit-Metrik induziert auf Q eine Metrik, so dass wir 2 als einen Riemann- 
schen Raum ansehen kénnen. Wir kénnen dann, ohne 2 zu verlassen, auf Q 
’ einen Skalar bilden, den Kriimmungsskalar R(Q). R(Q) ist eine Zustandsgrésse. 
=e Durch Ausrechnen finden wir beim Bestehen der Einsteinschen Glei- 
_chungen die folgenden Formeln: 


i il wn Se mets 
ee  Greiei sie altel e (31) 


Pe 
Us = aa (0; Qi — a 24). (32) 


(31) sieht man sofort an, dass u, Zustandgrdsse ist, bei (32) zeigt ein genaueres 
Betrachten, dass man zur Ausrechnung mit Differentiationen innerhalb Q 
auskommt. Eine ausfihrliche Herleitung findet sich in [4], eine nicht vollig 
_kovariante Formulierung bei Briuu [6]. (Durch ein Versehen hat sich in die 
_ Arbeit® ein falscher Zahlenfaktor eingeschlichen. Die Vorzeichenunterschiede 
~ entstehen durch andere als die in dieser Arbeit verwendete Konventionen.) 


6. Die Gravitationsenergie 


Fine Metrik ist statisch, wenn es zwei Funktionen f und h so gibt, dass 
Ei = h- git Aes mit £'& > 0 (33) 
Ox* 


ein zeitartiges Killingfeld ist. Die durch f = const. gegebenen Hyperflachen 
sind dann zeitartig und stationar. Da &' Killingsch ist, hangt die zugehérende 
dynamische Grésse nicht von der Wahl der Hyperflache ab, weshalb wir eine 
stationare zur Berechnung wahlen kénnen. Es ist dann Qi. = 0 und (31) baw. 
(32) vereinfacht sich zu 


u, = — R(Q), us= 0. (34) 
Daher ist 


P(g) =—- | PR(Q)dv(Q), B= Em. (35) 
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Wir wenden dies auf ein in Newtonscher Naherung bestimmtes Linien- : 
element an. Bezeichnet 4 den Laplace-Operator, grad den Gradienten des | 
3-dimensionalen euklidischen Raumes und ¢ eine vorgegebene Massenvertei- _ 
lung, so ist das Newtonsche Potential durch 


.) 
a 


| ea) 


Ay =Anyo, lim p= 0 3 (36) 


bestimmt. Wir setzen m = iN o d’x. Die verschiedenen Naherungsverfahren | 
liefern dann eine Metrik der Gestalt 
Adx® — Bo, , dx? dx" (37a) | 
mit 
A=1+y+Ay?4+..., | 
B=1—yptpyt..., (37b) | 
29 


= : 
c2 


Das Killingfeld £' ist in dem vorliegenden Koordinatensystem einfach durch | 
E' = 09 gegeben. 

Wir berechnen alles bis zur zweiten Ordnung in y und vernachlassigen | 
alle Glieder, die in y von mindestens dritter Ordnung sind. Da sich zeigt, dass 
R(Q) keine Glieder 0-ter Ordnung besitzt, brauchen wir 


BpdV (2) = \A Be d3 x (38a) 
nur bis zur ersten Ordnung auszurechnen: 


eee a 38b 
Nun ist 


BR(Q) =—2B-1AB + > B-® (grad BY?, (39a) 


und daher in unserer Naherung 


BR (Q)=2 Ay — 2u Ay? + 2y Ay + > (grad B)?. (39b) 


Aus (38b) sehen wir, dass bis zu Gliedern erster Ordnung B gleich / AB3 ist. 
Da R(Q) von erster Ordnung ist, folgt 


BR (Q) dv (Q) = 2Ay — 2u Ay? + Qy Ayp+ - (grad v}| dP x, (40) 
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Jnter Beachtung von 


Ay? = 2y Ay + 2 (grad p)? (41) 


_ setzen wir (40) in (35) ein und erhalten 


aly 
= “sag? : ar 
a P(e) =—| dvd miei [z, (grad yp)? + t, pAy]d3x+... (42) 
mit 
Wa 3 
a =>, Halo 2H, (42a) 
~ Beachten wir 
7 ' J ply dex = — { (grad y)?d3x, 
so haben wir 
, 1 af 
P(t) =—| dydx——— | (grad y)2d3a+.... (43) 
% w 


a 


. 
) 


y 


Da die Koeffizienten A und p herausgefallen sind, kommen wir zu dem 
erstaunlichen Ergebnis: Die Glieder von héherer als der ersten Ordnung in 
y = 2 y/c? der Metrik (37) haben keinen Einfluss auf die Grésse P(é') bis zur 
zweiten Ordnung in y. 

_ Der Koeffizient pu regelt nach (42) offenbar die lokale Verteilung der zu 
P(é') gehérenden Dichte. 
Die weitere Ausrechnung von (43) ergibt einfach 


P(e) = met —— | (grad gtd +... (44) 


Das nach Obigem durch die Glieder erster Ordnung der Metrik bestimmte 
Glied zweiter Ordnung von P(é') ist einfach die Newtonsche Gravitations- 
energie. 

Formel (43) gestattet ein wesentliche Verallgemeinerung, wenn man als 
Ausgangspunkt der Approximation nicht die Minkowskische sondern eine 
belicbige Metrik verwendet. Gilt fiir die betrachtete Hyperflache 2), # 9, 
so treten in (43) noch zusatzliche Terme auf. Fir dieses Problem siehe [4]. 


7. Vertauschungsregeln der Quantentheorie 


Wir haben bereits bei der Definition der Gréssen P(E’, Q) bemerkt: 
Durch die Annahme, dass die é! ein beliebiges Vektorfeld bilden, werden mit 
Notwendigkeit auch im Bereich der SRT neue, tiblicherweise nicht definierte 
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Gréssen eingefiihrt. Betrachten wir nun die Quantentheozie und legen uns t 
dabei auf das Heisenberg-Bild fest. Die zehn Operatoren, die zu den allge- . 
meinen dynamischen Erhaltungsgréssen gehéren, unterliegen Vertausc’ yaaa | 
regeln. Daher miissen, wenn. P(£', Q) den zur beobachtbaren Grésse P(é', Q) 
gehdrenden Operator bezeichnet, auch die P(é', Q) irgendwelchen Vertau- | 
schungsregeln unterliegen. Wenn wir annehmen, dass diese Vertauschungs- 
regeln nicht vom speziellen physikalischen System abhangen, sondern ahnlich | 
wie die zu Energie, Impuls, Drehimpuis und Schwerpunktsgréssen gehérenden 
nur mit der Geometrie der Raum-Zeit verbunden sind, so scheint es nur eine 
Méglichkeit einer folgerichtigen Verallgemeinerung zu geben. } 

Nehmen wir zunichst die SRT. Ist é' ein Killingvektor, so ist P(é') eine 
Linearkombination des Operators des Energie-Impuls-Vektors P; und des 
Drehimpulstensors M;,. Es ist 


P(é)=a"P,+6""M, (45) 
falls i qu 


ist. Da die iP (&') eine Darstellung der Lie-Algebra der. Lorentz- -Gruppe 


sind, ist ; 

e{P(2). P(y)] =P (46) 
mit einem gewissen Killingfeld ¢’. Die kontravarianten Killingfelder reprasen- 
tieren aber gerade dann die Lie-Algebra der Lorentz- -Gruppe, wenn man 


Cae 
—— él eae 7! — Th <a é (47) 
x x 


Chee ll > ae 7 (47a) 


betrachtet; denn die Zuordnung 


aU) thie 
Ox! 
ist eine treue Darstellung der Lie- Algebra im Raum der Skalare. Bemerken 
wir noch, dass (46) und (47) alle Vertauschungsregeln zwischen den P; und 
M;, liefern. 

Aus (47a) sieht man leicht die folgende Tatsache: Sind ¢' und 7! beliebige 
pee oriaite Vektorfelder, so wird durch (4 7) ein kontravariantes Vektor- 
feld ¢' gegeben; die Bildung (47) ist koordinatenunabhingig und unabhangig 
von der Metrik. Tatsichlich | kann man zeigen, dass die kontravarianten Vektor- 
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felder zusammen mit der gewohnlichen Addition und der Operation (47) (= Lie- 
Multiplikation) eine treue Darstellung der Lie-Algebra der Gruppe aller ein- 
indeutigen (geniigend reguliren) Abbildungen von M auf sich bilden. 

Fiir eine Feldtheorie mit einem lokalen (pseudo-)skalaren Feld kann man 
_ relativ leicht zeigen, dass gilt[4]: Ist Q eine beliebige raumartige Hyperflache 
und &', 7 zwei beliebige Vektorfelder, so gilt bei beliebiger Metrik 


gestiitzt, dass (wie in der Theorie der geometrischen Objekte gezeigt wird) 
die Vorschrift (47) die einzige Méglichkeit ist, aus zwei gegebenen Vektor- 
feldern ohne Zuhilfenahme weiterer Felder (Metrik, affiner Zusammenhang 
u. 4.) ein drittes kontravariantes Vektorfeld aufzubauen. 

Sind & und 7 Killingsch, so ist auch ¢' ein Killingfeld und die in (48) 
 stehende Abhangigkeit von $2 ist nur scheinbar. 

Zum Schluss wollen wir noch bemerken, dass fiir ein durch (49) definiertes 


Feld wberdies 


e i[P 2), P (w,2)] =P, 2). (18) 
¥ 

+ wobei ¢' durch (47) gegeben ist. Dabei ist 

z . P (2,2) =f eT, df" (49a) 
* 2 

und die Lagrange-Funktion von der Gestalt 

os L = 8 9-89 +X KP (49b) 
_ angenommen worden. 

a Die vermutliche allgemeine Giiltigkeit von (48) wird auch dadurch 


‘P(E. 2),9]=F 59 far 069 (50) 


gilt. (50) besitzt eine Verallgemeinerung fiir nicht skalare quantisierte Felder, 
die im Falle der SRT mit den iiblichen Regeln identisch ist [4]. 
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The kinematics of the aN elastic scattering is treated in the quasiclassical approxi- 


mation. It is Shown that if a quasiclassical limit exists, then spin-effects become negligible at 


sufficiently high pion energies, independently of other details of the interaction. In sec. 3 an 


* asymptotic representation of a function defined by means of a Hilbert transform is given 
The latter is made use of to derive the asymptotics of the aN forward scattering amplitude 


. 


. 


aod 
fe 
| 


(sec. 4). The possibility of testing the results experimentally is discussed (sec. 5). 


1. Introduction 


The study of the zN scattering amplitude at high energies, above, say, 
2 GeV — is difficult for several reasons. First of all, the high number of partial 
waves required to describe the scattering renders a usual phase shift analysis 
almost hopeless. Second — a topic which is of central importance in low 
energy pion physics — the check of the validity of dispersion relations meets 
with another difficulty, namely, the numerical evaluation of dispersion integ- 
rals is difficult in view of the large energy region involved. Besides of this, 
there are certain “gaps” in the experimental material available at present 
(no polarization experiments at high energies etc.) which probably will not be 
filled in in the very near future. 

In the present work we summarize the first results of an investigation 
which aims at finding some useful expressions which can be calculated numeri- 
cally and checked experimentally. The main “trick’’ has always been to find 
an asymptotic representation for the scattering amplitude and for its real 
expressed by means of a dispersion relation. The basic assumption of 


part as 
a — finite — semi-classical limit of the phase 


our work is the existence of 
shifts as the primary energy of incident pions tends to infinity. 

The latter is a stronger restriction than the usual one (scil. that total 
end to a constant value), but intuitively it seems to be a rather 


cross sections t 
evidence: the semi- 


plausible one and is supported by some experimental 
classical phase shifts calculated by SEBESTYEN and the author [1] do not 
show any systematic tendency from 1,4 to 6,8 GeV pion kinetic energy in 


the L.S. 
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We have to remark here that the question of convergence of the asympto- 
tic expansions is not even touched at in the present work. We regard them) 
rather as asymptotic representations which must be broken off when the termss 
cease to decrease. In numerical calculations we never went beyond the leading» 
‘term of the expansion. | 


2. Kinematical considerations 


The scattering amplitude in the C. M.S. can be written as follows [2]s: 
1 
Sedat ns (0q’) (0g) fo. (2.1)| 
(We omitted isobaric indices.) 
f; and f, possess the following partial wave expansion: 
fi= ZfisPin@)— Sh—-Pia@), | 


fe 
fiz = 


| 
w LMs 


(fel figyPia): | (2,2)|} 


tg)-+ (exp 27 6,4 — 1). 


I®f both initial and final nucleons are unpolarized, the differential cross sections 
‘turns out to be 


do ral wep: | 
Sp =lfit xf, cae up (Lene far: (2.3) 


In order to investigate the high-energy behaviour of these expressions,,| 
we transform the first term of eq. (2, 3) as follows. 
Making use of the identities: 


IP, (x) = «xP; (x) — Pi_, (x), 
(I + 1) P; (x) = Pi4, (x) — x Pi (x), 
one finds: 


fit *h= SP.(x) [+ Df, + if] (2.4) 


1=0 


with f5- =="ah. 
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momentum pacman? (9, aay enemas over 0 aera of summing over # : 


' — 
1 
ee eee 


z= 2g sin ~ 9, 


t 


Thus f,« will depend on two continuous variables instead of j and 1, namely 
me to replace j by q 9 and q(o — ee in f,, and f/_, respectively. 
hen: 


4 fis ~F(e:8)> 
. fi~Slee)— 7 aed +0(g) 


y=e 


Bend 


=0 


a he ateeil 0 (1) 
yy 


L t 
Ea (Peay?) | Flew 2 
nk ) | fa 4 ay 


4 it ah|~ 4a {[F(e0) ) Jo (o%) 0 dg |? = 0 (9°). 

= - Putting 

. Flv, @) Ae ue [exp 21d (2) =1|. 

we find 

oe : d Oe : 

- a2 ~ a? (exp 2 8(2) — 1) Joe) 0 de? (2,5) 


4 e. we have verified our conjecture expressed in [1] about the spin independ- 


_ ence of the differential cross section in the semi-classical limit. 


, ed 
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We turn next to the semi-classical wave expansion of the differential | 
cross section. The formula to be found is the analogue of eq. (2.5) of BIEDEN- 


| 

HARN, Buatt and Rose [3]. | 

We write eq. (2, 5) in the following form: i 
—_ e | odo | oe’ dg’ t (a) t* (9’) Jo (9%) Jo (0”%) | 

dQ : F (2,5)) 


with 
t (0) = exp 216(0) — 1. | 


Further, we expand the product of the Bessel functions occurring in (2,5) ase 
follows: 


Jo (0%) Fy (0'x) = { C (0,.0° 8) Ip (En) Edé. 


C(e, 0’, €) can be found with help of Warson’s integral formula [4]. 


(2m) [(e +e’ + 6) (e + o' — 4)(e— 0 + 4 (— e+ 0' + J] 
Ge, 0° ey a= | if 0,0’, form a triangle, 


0 otherwise. 


Inserting this into (8’) we obtain the desired expansion for the differential cross4 
section: 


d ¢ : 
ca ny EdET (8) Jy (x8), | 
: (2,6) i] 
co e+é 
T (5) = | ode { 0’ do’ t (oe) t* (0) C (a, 9”, S). | 
0 lo—é| 


Eq. (2,6) can be used to extrapolate the differential cross section to forward | 
scattering if one knows it experimentally for small but finite angles [5]. 


3. Asymptotic representation of Hilbert transforms 


We are going to derive an asymptotic representation for a Hilbert trans- || 
form. The representation to be found will be useful not only for the treatment || 
of the forward scattering amplitude but for more general problems as well, | 
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ich we want to deal with in subsequent papers. Therefore we present the 
naterial of this section in some detail. 


e reyes 2 Sele: (3,1) 
os x’ —% 
ey G 


where f(x’) is a function such that all occurring integrals exist. (For simplicity 
‘we assume that f(x) = 0(x~1) as x —> co. This condition is sufficient for our 
purposes.) 


Let xy be a quantity such that 


oe 0O<x<x<o (3,2) 


oe 


AN . 


_and split the integration interval correspondingly into two parts: 


x. 


= Fe) = : | Ree ee I f(x’) dx’ (3.1) 


Ge aa IU x —Xx 


0 Xy 


' 


Expanding the denominator of the first integral in a power series gives 


1 | fejdr Sx J x! f(x’) dx’ . (3,3) 


sie x’ — x IE po 
0 


For the treatment of the second integral we assume that f(x) can be expanded 


nto an asymptotic power series around x = ©, and that the latter converges 


metor x, <x <_ ©: 
: f(x’) = Sax (3,4) 
=1 


n 


[-e} 


and assume that > a, exists. 


n=1 
Inserting this expansion into the second integral, after an elementary 


‘term by term integration we are left with the expression 


co - rote % ies 
pie )de 1S, (ay SS Se (-=)""- 
i ° 
a, x’ —% UT n=2 ‘ j=0 k=l wo Jok\ | % 
X41 
ie a, 
TU X4 n=1 
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Here C7, is a trinomial coefficient: : 


a 


n 
jiki(n —j — k)! 


——— 
jk 


Combining this expression with the previous one, we find the required asympto- 
tic representation for F(x) valid for x > x,: 


Fe) = — = Sat [ x't pee)dv — +n 2 Yo, 4 
pie a xy n=1 
‘ (3.5) 
DS "SS Gin | Xy ie 
or » a, cea, | f ee ; 
z et = bas, dh x 


In an analogous manner, if G(x) is defined by the relation 


co 


Gy = 2 (ae’g (e) | — ——}. (3.6) 


Uk" — 2% x’ + & 


eS 


with g(x) = 0(1) as x > co and for x > x, it can be expanded into an asymp- : 
totic power series 
§ (x) =e > b,, Ce (3,7) ‘| 


n=0 


( >’ b, exists), then we find the representation: 


n=0 

xX 

co 2 1 Py 

G(x) = — 2 Se POS 2 (x) ee eet BS. = b,, (3.8) | 

ae . It GeO 

0 
ee oe 
© 2i—1\ 2 x, ) 2(l—m) 
il z PL ee eee SiS ae | ; a 
IC bana 7=0 n=0 21 ul od 


where [a] is the “integer part of a’, i. e. the largest integer which is less than a, . 


with [0] = 0. 
One can easily show that if x, is in the interior of the convergence domain 


of (3,4) (resp. (3,7)), then the leading term of the expansion is independent 
Of aa 


One can further generalize all the previous results if f(x) is of the form | 


co 


fG) = SOG Fie (3.9) 
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nd f;,(x) can be expanded into an asymptotic power series. This generalization 
completely trivial and we do not write down the corresponding formulas. 


explicitly. 


ee 
4, Asymptote of the forward scattering amplitude 


ia We now turn to the investigation of the pion-nucleon forward scattering 
amplitude. 

az, First of all we remark that asymptotically the total cross sections of 
a*p and xp scattering are equal, provided both of them tend to a constant. 
if o,— °c. This follows from an obvious generalization of PoMERANCHUK’s 
theorem on the asymptotic equality of pp and pp total cross sections [6], see 
also [7]. 

A In consequence of this, the dispersion relation for the charge exchange 
amplitude needs no subtraction. 

. So we can write the dispersion relations for the forward scattering ampli- 
‘tude in the L. S. as follows (standard notations are used): 


a 
Z rf ’ ] 
Ref. 0) = Ref 2s. (u) + P70 = aE 
‘ inne bP — vB 
3 care! 1 
+; i dy’ vq’ a+) (v’) | (4,1) 
Qa? y/2 — x2 y2 — 2 
le 
Be 2 »P 7 gl>) y’ 
Ref {-2. (v) = Nin ies 0 le {a ae “) 
y2 — ve 27? y’2 — 
BL 
with vg = — p?/2M. 
Let us choose », in such a way that for »’ > 1, o)(v') as o = const., 
or’) ~ 0. Then, making use of (3,5) of the previous section the leading 


‘terms of the asymptotic expansions of Ref (vy) are given by the following 


expressions: 
rag Rag bo | utr, | 
Ref\*2 (v) ~ Ref {2 - Be In | —__—_— 
Fe ee am Gap ey ano. 
Toe rea (4,2) 
Q72 | v2 — 2 272 
ut 
WS Ce, 

Refigiy rap — oe | ao V4") (4.2) 


7] 
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The amplitudes in the C. M.S. are given by fom = M-W"f_.s, where W 
is the total energy in the C. M.S. and M is the nucleon mass. We see at ong 
that Refer. = 0(W-), Refi; = (W-), i.e. the forward charge oxchanmal 
amplitude decreases very rapidly with increasing energy. (Note that y, thes 


energy of the incident pion in the L.S., is connected with W according to theg 
formula 


vy = (2M) (W? — M? — p?) ~ W?/2 M). ; | 
| 

For the numerical evaluation of (4,2) the following values have been! 
chosen: 


f? = 0,08 
o = 28,0 mb, 
Wy alos. 


The values of f‘"(u) and of the cross sections have been compiled from the? 
papers quoted in [8]. 
We thus obtain finally: 


M 
Ref (WP) > — 0.642 ——, 
fein (W) W 


(4,3)) 
(-) 2 M* 


cere pe 


‘We remark, however, that the numerical value of fO is rather uncertain,,| 


because it arises from the subtraction of two numbers of equal orders off 
magnitude. 


5. Discussion 


The results of the present paper allow testing of the dispersion relations4 
at high pion energies. In fact, if a deviation from the predictions of dispersion! 
relations is expected at all, it would manifest itself almost certainly at high 
energies. 

From the experimental point of view, however, the problem of the measu- 
rement of the forward scattering amplitude still remains. We believe that they 
most reliable method for the evaluation of Ref is that suggested in [5]. The4 
method outlined there does not determine the sign of Ref; this can be measured|| 
with help of the Coulomb interference term at small momentum transfers. 
(In fact, for small momentum transfers the real part is unlikely to changey 


sign.) 
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: It is pointed out, however, in [5] that if we extrapolate to forward scat- 
ering from finite angles, where Coulomb scattering is negligible, then the 
_ etxrapolated quantity is likely to be the nuclear scattering amplitude alone, 
instead of being the sum of that of nuclear plus Coulomb scattering. 

a For finite momentum transfers, however, the whole problem of the deter- 
_ mnination of Ref (v, x°) becomes much more complicated, since, in general, one 


needs a whole set of phase shifts instead of total cross sections alone. 

e, We take pleasure in expressing our sincere thanks to Mr. A. FRENKEL 

re for some critical remarks and Miss M. HorvArn for having collected the experi- 
mental material on total cross sections and for having carried out the nume- 

_ rical computations. 
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O NOBEQEHYUYW AMMJIMVTY bl YIPYroroO a-N PACCEAHHS1 
? MPH BOJIbIUMUX JHEPPUAX 


Tr, HOMOKOLI 


Pes1ome 


PaccmaTpuBaeTca KMHeMaTHKa yipyroro a-N paccestHuA B KBasHKIaCCHYeCKOM IIpH- 
OuurxKeHun. JloKa3aHO, YTO eCJIN KBa3HKIaCCHyeCKOe mpHosM>KeHHe cyllecTB yeT, TO CHHHOBBIMM 
abdbeKkTaMH MOOKHO MpeHeOpeyb MpH AOCTaTOYHO BbICOKOH M OHEprun, HesaBucnMo OT AeTasel 
p3aumMonelicTBuaA. B § 3 AaeTcA accuMNTOTHYeCKOe MpelcTaBseHHe MYHKUMH, OnpeseseHHOH 
np moMoumM TpaHciopmaunn Tusnb6epta. 3TO mpeACcTaBseHve MCNOsb3yeTCA MpH MOyYeHHM 
ACCUMNTOTHKU ammiuTyaAbl m-IN paccewHuA Biieper (§ 4). B §5 o0cy>KqaeTca BO3MO7KHOCTB 
SKCHePHMeHTAaJbHOH MpOBePKH Ppe3ysIbTATOB. 
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ZUR BERECHNUNG DER GRUNEISENSCHEN 
KONSTANTE DES METALLISCHEN SILBERS 


= Von 
I. Biré 


PHYSIKALISCHES INSTITUT DER UNIVERSITAT FUR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 


(Vorgelegt von A. Kénya. — Eingegangen: 8. II. 1961) ; 


7 Es wird die GRUNEISENsche Konstante y als Funktion des Atomvolumens und des 
Druckes fiir den absoluten Nullpunkt der Temperatur auf Grund des statistischen Metall- 

modells von GomBAs [2] ohne Zuhilfenahme empirischer oder halbempirischer Parameter 
_berechnet. Fiir den Druck Null ergibt sich y = 17/6 in befriedigender Ubereinstimmung mit 
_ Werten, die auf halbempirischem Wege berechnet wurden. 


| § 1. Einleitung 


Die GrRUNEISENsche Konstante spielt in der Theorie der Metalle eine 
wichtige Rolle. Ihre Berechnung ohne empirischer oder halbempirischer Para- 
‘meter wurde bisher nur fiir die Alkalimetalle durchgefiihrt [1]. Wir wollen hier 
die Berechnung dieser Konstante fiir das metallische Silber auf Grund des von 
GomsAs entwickelten Metallmodells [2] durchfiihren, wobei hervorzuheben ist, 
dass hierbei keinerlei empirische oder halbempirische Parameter benitzt 


ue 
fe 
| 


werden. 
Nach GomsAs kann man die Gitterenergie U des metallischen Silbers pro 


Atom in der Umgebung der Gleichgewichtslage in folgender Form darstellen 
A B 


Us CC 1 
ae (1) 


wo R den Radius der Elementarkugel bezeichnet und A, B sowie C Konstanten 


‘mit den folgenden Werten 
A = 0,85273 e?, B = 2191,2 e2 al, C = 0,11693 e2/ay (2) 


“sind, wo e die positive Elementarladung ist, und a, den ersten Bohrschen 
Wasserstoffradius bedeutet; fiir den Exponenten n des Abstossungsanteiles 


ist n = 11 zu setzen. 
Mit dem Ausdruck (1) fiir die Gitterenergie hat GompAs das Atomvolu- 


men und die Kompressibilitat x als Funktion des Druckes P bestimmt. Aus 


seinen Berechnungen folgt 


3 ee (3) 
3 


7T* Acta Phys. Hung. Tom. XIII. Fasc. |. 


10 I. BIRO | 
0 dl 


wo % den Wert der Kompressibilitat in der Gleichgewichtslage bezeichnet 


und q das relative Volumen 


q= = — 


ist, wo Q = 4.7R3/3 das Volumen und R den Radius der Elementarkugel beim | 
Druck P weiterhin Q, sowie Ry die entsprechenden Gréssen beim Druck Null, | 
d.h. in der gidcivewhulege bedeuten. Aus (3) ist das relative Volumen | | 
als Funktion des Druckes, d. h. die Funktion 


q =f (%- P) (5) 
eindeutig festgelegt. 
Fir die Kompressibilitat als Funktion des a rouvolanees erhalt GomBAs 


x == (mn — 1), ———- ees (6) 
n+3—4q 


Mit Hilfe von (5) ergibt sich hiedurch die Kompressibilitat als Funktion 
des Druckes. 


Fiir Drucke, die im Verhaltnis zu 1/x, klein sind, erhalt GomsAs durch 
eine Reihenentwicklung 


a ae et (7) 


§ 2. Berechnung der Griineisenschen Konstante 
als Funktion des Druckes 


Die GriNneIsENsche Konstante y ist folgendermassen definiert 


1 dlinx J LO ds 1 


ieee = — rae = 
2 dinQ 6 re ee (8) 


Mit Ricksicht darauf, dass 2, eine Konstante ist, lasst sich dieser Ausdruck - 
auch folgendermassen schreiben 


y= a - a = — SS aes (9)) 


Acta Phys. Hung. Tom, XIII, Fasc. 1. 


— 


16) : 
1 G95 09 085 08 075 07 gq 
_ Fig. I 


} = 
i 


Zz Grisse x). P. Die Beziehung (9) gilt nur fiir Drucke fiir die g nicht kleiner wird 
als 0,8; dies gilt auch fiir (3), (5) und (6). 


p Fiir Drucke, die im Verhaltnis zu 1/x, klein sind, ergibt sich durch eine 
he Reihenentwicklung mit Beriicksichtigung der Beziehung (7) der Zusammen- 
hang 

2 hc : (n + 3)(n + 2) —12 : [(m + 3) (2 + 2) — 

: 6(7— 1) 3 

"4 (11) 
= 17 28 


Dit as yen, Pe Ey pe 
(1) —12)gP |= = — Sin 


$3 
der jedoch nur fiir x) P <1, d.h. etwa im Interwall 1 = q = 0,95 gilt. Fur 
kleinere q-Werte hat man die Funktion y(%):P) auf die weiter oben geschil- 


derte Weise zu bestimmen. 
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Der Verlauf der Funktion »(q), sowie der Funktion y(%)-P) ist in der 
Figur 1 dargestellt. Hierbei ist zu bemerken, dass fiir ~) der von GomBAs 
berechnete Wert 


| 
122 i 
vy = ——-" __ Rt = 0,905. 10712 em?/dyn oc | 
A 


| 
zu setzen isi. } 


fur ga d,.d. hi. P = 0, also, fur abe Gleichgewichtslage ergibt sich aus 
(10) mit dem Wert n = 11 . 


Be UE A) ti 
AN (n + 3)—=4 6 


== 2.03... (13) 


Diesen Wert von y kann man mit den bei SLATER [3] angegebenen halbempiri- 
schen Werten vergleichen, die y = 2,5 bzw. y = 2,4 betragen. Da die Abwei- 
chung des von uns berechneten Wertes von diesem nur 10% bis 15% betragt, 
kann man die Ubereinstimmung als befriedigend bezeichnen. . 
Fur Alkalimetalle betragt der Exponent des Abstossungsanteiles der. 
Gitterenergie n = 3; man erhalt [4] somit fiir diese Metalle y = 3/2, also 
einen fast um die HAlfte kleineren Wert als (13). Dies ist ebenfalls in guter 


Ubereinstimmung mit den bei SLATER angefiihrten Werten. 
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OMPENEJIEHHME MOCTOAHHOM TPIOHAM3EHA METAJIJINUECKOrO CEPEBPA | 
H, BUPO 


Pesiome 


B padore onpejesmercsa MOcTosHHas Ipronaiisena y Kak (pyHKUHA OObémMa aTOMa 
AABIICHU TPH TemMnepatype adcosioTHOrO Hy. B OCHOBY BbIUHCHeHHi MONO KeHA CTATHCTH- - 
TeCKAA MOMCIb MeTAJIOB PomOauia [2] ; aMnUpHYecKHe MII MOsyOMMUpHyecKHe TapaMeTpbl HE } 
MCHOJIbSYIOTCH MPH OMpeeseHuu MOcTOAHHOH y. Jia AaBseHUs, paBHoro HYJMO, MOyuaercs | 


y= 17/6, KoTropoe ygAoBreTBOpHTebHO cormacyercs co SHAYeHHeM, BbIUHCJICHHbIM IOJTYSM- } 
MupwuecKum mmyrTém, : 
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KPATKHE COOBIEHHA — BRIEF REPORTS —- = 
KURZE MITTEILUNGEN 


.. 
4 A POSSIBLE INTERPRETATION OF THE CARCINO- 


GENIC EFFECT OF RADIATIONS AND CARCINOGENIC 


HYDROCARBONS ON THE BASIS OF THE ELECTRON- 
IC STRUCTURE OF DEOXYRIBONUCLEIC ACID 
By 
T. A. HOFFMANN 
RESEARCH INSTITUTE FOR TELECOMMUNICATION, BUDAPEST 


and 
i] 


Js LADIK 
“<CENTRAL RESEARCH INSTITUTE FOR CHEMISTRY OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


(Received 28. IX. 1960) 


Numerous attempts have been made to understand the carcinogenic effect 
of hydrocarbons and radiations of an energy exceeding 3,4 ev [l, 2]. Recently 
Mason [3] has attempted to explain the process of carcinogenesis on the basis 
of the electronic structure of proteins. Evans and GERGELY [4] have shown 
that if a z-electron interaction is assumed between the parallel polypeptide 
chains, which are held together by H-bonds and which constitute the protein, 
the energies of the infinitely long a-electron molecular orbitals so obtained 
form 3 energy bands. The respective positions of the energy bands are shown 
in Table I. 

Table I 


The energy bands of the protein molecule in ev 


Band ] | 0,00—0,13 Doubly filled 
Band 2 3,17—3,43 Doubly filled 
Band 3 | 6,48—6,60 | Unfilled 


Thus the macromolecule is non-conducting in the ground state, but it 
assumes conducting properties in the excited state. The width of 3 ev of the 
forbidden band does not agree exactly with the above value of 3,4 ev, the dif- 
ference between them is, however, small. With regard to this fact Mason 
assumes that by irradiating the protein by radiation of suitable energy one 
electron is raised from the second filled band of the protein into the conduction 
band. In this way the molecule becomes conductive and this initiates in some 
way or other the mechanism of carcinogenesis. It should be noted that the 
theoretical results obtained for the positions of the energy bands have been 
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confirmed by the experimental investigations carried out to study the photo-— 
conduction of proteins [5]. | 

To explain the effect of carcinogenic hydrocarbons Mason [3] assumed. | 
that those angularly condensed hydrocarbons are carcinogenically active in _ 
which the energy difference between the highest filled molecular orbital and 
one of the unfilled molecular orbitals is identical with the energy difference _ 
between the two filled energy bands of proteins (3,23+-0,19 ev). With the aid | 
of this criterion he obtained good agreement with the experimental results. — 
He explained this by the fact that if the energy difference between the energy 
bands and energy levels is identical, then in the transition complex formed by 
the protein and the hydrocarbon the hydrocarbon molecule may take up am 


Band 3 (empty) 


Empty 
levels 


~  _— wy Band 2 (filled) 


Highest 
filled Wz 2and 1 (filled) 
level Protein 


Hydrocarbon 
Fig. 1 


electron from the protein (see Fig. 1). Owing to this, conduction by z-electrons 
is induced in the protein with positive-hole mechanism. The appearance of 
a-electron conduction, as in the case of excitation by radiation, leads in some 
still unknown way to carcinogenesis. 

It should be noted that from the standpoint of quantum chemistry 
Mason’s criterion does not seem to be clarified at all, however, with its a 
the carcinogenically active hydrocarbons could be selected from a great number 
of molecules. It is hoped that it will be possible to formulate a criterion unob- 
jJectionable also from the theoretical standpoint. 

The results of some recent investigations, however, suggest that in the 
mechanism of carcinogenesis the primary role should be attributed to deoxy- 
ribonucleic acid (DNA) rather than to protein [6]. According to the generally 
accepted Warson—Crick stereo model of the DNA molecule the individual 
nucleotide bases (adenine, thymine, guanine and cytosine) are situated in the 
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acromolecule in parallel planes at a distance of 3,36 A from each other. 
etween the nucleotide bases having delocalized z-electron systems, i. e. 
stween the z-electrons of the superimposed neighbouring bases there exists 
non-negligible interaction, as can be proved by calculating the overlap 


integrals [8] (see Fig. 2). 

For the overlap integral 

ie i (J pa (2Pz) Vp (2p) dt) R=3,36 A (1) 
Be 


y 
‘between two C atoms at a distance of 3,36 A the value 0,032 was obtained, 


while the value of the integral (1) in the case of C and N atoms is 0,015. It: 
should be noted that Evans and GERGELY assume in their calculation for the 
protein molecule [4] a 2-type interaction between the N and O atoms of the 
neighbouring polypeptide chains. For the N—O distance of 2,65 A assumed 
| by them, the overlap integral is 


So \ Py (2px) Po (2Px) dt) p_2,65 4 = 0,005. (2) 


es 
As can be seen this value is about one-sixth of the value of the overlap integral. 


“© — C and about one-third of the value of the overlap integral C — N between 
the nucleotide bases. From this follows that DNA may be equally well 
described by the energy bands of a common x-electron system, as it was done 
with protein. 

With the aid of the values of the LCAO molecular orbital energies of the 
individual nucleotide bases found in the literature [9] and calculated by us 
with somewhat different Coulomb (a;) and exchange (B; ;) integrals [10] the 
positions of the energy bands can be determined qualitatively. 

As in the case of protein, it is found that all bonding bands are completely 
filled, whereas even the lowest conduction band is entirely empty. Owing to 
this the molecule (at least the ideal molecule without lattice imperfections and 
impurities) is non-conducting in the ground state and becomes conductive only 
by excitation or ionization, via exciton resp. positive-hole mechanism. Knowing 
the energies of the highest filled and the lowest empty MO-s of the individual 
~ nucleotide bases, the width of the forbidden band between the highest valence 
and the lowest conduction band is calculated to be approximately 3 ev in this 
case too. The interpretation of the carcinogenic effect of radiation by induc- 


be applied also 


ing conduction in the protein molecule can therefore directly 
to the DNA. Thus, if the DNA molecule receives radiation of suitable energy; 
one of its electrons is raised to the conduction band, inducing conducting pro- 
perties in the DNA molecule. 


But, in contrast to the case of protein, if we regard thea 
f the Watson—Crick model connected 


denine-thymine 


and guanine-cytosine base pairs 0 
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through H-bonds as common z-electron systems interacting through the 
‘H-bonds [11], we have to take 5 binding energy bands into account. The widthi 
‘of the forbidden band between the two highest filled energy bands will bes 
much smaller than the value of about 3 ev found for protein. The individuall} 
nucleotide bases, however, have such bonding MO-s the energy difference off 
which does not differ much from the value 3,23 ev + 0,19 ev of Mason’s cri-: 
terion. From this follows that the DNA macromolecule will also have (non-, 
‘successive) bonding energy bands the energy difference of which differs from 
the value of 3,23 ev only within the limits of the given error. On the basis of! 


the data available it is very probable that this condition is fulfilled by the: 
-highest bonding energy band of DNA and by the second bonding band under’ 
this one. Thus Mason’s hypothesis as to the effect of carcinogenic hydrocarbons; 
can be applied also to DNA in the way shown in Fig. 3. 

It should be noted that investigations with C—14 suggest that the car-- 
-cinogenic hydrocarbons interact with protein in the cell in a primary man-- 
ner [12]. Mason [3] and A. and B. PuLLMANN [11], however, also assume the} 
formation of direct nucleotide base — carcinogenic hydrocarbon transition 
complexes. It can also be imagined that the carcinogen actually interacts with) 
the protein part of the nucleoprotein only, but the z-electron system of the! 
protein and that of DNA also interact in some way or other in the nucleo-- 


protein and thus the carcinogen induces conduction in DNA through the: 
intermediation of the protein. 


If we assume strong local electric fields within the cell, which is a very] 
assumption, and the Symmetry axis ofa DNA double helix, in which i] 
conduction has beeninduced by irradiation or bya carcinogen, points in the direc- + 


tion of the field strength, this DNA molecule will be polarized (see Fig. 4). 
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‘Thus the production of an excess electric charge at the ends of an excited 
sr ionized DNA molecule has a statistical probability depending on the direc- 
‘tion distribution of the axes of the macromolecules. 

By realizing that at the ends of the DNA molecule radiation or carcino- 
e a relation can be established between the initi- 


yen may produce excess charg 
ation of electronic conduction and that of carcinogenesis. According to the 
i ; ppt ; 

_ Warson— CRICK mechanism [7] of DNA duplication, which seems to be the 


ae 


oT 


Empty band 


1@) 
Empl ee 


Highest 


filled He QUE, * filed bands 


level 
Hydrocarbon 


Ys 
DNA 
Fig. 3 


most probable assumption [13], DNA duplication starts by the unwinding of 
the double helix constituting the DNA. In the literature, however, no data 
can be found to explain from where the system obtains the activation energy 


required to initiate the process. at in the course of dupli- 


cation the building up of the complementar 
the unwinding of the original double helix an 
of the formation of the new bonds covers the energy necessary for the o 
double helix to continue to unwind, for the initiation of the process the system 
must possess energy sufficient to separate at least one base pair. 

To separate the adenine-thymine pair a Weboud of N—2t. .. N type of 
,9 kcal/mol and one of N=H ..-O type of an energy of 2,0 kcal/mol 


Even if we assume th 
y chain takes place in parallel with 


dso the energy released on account 
riginal 


energy of 1 
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a 
[14] must be broken. The delocalisation energy of the z-electron interaction ; 
mentioned above taking place through the H-bonds between the respecti res 
base pairs is for adenine-thymine 3,2 kcal/mol, while for guanine-cytosine it iss 
4,2 keal/mol [11]. Finally, the mechanical energy of unwinding is 0,3 keal/! 
mol [15]. With these values we obtain for the energy necessary to separate: 
the adenine-thymine pair 


AE 4p © Ey_py..n + En—H..O “ nag:6 7 Edeines + Emecn, = 
= 1,9 + 2,0 + 3,2 + 0,3 = 7,4 kcal/mol. 


In the case of the guanine-cytosine base pair, taking into account that here 


oy 


Fig. 4 


there are one N—H...N and two N_—H... O type H-bonds between the 


two bases we obtain for the energy of separation 


IEGc PS On) gap ae EN—H--.O T €deloc.. + Emech, = 


(4) 


= 1,9 + 2-2,0 + 4,2 +.0,3-= 10,4 kcal/mol, 


If, owing to irradiation or some carcinogen, the DNA particle undergoes 
polarization by the mechanism described above 


» electric repulsion arises 
between the two halves of the double helix, as sho 


wn in Fig. 3. Let us assume 
e. g. that at the ends of the chains excess charges ofa magnitude of Ree 
D 


appeared, and the centres-of-mass of the charges are approximately at the 
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central point of the pyrimidine ring, and at the middle-point of the C—C 


ead in eee of the purine ring, respectively. Assuming 3,00 A [16] for 
the bond distance N—H... N binding the rings, for the distance between the 
entres-of-mass of the two charges we obtain 6,7 A (see Fig. 5). 


er 2 3 : 
Z With this value we obtain for the potential energy of the repulsion 
hetween the two nucleotide bases in the above case 


osh 
© ke apt aes, BE 9 4 
<= e710 — 8,6-10-Berg = 12,5 kcal/mol. : (5) 


The value so obtained agrees fairly well with the energy of 10,4 kcal/mol 


Fig. 5 


ne-cytosine base pair. Owing to the rough 
this of course only means that the poten- 
tial energy of the repulsion, due to the appearance of an excess charge (of 1 
electron) at one of the ends of the double helix, equals in order of magnitude 
the energy necessary to separate one base pair. Thus it is very probable that 
the polarization of the chain ends of DNA due to irradiation or carcinogen 
may start the mechanism of duplication without any other effect on the chain 
ends. It should be noted that the idea that electric forces play some role in 
the process of mitosis is not new. It is generally assumed, namely, that electric 
forces play an essential role in mitosis in the division into two of the cell 
nucleus [17]. To approach the problem of how the mechanism described may 
lead to the formation of a macroscopic tumour, we suggest two possibilities. 
On the one hand in reality photons, or carcinogens may chit”? not only one 
DNA particle of one single cell, but many DNA particles of many cells of a 
tissue may be excited or ionized in consequence of such “hits” and each DNA 


necessary to separate the guani 
neglections made in the estimation, 
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molecule may also receive several hits. Thus it can be imagined that in thes 
above manner in a time which is not determined by the growth regulation o: 
the organism i. e. at an undesirable time, a great number of new DNA particl ex 
may be produced in the cells of some tissue giving rise to their division. It cane 
further be imagined that this process may give rise to a series of irreversible 
biochemical reactions in the tissue which transform the cells from normal intor 


tumour cells. 
On the other hand Burcu [18], on the assumption that radiation may; 


induce cancer by two specific chromosome breaks taking place at differenti 
times, developed a statistical theory for the relations between the dose of 
radiation and the incidence of cancer, which agrees very well with experiment. 
The mechanism of chromosome break operates according to BUTLER [19] in 
such a manner that in the chromosome fibril, the morphological basic unit of 
chromosome, which consists of DNA and nucleohistone particles of the form) 
of small rods standing on the top of each other, the radiation splits the weaker4 
electrostatic bond between the two macromolecules and this causes the chro-- 
mosome break. The probability, however, that the particle receives the hit > 
just on this spot, is very small. The mechanism described above, however, | 
suggests, that if any part of the DNS molecule is hit, and owing to this the | 
chain ends are polarized, this may lead to the breakage of the electrostatic f 
bond mentioned above and through this to chromosome break. Burcna’s | 
theory and our hypothesis thus complete each other. 

To support our hypothesis we continue, on the one hand the quantum |} 
mechanical investigation of the electronic structure of DNA, and on the other, 
investigations are being carried out on the behaviour of cancerous tissue cul- 
tures placed in electrostatic fields of various intensities over various times. 
The preliminary experimental data suggest the probability that the electro- 
static field somewhat speeds up the metabolism of tumour cells. 

A detailed account of these investigations will appear in “Cancer Re- 
search”’, 

We express our sincere thanks to Prof. Dr. Gy. KiszEuy and Dr. I. 
Pataxky, who called our attention to valuable data in the literature. 
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Investigations on the anticarcinogenic activity of numerous nucleotide- 


base antimetabolites are reported in the literature [1, 2, 3, 4, 5, 6]. These 
compounds can be divided into two groups: compounds of the purine and of 


“the pyrimidine type (see Fig. 1). 


The anticarcinogenic activity of nucleotide-base antimetabolites seems 
to be subject, in addition to the trivial criterion of ability to build in, to another, 
electron-structural criterion. It is namely probable that of the compounds 
substituted in DNA the ones modifying the genuine z-electron distribution 


of DNA will show anticancer activity. In a previous paper [7] an attempt was 


made to prove by calculating the overlap integrals between the nucleotide 


bases the existence of a non-negligible z-electron interaction between the 
neighbouring nucleotide bases of DNA, located above each other at a separa- 


tion of 3,36 A. In other words this means that in DNA a uniform z-electron 
system describable by energy bands is present. The calculation yielded, among 
others, the result that certain positions of the nucleotide bases play a distin- 


guished role in the interaction. Thus, as regards overlap, the most important 


| positions are positions 2, 3,4,5 and 6 of the purine type, and 2,5, 6 of the 


pyrimidine type bases (see numbering in Fig. 1). As further considerations 
suggest that radiations or carcinogenic hydrocarbons initiate in a primary 
manner electron mobility along the longitudinal axis of DNA [8] it can be 
expected that by substituting into the DNA molecule compounds decreasing 
this electron mobility one may produce anticancer activity. As the electron 
mobility can be influenced to the greatest extent by substitution at the posi- 
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tions where the interaction is the strongest, it is probable that the compounds 
substituted at these positions, if they build in at all, show the strongest 
activity. This criterion was called above the electron-structural criterion of 

i ae : } 
anticarcinogenic activity. | 

The most characteristic purine-type antimetabolites are listed in Table I. 
where their activity is also indicated. | 

It is immediately apparent from the Table that the compounds substi 
tuted only at position 2 do not show activity in any of the cases. A purine 
ring substituted at position 2 (see Fig. 1) can be connected through a H-bond 
to the pyrimidine-type complementary base corresponding to the Watson 


H 
& 
Pape OO 
pe 
ee | 
9 c4 2 
N-—wee weg = 
H N 
oe 
"P Py 
Sage a 
N 
ee. 


Crick model only through the N-atom in the position 1, if the substituent ati 
position 2 is not capable of producing a H-bond with the O-atom attached tod 
the C-atom in position 2 of the thymine or cytosine base (see Fig. 2). 

This is just the case with 2-F, 2-Cl and 2-CH,O-purines and these negatives 
groups even repel the O-atoms of the pyrimidine ring, so that they do no 
build in at all. The same can be concluded from the fact that 2-F, and 2-Cl— 
6-NH,-purines are inactive, but 2-HS— 6-NH, 
The substitution of the grou 
duction of one more H-bond 


-purine is already slightly active., 
p NH, at position 6 namely facilitates the pro-4 
, if the compound is connected to thymine. The# 
energy of this new H-bond is probably not sufficient to counterbalance the4 
repulsion between the F- and Cl-atoms, respectively, substituted at position 2,, 
and the O-atom, but it seems to suffice to counterbalance the repulsion betweenil 
the less electronegative S-and the O-atom. Thus it can be stated, that althoughi 
the substitution at position 2 distinguished in respect of the z- 
action, satisfies our electron-structural criterion, these com 
inactive owing to the restriction of building in. 


electron inter | 
pounds are still! 


Acta Phys. Hung. Tom. XIII. Fasc. 7. 


ANTICARCINOGENIC ACTIVITY OF SOME ANTIMETABOLITES 115 


Table I 


~The most characteristic purine-type nucleotide-base antimetabolites and their activity 


i Compound Activity* 

Zs ; Purine = 
a 2-F-purine = 
ee 2-Cl-purine : = 
Se, 2-CH,—O-purine = 
: 2-F — 6-NH,-purine — 
me F 2-Cl— 6-NH,-purine = 
as ' 2-HS— 6-NH,-purine = 

6-HS-purine at le 

6-C]-purine sae 
6-CH,-purine + 
9-C,H;-purine = 

| 9-C,H, —6-SH-purine ++ 


In the case of 6-HS- and 6-CL-purines one more H-bond may be produced 
between the negative Cl- and S-atoms, respectively, and the cytosine ring of 
the complementary chain, thus the criterion of building in is fulfilled (see 
Fig. 2). At the same time the substitution at position 6 of the purine ring, 

distinguished in respect of the z-electron interaction is likely to influence 
appreciably the electronic structure of DNA (the configuration of the energy 
bands) and with it the conditions under which electron mobility is initiated. 
This seems to account for the strong anticarcinogenic activity of 6-HS- and 
6-Cl-purines. In connection with the less active 6-CH,-purine it should be 
noted that although some kind of energy-decreasing interaction can be assumed 
between one of the H-atoms of the CH,-group and the thymine ring (see Fig. 2), 
the energy of the ‘“‘bond” so produced is probably smaller than that of a normal 
H-bond. Thus the probability of building in will be less than in the former 
two cases. On the other hand the influence of the CH,-group by way of hyper- 


1The signs in the column headed ‘‘Activity” of the Table have the following meaning: 


= Q,> 0,42 Qc, 
aE 0,42Qc > Q)< 0,26Qc, 
0,260c > Q;< 0,060c, 
++ Qt <2 0,06Qc. 

Here Q, means the weight of the tumour treated with the compound, Q, means the weight 
of the control tumour. The investigations were carried out on Adenocarcinoma 155, which seemed 
the most suitable for this purpose [1, 2. 
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conjugate interaction on the delocalized z-electron system of the purine ring | 
is weaker, owing to which the fulfilment of the second criterion of anticarcino- | 
genic activity is less complete. This seems to account for the smaller activity. 
of 6-CH,-purine. ; | 
However, we encounter a difficulty in the interpretation of the 9-C,H,- | 
and 9-C,H;—6-HS-purines in the last two rows of Table I. (See numbering | 
in Fig. 1). It was assumed [2] that during building in the substituent at posi- | 
tion 9 breaks off. In this way the high activity of 9-C,H,—6-HS-purine can be 
well understood, but it remains to be explained that 9- -C,H,- purine is inactive, 
whereas the not substituted purine ring is active. It can also be assumed that 


Adenine 


H 
Guanine Cytosine 


Fig. 2. The 


adenine-thymine and cytosine-guanine base-pairs 
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she purine derivatives are attached through their N-atom in position 7 to the 
leoxyribose, but in this case it is hard to imagine — as Fig.2 shows — the 
binding of the molecule so orientated through H-bonds to one of the pyrimi- 
dine-type nucleotide bases. The difficulty could perhaps be avoided by assuming 
am 9-C,H,-purine does not build in, but the substitution of the group SH at 
position 6 in 9-C,H,— 6-HS-purine influences the reactivity of the C,H, group 


attached to position 9 of the ring in such a manner that the C,H; group can 


er. 


jn this case actually break off during the process of building in. The solution 
‘of the problem would of course require more detailed quantum chemical 
investigations. 

In conclusion it should be noted that, as can be seen in Fig. 1, there is 
no possibility for the substitution into the purine ring at positions 3, 4 and 5 
also distinguished with respect to the z-electron interaction between the 


nucleotide bases. 

Comparatively few systematic investigations have been carried out on 
the anticarcinogenic activity of pyrimidine-type nucleotide-base antimeta- 
bolites [10, 11, 12, 13]. 5-F- and 5-Br-uracil (for the formula of uracil see Fig. 
3) as well as 5-F-cytosine [11, 12] have been found highly active. 

As the C-atom in position 5 of the pyrimidine ring plays an essential role 
in the interaction between the nucleotide bases located above each other [7], 
with regard to the above-said it can be understood that the compounds sub- 
stituted at this position show anticarcinogenic activity. It should be noted 
that substitution at position 5, as is shown in Fig. 2, does not influence the 
binding of uracil and cytosine to the corresponding purine-type bases through 
H-bonds and thus in this case the substitution takes place probably smoothly. 

We note that several other pyrimidine derivatives have been produced. 
However, the investigations on the activity [14] of these compounds have 
been carried out by so different experimental methods that the results obtained, 
which cannot be compared, cannot form the basis for the attempt at a theoret- 
ical interpretation. We intend to return to the investigation of the problem 


as soon as the necessary experimental data are available. 
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The exact statistical theory of the recombination via traps has been 
elaborated by W. SHocxiey and W.T. Reap [1]. They defined the coeffi- 
cients A;, appearing in the “capture currents’’, near the equilibrium by 

Ven = Ang én + Ais Op ? 


(1) 
U cp = Apn On + App Op 


“and gave the expressions 


‘ oy Fm ln Poa Fi 


cn a T 
| (2) 
| igi a face Era 

“g k iy 


i.e. the relation between the “capture currents’’ and the quasi Fermi-levels 
(in the following we use the notations of paper [1]). On the basis of the above 
equations the theory of recombination can be formulated in terms of irrevers- 
ible thermodynamics.! For the examination of the time dependence of the 
recombination we write down the equation of motion of thermodynamics in 
the form given by I. Fényes [2] and relating to homogeneous systems near the 
equilibrium. The equation of conduction (with the usual notations) is as follows: 


: P= EX; (3) 
where X means the general force and is defined by the equation 
Ars ea (4) 
(a being the column vector formed from the extensive quantities: here from On and dp, 
8 S(aoay) 
ci 9 aja, 


the symmetrical matrix formed from the entropy). 


1 Note added in proof. From the point of view of fluctuations K. M. van VUIeT deals 
with a similar problem. Phys. Rev., 110, 1, 1958. 
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Thus we have on the basis of the equations (3) and (4): 


I= —Iga. 


¢| 


On the other hand the relation between a and I holds as well (assuming homo-- 
geneity): 


c=T, | 


X SpA ee he eee 


Let us now introduce the following correspondence, i. e. notation: 


F,—F F,—F 
n T AS = = Pos (Lg). = Axx» 
while the conduction matrix becomes diagonal on the basis of the equation (2) 
and its diagonal elements are L,,,, = f,,m) C,,/k, Lp, =f; Po C,/k. Matrices A = 
= L. g and L are then known. From these g can be determined by simple cal-: 
culations and according to expectation this appears as a symmetrical matrix., 
According to the above, the equation of motion of the recombination will be 
as follows: 

X= AX, 46 = —446, FP] a4g 


re 


These matrix equations mean for the components a differential equation 0 
the second order (e. g. for aj;-s): 


a; + T(A) a; + D(A) a; = 0 (i=n, p), 


where T(A), resp. D(A) mean the trace, resp. the determinant of the matrix A. 
Obviously, the form of the solution is 


Gz (t) = Cy et + Ci. eft! (i= yop) e (5), 


where 4, and 4, are the two roots of the characteristic equation 


eke eee ed Ce 


The equations (5) and (6) describe the time dependence of the recombinatiom 
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_ 


ee a X 1 
nd the quantities T, = — —— resp. T, = — i. ee the lifetimes. It is easy to 


‘ix 
a” re eal A 
see that expanded in a series in en we get in first approximation 
T (A)? 
Sas is TA) 
‘ A DLA} 


oe . 
E en Po ° 
e T po (m+n) +N, (1+ 24) | + Fno| (Po +P) +, ee | | 

: ee ae 


— (™% + Po) + n,(r+22] "(142)" 
eS ' ; Po Pi 


j. e. the stationary lifetime given in paper [1]. 
For the lifetime t; we get in a similar approximation: 


: T, => — : — 
- i, (A) 
ye (8) 
; an we et POO N, Pe. 
= aay = 3 
T 0 ieee | N, + (m+ n)| +t {1+ 2 | N, + (Po+ Po 
RN Po a ui) 


which describes a considerably quicker relaxation process than tT, and corres- 
ponds to the filling of the traps. 

Summing up what has been said, on the basis of the equations (1) and (2) 
the irreversible thermodynamic formulation of the recombination is given. 
From the point of view of irreversible thermodynamics the interesting case 
occurs where Onsager’s cross effect does not appear (L-diagonal), nevertheless, 
because of the matrix g being off-diagonal, the cross effect found in paper [2] 
‘may appear (A off-diagonal). 

The non-stationary lifetime 1, is given and it renders in first approx- 
imation the stationary lifetime given in [1]. We have pointed out the mechan- 
‘ism of recombination, giving the relaxation time of the time dependence of 
‘the filling of the traps. This relaxation time was given first by D.Sanpr- 
-ForD [3]. This term may possibly play a part in the time dependence of lumi- 


nescent phenomena. 
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y 

of ‘ In this paper the expectation values calculated with the Wang approximate wave 
function of the relativistic correction terms resulting from the treatment of the ground state 
of the hydrogen molecule on the basis of the BREIT equation are reviewed. The difficulties 
encountered in the calculation of the part due to retardation of the orbit-orbit magnetic 
interaction term and the procedure of calculation of another energy term having no non- 
relativistic counterpart are described. As the spin-orbit interaction terms and the first part of 
othe spin-spin interaction term identically equal zero for any two-electron system of opposite 
spin, in the ground state of the hydrogen molecule only the second part of the spin-spin inter- 
actions term differs from zero. This energy term is shown to be twice as large as one of the 
terms of the energy having no non-relativistic counterpart. 

For the sum of the relativistic correction terms, approximating the value of the magnetic 
orbit-orbit interaction term by putting it equal to the expectation value of the non-retarded 
interaction operator, 1,21 - 10-* ev was obtained, which improves the agreement hitherto 
existing between the experimental and the best theoretical values of the binding energy of 
the H, molecule. The reason for the remaining discrepancy is, in addition to the above neg- 
lection, that the expectation values of the correction terms have been calculated instead of 
with the accurate JAMES—COOLIDGE wave function with the WaNnc wave function giving a 
worse approximation, further that the elementary mass correction and the mass polarization 
corrections have been neglected. 


For the treatment of the hydrogen molecule on the basis of relativistic 
quantum mechanics in a previous paper [1] the reduced BREIT equation of the 
hydrogen molecule was given. The paper also contained the calculation of the 
expectation values of three of the relativistic correction energy terms occurring 
in the ground state of the hydrogen molecule. The calculation was carried out 
with the aid of the Wane [2] approximate wave function. The purpose of the 
present paper is to review the remaining relativistic correction energy terms 
of the ground state of the hydrogen molecule. The expectation values of the 
respective energy terms calculated by the WANe wave function are also given 
numerically, except for that part of the magnetic orbit-orbit interaction term 
which is due to retardation. To determine the expectation value of this energ 

term proved to be a very intricate mathematical problem. This energy term 
will be treated in a subsequent paper, after the completion of the calculations 


now in progress. 
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1. The magnetic orbit-orbit term 


The energy term of the interaction between the magnetic moments due} 


to the motion of the two electrons can be obtained by calculating the expecta- 
: . . . | 
tion value (written in atomic units) | 


— 1 PiP. : " 
A, = — |v" eee + > (%1, — %2,) (*1, “a X)) Pi; Pa, | vd 7, dt, (1) 


2 Aan 
2c* F129 ij=1 


of the term H, of the Hamiltonian of the reduced Breir equation (see [1], J 
equation (11)) and by substituting the corresponding parameter values. Here: 


Pr=—~ grad, (k—1,2) is the momentum operator of the k-th electron in atomic: 
i 


units, p;, and p, are the i-th component of the momentum operator of the: 
first electron, and the j-th component of the momentum operator of the: 
second electron, respectively (i, 7 = 1, 2, 3), ryy = x2, + yin + 23, means the: 
distance between the two electrons, x,, and %,, mean the i-th component of’ 
the position vector of the first electron and the j-th component of the position | 
vector of the second electron, respectively (i, j = 1, 2,3) and finally ¢ is the } 
velocity of light. In calculating the expectation value it is again the Wane | 
approximate wave function that has been used for the wave function y of the } 
hydrogen molecule. : 

It should be noted that twice the first half of the term H, of the Hamil- | 
tonian operator (again in atomic units) | 


A= 1 bes i (2) 


equals the operator obtained for the magnetic orbit-orbit interaction term [3] | 
by reducing to the greater components of the wave function the EppINcToN— 
GaunT relativistic two-electron equation, which uses the non-retarded energy | 


term 
2 Z 5. 
Ve = : E a2 (3) 


c2 


for the interaction of the two electrons. (In equation (3) o, and v, denote the 
velocity vectors of the first and second electron, respectively). As within the 
hydrogen molecule the electrons are not too widely separated the value of the 
non-retarded expression (2) will probably not differ much from the expecta- 
tion value (1) (at least there will be no difference in order of magnitude bet- 
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en them). Therefore, as a first approximation we have calculated the term 
, which looks simpler, instead of calculating the expectation value 


cae: at 
H, = = +H. (4) 


~- 
where H3 is the second term of the expectation value H,. 
= In connection with the operator Hy it should be noted that this operator 
ean also be obtained non-relativistically. Taking the second term of the classical 
interaction energy between the two moving electrons (3), which is a function 
of the velocities, as a kinetic energy term, forming the canonically conjugate 
momenta from the kinetic energy so extended and expressing the velocities 
‘?, and ¥, in terms of the momenta p, and py, obtained in this way, the result is 
just the operator H;. Following this method [4] for the derivation of operator 
‘Hy the determination of its expectation value for the ground state of the 
hydrogen molecule has been described in a previous paper [5]. The rather 
complicated calculation yielded for the expectation value Hj, 8,24 - 10-4 ev, 
at the nuclear separation of R = 1,40 a. u., and the parameter value a = 1,17, 
which results in a maximum binding energy in Wane’s original calculation. 
This value agrees in order of magnitude with the classically estimated value as 
well as with the approximate value calculated on the basis of the experimental 
value found by Ketioce and his collaborators [6] for the interaction of nuclear 
spins in the H, molecule. (For the details see [5]). 

Substituting into the second term of (1) the Wane wave function [2] 


3 —a(Tg + T » —a(Tg, +1.) 
oe 6) 
21> 82) 


y (1,2) = 


“jn atomic units, where 


6 - 9 6 ‘ 712 

a a d 

} S? = —— e~ (Fa, +%,) dt, — | Ce To») dt, == 
70” 7 


2 
= e 20k (2 + aR-+ = a? re 


“and r,, and rp, (i = 1, 2) are the distances shown in Fig. 1 the expectation 
t t 


value of the operator Hz becomes 


/ [e— ara, +70,) +e Wa, t%)] 


(6) 


fen ara,t%) 4. eA," dry dt « 
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Writing the operators 


Fig. 1 


in atomic units (A = 1) and carrying out the multiplications (6) takes the form 


i 2 3? 
~a(rg +1%,) ea, T5,) x2 =e pieeme) Mae fe 
Ty" ao le = ee | s Ox Ox» sie Oy; Ve 
oy Q72c2 | 2(1 + S?) 
gz g2 a2 
Hea, + ta y| + |+ 
a ip Oaj ob a eae aie apes 
2(1 + S*) (7) 
3 32 | | 92 
Maat 2 + Y122 =e 
+ a 72 | Ox, 02, Oz, Ox, | — Oy, Oz 
2(1e.37} 
3° ] [ea +7%,) a ela, + 7) ] 
02; OV, 


=) di, 


2(1 + S3) 


Performing in (7) the differentiations it can be shown that the expression 
obtained in this way consists of 8 different two-centre integrals. Each one of | 


1 
the hitherto unknown integrals occurring here contains the factor ~, > therefore 


Tie 
it proved to be a very difficult mathematical problem to evaluate them. For | 


the determination of one of these integrals we have already developed a suitable | 
method [7], so that it may be hoped that it will be possible to evaluate the 
other integrals too. The results so far obtained also suggest that the deter- 
mination of the energy term (6) involves, in addition to the mathematical 
difficulties, a very large amount of numerical work, requiring electronic com- 


puting machines. The problem will be discussed in another paper, after the | 
completion of the calculations. 
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H,=0. 
ext relativistic correction energy term to be considered will be the expec- 
n value of the operator 


—1 


Ac 


E ei Tae [(€ Pi) =e (& P2)] . (9) 


in in atomic units. Here i = /— 1, ¢ is the velocity of light, p, and p, 
pectively, are the momentum operators of electrons 1 and 2. The expressions 
the field intensities @, and @, respectively, are 


* ; 1 1 1 1 1 

= grad, V == — grad, — ob = + ae | > (10a) 
‘ a, Se Ty Tp, Tio 

Z ; é, = — grad,V = — grad, + + i 4b : | (10b) 
a, ia Ta, Tp, Fo, Ty9 


It should be noted that the energy term H, = E, has no relativistic counter- 
part, its appearance is due to the relativistic treatment and it appears already 


n the one-electron Dirac equation. 


‘a _ It can be shown [8] that the expectation value of the operator H, equals 
_ the expression 

“4 

= — ine = = 


diva; — { P* 19 div; €; Pa.) dr, dt, (ice 1,2) (12) 


Substituting the expressions (10a) and (10b) of ¢; and €, respectively, into (11) 
and taking the relations 


Bad 3 
A | = — 4x0(r) 
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into account [9], where 6(r) is the three-dimensional Dirac 6-function, 


obtain 


Hy = [6GFa) +9 a) +9 Ufa) +9) — 26 Fad] 
c 
Using in (13) for the calculation of the expectation values 


d(F,,) =f p* (1,2) 0(F;,) (1,2) dr, dry, (* = s 


f= t50 


(14)) 


again the Wane wave function (5), which is symmetrical with respect to the: 
exchange of the two electrons and the two nuclei, (13) is simplified to the form: 


H=H+e, (15) | 
where 
Hi =2——6(7,) (16a) | 
= 
and 
Ty” TT aan 
H,= = Ola: (16b) 
c 
Here 


5 (Fa) = J y* (1,2) 0 (Fp) y (1.2) dr, dra, (17) 


Tg, and r,, denote the position vectors drawn from the nucleus a to electron I 
and from electron 1 to electron 2, respectively. 

In a previous paper [1] the calculation of the expectation values (16a) | 
and (16b) with the Wane wave function has already been described in detail. 
For these with the parameter values a@=1,17 and R= 1,40 a. u. have 
been obtained. 


FE, =[Hile-111. = 20,50. 10-4ev, (18a) | 
R=1,40 a. u. 

Ey = [Bleue == LT ten, (18b) 
R=1,40 a. u. 


E, = E, + Ej = (20,50 — 1,17) - 10-4 ev = 19,33 - 10-4 ev (18c) 
(see [1]). 

However, the assertion of the above paper that the energy terms (18a) 
and (18b) are terms of the operator producing the relativistic correction term || 
of the kinetic energy operator is incorrect. These terms are derived from the | 
expectation value of the operator H, in the manner described hereabove. The 
misunderstanding is due to the fact that SucHER and FoLey [10] in treating 
the ground state of the He atom on the basis of the Breit equation denote | 
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a 


= , 


" od ‘ _ : a ; pen 
ious paper [1] giving the relativistic correction operator of the kinetic 


y should be written correctly in the form | 


: i 
H, =H, = —~ —[(Ph Pi) + (PPD) 9) 


imstead of the incorrect expression 
healers cure 


(see [1] equ. (9)), while the sum of the other two terms is just H,. With regard 
to all this, in Table I of [1], where the relativistic kinetic energy correction 
terms of the ground state of the He-atom, of the hydrogen molecule and of the 
two free hydrogen atoms are compared, for the correction term of the kinetic 
energy only the first row containing the energy term EF; = E, is to be taken 
ot to account, whereas the sum of the values in the second and third rows 
_ gives the energy term E,. It is to be mentioned that in [1] the numerical 


value of E, is also erroneus. The value given in Table I of [1] is to be 


* divided by 2. 


3. The spin-orbit interaction terms 


; rie ; 
ss The energy of the spin-orbit intercation terms 


i 1 eg See 1 a 
4 AH, = eas | ey LP <Pil+ rh [75. x Pi] i 
; een ni a 
4 ee" [Fie < (2P2 — P1)]} 01 + | 3 [7a2 X Pel (20) 
Tie ) a, 
ort 


i 1 


[Tp. Pel+ ten x (2pi — P2)| 
3, Tho 


Hamilton operator 


+ 


r 


cea 

is ‘i 
aa 

v 


ie 


is given by the expectation value of the 
H, = [10* H,'@ dr, dr, . 


is shown in (20), includes the operators d, and d5, 
first and second electron, respectively, 


(21) 


a 


af The operator H,, as 

Py acting on the spin functions of the 

where 

| = o,,0+ 04,J + ok, (22a) 
(22b) 


| 
| 
. 


a 


Bea ag ee ee 
o.=t0 y=1; 0/29 = j0—1 (23) 
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are the Pauli spin matrices. Thus to calculate the expectation value of the: 
complete, position and wave function of the ground state of the hydroge 


molecule 


75 


is to be used. Here the definitions of the orthonormalized spin functions | 
and 7, are 


1D = (Fis%) (1,2) =v (Fn Fa) [a (1) Xp 2) — 202) 2p ()] (24) 


= [B) ont oe) 


The factor of the complete wave function (24), which depends on the spin 
functions of the two electrons, as can be readily seen from the orthonormaliza-- 
tion of y, and 7,, is normalized to 1. This is why no error resulted from neg- > 
lecting — for the sake of brevity — in the calculation of the expectation values ; 
of operators not containing operators acting on the spins the spin-function 
dependent factors of the wave functions. 

It can be shown that the expectation value (21) (see e. g. [11]), inde-. 
pendently of what form is used for the factor depending on the position coor- 
dinate of the wave function, equals zero for any two-particle system of anti- 
parallel spin. Therefore, as the ground state of the hydrogen molecule is a 
singlet state the spin-orbit interaction term in the ground state of the hydrogen 
molecule will be zero, 


H, = E,=0. (25) 


4. Spin-spin interaction terms 
It can again be shown [11] that of the operators 
H, = Hi+ Hi (26) 


giving the spin-spin interaction term, the operator 


H, = = O10, 3 (1712) (3313) | on 
Ac? ee r, : 
multiplied by the spin functions from the left and right hand sidease. 
x (1,2) A x (1,2) eS | 
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e expectation value of the second part of the operator H, 
te 82 1 ete ites 
LP ly: 42 (61 9) 4 (712) (30) 


the hydrogen molecule. For this operator the expression 
' — ? 


z (1.2) Hg x (1,2) 


$3 r fter substituting (30) and XY, (1. 2) becomes 


| : 1 

X (1,2) ai: ve (1,2) == 9 [Xa (1) Xp (2)] or 
aa (31) 
© 44(2) xp D2 8 (aa) FB * [xe 1) 2p 2) — Za 2) 20 0 
a . a B 3. Ae? 12) 91 92° [Xo Up (2) — Xa. (2) xp (1)]. 
é _Equ. (31), as can be easily shown, may be simplified to the form 
re aes 
f 4 (1,2) Hg 7% (1.2) = ee 6 (Ty). haa) 
#4 
B A comparison between (32) and the expectation value 
a 

(16a) 


a =f TU ee 

g Hie ear d (T12) 
c 

ta giving the second part of the energy term E,, however, shows that for the 


Wi=—2H; ~~ (33) 


ri On the basis of equation (33) the value of the spin-spin magnetic interac- 
tion energy term approximated with the Wane wave function, which also 
remains in the singlet multiplicity ground state of the hydrogen molecule, can 
_ immediately be written down with the aid of the value (18b) -of the energy 


term E4, : 
BY — — 2B = —2(—1,17 - 10-4 ev) = 2,34 - 10-‘ev. Ce 


an 
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[1] equ. (9b)), however, will not be zero, not even for the ground state of | 
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Comparing this value with the value of 17,38 - 10~4 ev obtained for this | 
term for the He-atom with a hydrogen-like wave function [10] it can be seen: 
that this is about 13% of the value obtained for He. The value calculated for: 
the electron spin—electron spin interaction energy form the value of the nuclear : 
spin—nuclear spin magnetic interaction energy of the hydrogen molecule, , 
which latter can be determined by the aid of the molecular beam magnetic ' 
resonance method, is 3,98 - 10~* ev [5]. The good agreement of this value: 
with (34) is very probably accidental. It should be noted that if Eg were 
calculated with the aid of the more accurate JAmEs-CoOOLIDGE wave function, | 
the values so obtained, similar to the case uf the He-atom [10], would probably - 
be smaller than the value (34) calculated with the Wane wave function con- 
structed of hydrogen-like wave functions and thus the difference between the. 
theoretical value and the one estimated from the experimental value between 
the nuclear spins would increase. ; 

Comparing (34) with the value of 8,24 - 10-4 ev [10] obtained for the 
magnetic orbit-orbit interaction term it is seen that for the ground state of 
the hydrogen molecule the orbit-orbit interaction term in the approximation 
used here is about for times the spin-spin interaction energy. It should be noted 
that for the He-atom the case is reversed also if the values calculated with the 
three-parameter Hylleraas wave function are used. Here the spin-spin interac- 
tion term is about ten times the magnetic orbit-orbit interaction term ({10], 
[11]). The difference is due in all probability to the fact that in the case of the 
He-atom the states of the individual electrons deviate to a small extent 
from the spherically symmetrical 1s state and thus the value of the magnetic 
orbit-orbit term is rather small. 

Owing to the lack of suitable experimental data, just as in the case 
of the magnetic orbit-orbit interaction term, the energy value (34) cannot be 
directly compared with the experiment. If, however, the Zeeman disintegra- 
tions of the individual rotational levels of the hydrogen molecule would be 
investigated in a magnetic field so strong as to cause the uncoupling of the 
spins of the two electrons and thus the spins of the individual electrons would | 
be quantized with respect to the magnetic field independently of each other 
it can be imagined that from the spectrum so obtained conclusions could be 
drawn in some way as regards the spin-spin interaction term Ey. 


3. The sum of the relativistic correction terms 


In Table I the results obtained for the relativistic correction terms of the 
ground state of the hydrogen molecule with the Wanc wave function are 
summarised. 

In the Table E, means the relativistic correction term of the kinetic 


, 
energy, E, the non-retarded magnetic orbit-orbit interaction term, E3 means | 
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Ey 2,34 
= =E, + £, : 2,34 
6 
ete a E; 222,91, 4- Et 
i= 


a 


* if no external magnetic field is present. 


oe that part of the latter term due to retardation, and E, = E/2 + Eg gives the 
complete retarded magnetic orbit-orbit interaction term. E; is the term result- 
ing from the interaction of the spins with the external magnetic field. The 
~ energy term FE, has no non-relativistic counterpart, E, is the spin-orbit inter- 
8 ction term, and E, = E¢ + KE, gives the energy of interaction between the 


electron spins. The expression 


6 
ute are ee Ee a E3 (35) 


| denotes the total energy of all the relativistic correction terms. To determine 
this, as we have seen above it would also be necessary to calculate the energy 
term Ej which, owing to mathematical difficulties, is not yet possible. Using 
ue of 8,24 - 104 ev derived from the 


for E, as an approximation the val 
we obtain for 


_ expectation value of the non-retarded interaction operator iH: 


‘ ae the value 
a Et? ~ + 1,21-10-*ev. (36) 


3 When it becomes possible to ealculate all terms of Egorr, the value 
obtained could be checked as follows. Kotos and RooTHAAN [12] taking into 


a 
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account further terms in the series of the JaMEs-CooLipcE [13] wave function, 
using altogether 50 terms, have determined the energy of the H, molecule tog 
an accuracy of 10~*ev and obtained for the binding energy 4,7467 ev. The: 


expression of the binding energy containing also the relativistic correctioni 
terms becomes 


H H te 3 
= 2E; = Ee =2 (EE, =f | ee eel (EZ + Eeorr) = 
= + 2EH = EY 
a Ener corr corr? 
where Et) ,, and EE respectively, denote the relativistic correction energy) 


term of the H atom and the H, molecule. In the first approximation the rela- 
tivistic change of the energy of the H atom can be obtained from the expression | 


— q2 


8 


Be Je an (38), 


1 
[14]. Substituting here the value 137042! the fine structure constant a we 


obtain for (38) —2 - 10-4 ev. Using this value and for Eee, as an approxima- - 
tion (36), we get 


€, = 4,7467 — 0,0004 — 0,0001 = 4,7462 ev. (39) 


It seems to he interesting to compare the binding energy obtained with: 
the value of the experimental binding energy 


e= D8+ Gf, (40) 


where Dj is the dissociation energy and Gp is the zero point energy of the: 
vibration of the nuclei. HERZBERG and MOonrFtzs [15], [16] give for Go the: 
value 2179,3+0,2 cm-1, and they determined the best value of the disso- 
ciation energy of the hydrogen molecule, to be Do= 36113,0 + 0,3 em—!. The | 
sum of the two values is 38,292.3 + 0,5 em—! = 4,74599 + 0,0006 ev. 
It can be seen that the theoretical non-relativistic value does not agree well | 
with the experimental one, whereas this is not the case with the theoretical re- 
lativistic value. The remaining discrepancy can be probably attributed to four 
main reasons: 1) The use of the value of the non-retarded magnetic orbit-orbit 


tg 
7] 


= + E3. 2) Calculation of the expectation 


values of the individual operators with the WANG wave function, which gives || 
a rather bad approximation. 3) Neglection of the various radiation correction 
temme)— which can be taken intevaccountitaan 
treatment — in the case of the two fre 


interaction term Ej instead of E,= - 


quantum electrodynamical 
e hydrogen atoms as well as for the 
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ound state of the H, molecule. 4) Disregarding the mass correction term due 
the motion of the nuclei as well as the so-called mass polarization correction 
term also due to the motion of the nuclei in many-electron atoms and mole- 
cules (in many-electron systems this correction term appears in addition to the 
| elementary mass correction [17]). The values of the retarded and non-retarded 
“Magnetic orbit-orbit interaction terms differ probably not much as the inter-_ 
electronic distance in the H, molecule is not large. The sum of the most import- 
pent radiation correction energy terms in the ground state of the H, molecule 
As only —1,8 - 10~‘ ev [18]. The value of the elementary mass correction for 
two free hydrogen atoms is +0,0148 ev, while for the H, molecule Van 
-Viecx’s [19] approximate calculation gives +0,00141 ev. So this would pro- 


duce a change of +0,0007 ev in the binding energy. However, for the value of 


the mass polarization term with the best, 38-parameter wave function of the 
He-atom +6 - 10~4 ev was obtained [20]. Taking as approximation this value 
into account, also for the ground state of the H,-molecule, the sum of the two 
mass correction terms causes a change of only 1 - 10~* ev in the binding energy 
of the H,-molecule. With regard to all this it can be expected that the main 


“reason for the discrepancy lies in the fact that the expectation values of the 
; 


various relativistic correction energy terms are not approximated with suffi- 
cient accuracy. Thus, after the completion of the calculation of Ez it would 
seem suitable to repeat the calculations with the James-Coo.iDcE wave func- 
tion, which gives an accurate, non-relativistic binding energy value. Sub- 
sequent to this calculation, which probably involves great mathematical diffi- 
culties, the mass polarization correction term should be determined for the 
ground state of the H, molecule. It can be hoped that the accurate theoretical 
value of the binding energy thus obtained will agree with the experimental 
one just as it was found in the case of the He-atom and He-like ions. 

In conclusion it seems to be of interest to compare the approximate 
value of -1,21 - 10"? ev obtained for the sum of the relativistic corrections 
. with the corresponding value in the He-atom. In the ground state of the He- 
atom the values obtained for the sum of the relativistic terms are: (0:73 10 = 
ev with hydrogen-like wave function [10, 21], —17,75 - 10-4 ev with a Hart- 
REE SCF wave function [10, 22], —23,46 - 10-4 ev with a 3-parameter HYLLE- 
RAAS wave function [10, 11] and —28,26 - 10“ ev with the Kinosuita 38- 
parameter variational trial function [20]. It can be seen that by improving 
the approximation the absolute value of the relativistic correction energy 
increases. It can be stated anyway that the values relating to the ground 
state of the He atom and the H, molecule apart from the very bad result 
obtained by approximating the wave function of the ground state of the He 
atom by the product of two Is H-atom functions do not agree in sign and 
in order of magnitude. The reason for this deviation may be the difference 
between the one-centre He and the two-centre H, problem. 
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BAHHM PEJIATMBUCTHUECKOM KBAHTOBOM MEXAHVKH 
“ie C MIOMOLWO BOJIHOBOM ®YHKHMM YAHLA II. 

— OOs0p PeNATHBUCTHYeCKUX KOPPEKIMOHHEIX WIeHOB 

YW. JIAQUK 


_ (Pesiome 


B padore jaeTca 0030p OKUAAeMBIX SHAYeEHMH PeATMBUCTHYECKUX KOPPeKIMOHHBIX 
HOB, NOABIIAIOUIMXCA MPH TpaKTOBKe OCHOBHOFO COCTOAHUA MOJIEKYJIbI BOLOPOMa Ha OCHOBE 
BHeHHA Bpelira. STU WieHbI BLMCIATHCh NpHONWKeHHOH BONHOBOH dyHKuMel Yaura. 

OOcyKMAIOTCA TPyAHOCTH, MOABIAIONIMECA IPH BHIMHCeHHM TO YacTH 4eHa OpOu- 


NbHO-OPOHTanbHOrO MaFHUTHOrO B3aMOselicTBMA, KOTOPaA odycnoBmeHa peTapfauuelt. ie 
pome STOrO OMMcHIBaeTCH XOA OMpPeeNeHMA WieHa 9HEPrHH, He MMEIOUNerO HepeNATUBUCTH- : 
KOrO aHasora. Tak KaK YWJIeHbI CIMH-OpOuTaNbHOrO B3aMMOeEHCTBUA MU NepBaxw YaCTb ueHa ‘ 


-CHHHOBOPO B3AMMOLelCTBUA Y BCAKOM FByXOJIeKTPOHHOM CHCTeMBI C AHTHMapaJIeIbHbIMU 
{MHaMH HJ€HTHYHO PaBHbI HYJI10, B OCHOBHOM COCTOAHMM MOJI€KYIbI BOAOPOa JMU BTOpaA 
Tbh WIeHa CIMH-CMHHOBOrO B3aMOselicTBUA OyyeT OTIMYATECA OT HyA. Ilo OTHOMIeHHIO 
HOO UleHa 9HEPrHv B padoTe OKAaSbIBaeTCA, YTO OH B ABa pasa OOMbUIe OAHOTO YaCcTHOrO 
1eHa SHEP, He HMerOUleroO HePeNATMBMCTMYECKOrO aHasora. 
CyMMa peJIATHBHCTHYCCKUX KOPPeCKIUMOHHDIX WICHOB, €CJIM SHAYCHHE WICH opOuTasbHO- 
}MOUTANbHOrO MaTrHUTHOrO B3aMMOeHCTBUA MPHOIMWKeEHHO OpaTb PaBHbIM OPKHTACMOMY 3Ha- 
uO HepeTapAMPOBaHHOrO OMepaT OPaBsaviMoOAeHCTBUA, PaBHa -+ 1,21.10-4 eV. OnO yryunIMT 
ppoulee 0 STOO COrmacoBaHHe MeK/ly SKCMePHMCHTAIbHBIM HM HalJIyyWHM HepesATHBU- 
WUECKMM TCOPETHYCCKUM 3HAYCHUAMM SHEP CBASH MOJeKYyJIbI Hy. 
Iipwumna Bce Ke MMeloljeroca pacxOKeHMA 3aKs0UaeTCA B TOM, YTO, KPOME YTOMA- 
YTLIX MpeHeOpexKeHHi, BLIUMCIEHHe O>KHTAeMbIX 3HaucHHMit HEKOTOPbIX KOPPeKI[MOHHBIX 
€HOB MpOHusBO_NNOCh He TOUHOM BomHOBOM pyHKuMel JDKemca uM Kysmjpka, a BOJIHOBOH 
VWHKUMeH Yaura, are BO3MOXKHOCTH C MCHbIUel TOUHOCTbIO allmpOKCHMMPOBaTb UCTHHHOE 
qaueHHe, Jasee B MpeHeOPeyxKeHHM KOPPEKIMOHHEIM YWJICHOM QNeEMEHTAPHOH MACCHI MW YWJIeHOM, 


YHTHIBAIOIUMM NONAPHSalluto Maccpl. 
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The most important radiation correction energy terms for the ground state of the hydro- 
gen molecule can easily be obtained by appropriately modifying the expression for the helium 
“atom. Substituting the results obtained by the approximate Wane wave function for the 
expectation values occurring in the individual energy terms for the energy term describing the 
Lamb shift 10,12 - 10~5 ev, while for the energy term giving approximately the radiation 
interaction between the two electrons —0,63 - 10-5 ev were obtained. Subtracting the sum of 
these two values from the value of 7,72 - 10~5 ev giving the Lamb shift for two free hydrogen 
atoms, for the change of the binding energy due to the appearance of the radiation correction 
terms —1,77 - 10~ ev is obtained. This value is by one order of magnitude lower than the 
* corresponding value obtained for the ground state of the helium atom, and thus it does not 
. influence the theoretical value of the binding energy of the hydrogen molecule so far deter- 


mined to an accuracy of 10~¢ ev. 
| 
| 


= 


The expression of the most important radiation correction energy terms 
for the simplest stable two-electron systems, i. e. the He atom and the ground 
_ state of He-like ions can be found in the literature [1]. In the case of a two- 
electron atom, or ion, just like in the one-electron case, the most important 

- radiation correction terms are the lowest order Lamb shift terms. As is well 
known these correspond to the emission and reabsorption of a virtual photon 
by one of the electrons, taking place in such a manner that the electron is scat- 
tered between emission and absorption on the potential of the nucleus. For the 
sum of these terms we find in the literature [1] the expression 


3 ss me" 19 
E, =—a@Z6 in Me TO — In 2 [Ry (1) 
7 oe a | a 0 
Here a = ie is the fine-structure constant, Zis the charge of the nucleus, 


137,037 
m stands for the mass of the electron, ¢ for the velocity of light, Ky is the 


average excitation energy of the atom averaged over all discrete states [2] and 


6(r,) 3s the following expectation value: 


6 (ry) ae ‘ p* (Tp Tz) 0 (71) ¥ (ry, 7) dt, dt. (2) 
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| 
The vector r, in the three-dimensional 6(r,) Dirac delta-function means th 
position vector drawn from the nucleus to the position of the first electron. 
Expression (1) yields the value of the energy term [1] in Rydberg energy | 
units (1 Ry = 13,60 ev), if the value of the integral (2) is substituted in atomic i 
units. The value of the average excitation energy K, is for the 1S ground state 
of the He atom 84 Ry and for the states n = 1, 1 = 0 the relation Ky = 19,77 Ze 
Ry is in general valid to a good approximation [3]. | 
In the case of a two-electron system further Lamb-type correction terms | 
appear owing to the fact that the electrons can be scattered between the emis- 
sion and the reabsorption of the virtual photon not only on the potential of 


the nucleus, but on that of the other electron as well, and the virtual photon 
exchange between the two electrons yields a further energy term. For the sum 
of these terms we find in the literature [1] the approximate expression 


El = > @a (jin a Ry, (3) 


where the expectation value 


0 (Ty2) = i) p* (r,, rT) 6 (Tyo) Y (r1, T) dry dt, (4) 


is to be substituted in atomic units. The argument rj, = r, — r, of the three- 
dimensional Dirac delta-function means the vector drawn from the position 
of the first electron to the second. 

To determine the change occurring in the ionization energy owing to the 
most important radiation correction terms the knowledge of the radiation 
correction terms of the ground state of the He ion is also necessary. In the 
approximation used for the He atom of these only the energy term 


En = 


, 


3 a7 
8aZ Z 2 In ai? 2 19 Ry (5) 
wef Za Z2Ry 30) 


giving the lowest order Lamb shift is to be taken into account. With the aid 
of this the change of the ionization energy of the He atom due to the radiation 
correction terms can be expressed approximately in the form 


ARV! -— Bt _JeNee. pene (6) 


The values of the correction terms E, j, E, and E;, for the ground state 
of the He atom are also given numerically by BeTHE and SALPETER [1]. To 
determine the energy terms E, and E;, they used for the expectation values 
6(r,) and O(F,5) the values obtained with the aid of the best 38-parameter 
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variational function of the ground state of the He atom calculated by Kino- 
1rA [4]. They obtained the following results: 


Er? == 4538 - 10~* ev; ES = 6,06 - 10-4 ev; figs == 0,26 «10-4 ev, (7) 


AE} = (4,38—6,06 + 0,26) - 10-4ev = —1,42 - 10- ev. (8) 


: Adding this value to the best non-relativistic ionization energy of the 
_ He atom and taking into account the values of the various relativistic correc- 
_tion terms que to the BREIT equation as well as the so-called mass-polarization 
term, the theoretical value so obtained (Jjy-or,= 198310,4 cm!) agrees excel- 
_lently with the experimental value (J xp, = 198310,5 + 1 em~) [1]. 

fe The change of the energy due to the most important radiation energy 
terms can be easily determined also for the ground state of the hydrogen 
molecule. Equation (6) for the ground state of the hydrogen molecule takes the 


~modified form 


E AEY: = 2EB, — Es — EY, (9) 


Er, can be immediatley calculated from equation (5) by substituting (t=) 
and K, = 19,77 Ry, which yields 


Ez,1 = 3,36 - 1075 ev. (10) 


The expression for E™® can easily be obtained on the basis of expression 
(1) for E'’ taking into account that the electrons may be scattered between 
the emission and the reabsorption of the virtual photon on the potential of not 


one but two nuclei. Accordingly 


“ts ieee ae 2 
Eps =o [8 a) + 9 Oo) jn + In? 1S age eel 84 
0 


Considering that each of the approximate wave functions of the hydrogen 


molecule is symmetrical with respect to the exchange of the two nuclei, it can 


be written 


5a) = 9 (a) » (12) 


and thus (11) is simplified to the form 


3 er mc” 19 ‘ 
EX. == => 6 In In 2 Ry 
L 8 a3 6 (Ta,) OK 


0 


(13) 
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In the expressions (11)—(13) Ta, and 7», denote the vectors drawn to the first 
electron from the nucleus a and b, respectively. It should be noted that expres-. 
sions (1) and (11) can be written in just the same way with the aid of the Dirac: 
delta-function containing the position vector of the second electron as argu-- 
ment. Namely, the ground states of both the He atom and the H, molecule are 
symmetrical with respect to the exchange of the two electrons, and thus,, 
should any kind of wave function be used, for the expectation values the: 


relations 


d(r,) +46 (%) = 20(7,) = 20%). (14) 


and 


8 (Fa) + 9 (7) + 5 (Fa) + 5 (Fou) = 49 (Fay) = 48 (F,) = 40 (Fax) = 45 (t,)s (15) 


respectively, are valid. In deriving expression (1) the relation (14) was obviously 
used, and taking this into account it was possible to write E'? in the form (11). 

To determine the energy term E¥? it is necessary to calculate the expec- 
tation value 


O(Fa,) = ‘ p* (71, TF.) 6 (Ta,) Y (Ts To) dt, dts. (16) 
Approximating the ground state of the hydrogen molecule by the Wane 
wave function [5] 
ae [e-2 Ca, +19) — e- 8a +10.) 


7 /2(1 + S2) 


v (Fy 7) = (17) 


written in atomic units, where 


ae 


Sz | e~ rat Ty) acl = ¢@ aK E +aR+ ae rel’ 
‘ 3 


702 


and R is the internuclear distance, the expectation value § (rq,) Was already 
. . . . - 
determined in a previous paper [6]. The result was, using the parameter values 


a= 1.17 /and Ra Ite eae 
6 (rq) = 0,224 a. u. 
Substituting this value and K, = 19,77 Ry into (11) we obtain 
Er* = 1,012 “10-4 ev. Se 


Expression (3) 


of the energy term E’, remains unchanged if we consider | 
the problem of the t 


wo-electron molecule instead of that of the two-electron 
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om. To calculate the above expression we now substitute into the expres- 
on (4) of the expectation value 6 (r,,) the wave function of the ground state 
ot the H, molecule. The author also calculated the expectation value 6 (r,.) 
with the aid of WANG’s approximate wave function (17) and obtained with the 


6 (ry) = 2.00 wok ea. Ue 


[6]. Substituting this value into (3) results in 


# 


z : E/!? = —6,25 - 10-6 ev. (19) 


Substitution of the values of Er, (10), EP? (18) and E;* (19) into (9) 
_ yields for the change of the binding energy of the hydrogen molecule due to 
the most important radiation correction energy terms 

= 


les 


AEM = (2+ 3,36—10,12 + 0,63) - 10-5 ev = —1,77 - 10° ev. (20) 


As can be seen this value is by one order of magnitude lower than the corre- 
sponding value obtained for the ground state of the He atom (see the value (8)). 

It is known that the binding energy of the H, molecule has been deter- 
‘mined by the most accurate non-relativistic calculation already to an accuracy 
of 10-4 ev [7]. As the relativistic correction terms arising from BREIT’s equation 
are for the most part also of the order of 10—* ev in the case of the ground state 
of the H, molecule [6, 8] and the value obtained for the radiation correction 
terms of the ground state of the He-atom is also of this order, it seemed inter- 
esting to investigate whether the values of the radiation correction terms 
influence the value of the binding energy of the H, molecule determined to an 
accuracy of 10~4 ev. It should be noted that the calculation outlined here can 
only be regarded as first approximation, as it applies for the expectation values 
the data gained by the inaccurate Wanc wave function. However, it does not 
seem probable that the repetition of the calculations with the more accurate 
variational function of JAMES and Coo.tipcE would result in a change of order 
of magnitude. Thus it can be stated that in the case of the ground state of the 
H, molecule the values of the radiation correction terms are by one order lower 
than those obtained within the present accuracy from the theoretical determina- 
tion of the non-relativistic energy terms giving the largest part of the binding 


energy. 
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SCADANSwh 


TIPHBJIMAKEHHOE OMPE]EJIEHHE 
BA)KHEMUIMX KOPPEKLIMOHHbIX UWJIEHOB SHEP W3JIYYUEHHS 
B CJTVUAE OCHOBHOrO COCTOAHUA MOJIEKYJIbI BONOPO]IA 


A. JIAQUEK i 


! Pestomel 


BakHeliuime uneHpr KOppeKuuH H3TYYeHHA jis OCHOBHOrO COCcTOAHUA MOJIEKYJIBI 
BofOpoxa MOryT ObITh jerKO NOJYYeHbI MYTeEM COOTBETCTBYIOWNeErO H3MeHeHHA BbIPAXKeHHA, 
OTHOCAMLerocaA K aTOMy remHA. TlogzctaBnad B Q@urypupyrouue B OTAeBHBIX UNeHAX oHepruu 
OKMMaemMbIe SHAYeEHUA — pe3yIbTATHI, NOJYYeHHbIe MPHOIMWKeHHOH BOJIHOBOH pynKiueii 
Yaura, Jad gHeprun, onpexesisionje cMeueHHe Jlam6a, MOTYYeHO SHaueHHe 10,12-10-5 9B, 
a JIA 9HeEpruu, mpuOsmuKeHHO onpexenAomeH B3aumoyelicrBHe H3IyueHiA MEXxKyY ZByMA 
9eKTPOHamMU — 0,63- 10-5 98. Baruutas CYMMY STHX ABYX BeIMYMH U3 7,72. 10-5 9B, ompe- 
ACHAOUErO CMenjeHHe JIamOa B csyyae ABYX CBOOOJHBIX aTOMOB BOsOpOsa, AIA H3Me€HeHHA 
SHEPruu CBxASH BCJIEACTBHe NOABeHUA KOPP€KUMOHHBIX YWICHOB H3J1y YeHUA nosyuaetca 
—1,77-10-5 9s. 97a BenuuuHa Ha OANH MOPALOK MEHbIUe COOTBETCTBYIOMIerO SHAYCHHA aToma 
resIMA, OTHOCHMeEroca K ero OCHOBHOMY COCTOAHHI0, H TaKHM OOpasom He BUAeT Ha TeOpeTH- 
yeCKOe 3HaYeHHe SHEPrHH CBASH MOJEKYJIbI BOLOPORa, ONPeweneHHoe c TOUHOCTEIO 10-4 OB. 
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AN APPROXIMATE SOLUTION 
OF A GENERALIZED STATISTICAL MODEL 


By 


a 
Zs : K. LapAny1 


=, 
| RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


and 
P. SZEPFALUSY 


PHYSICAL INSTITUTE, UNIVERSITY FOR TECHNICAL SCIENCES, BUDAPEST 


: (Presented by A. Kénya. — Received 19. XI. 1960) 


A variational method is presented for the solution of statistical equations derived by 
the authors independently of each other. A non-linear system of integro-differential equations 
is given for the radial density D, of the electrons of azimuthal quantum number /. The varia- 
tional method introduced here reduces the number of equations. The method has been applied 
to the determination of the electron density of the Ar atom; the agreement with HARTREE’s 


results is satisfactory. 


1. Introduction 


The Hartree-Fock method, which constructs the wave function of a 
system of one-particle wave-functions, can be useful in many cases for the 
determination of the wave functions and the energies of fermion systems. From 
the Hartree-Fock method the Thomas-Fermi-Dirac form of the Fermi gas 
model can be obtained in quasi-classical approximation [1]. The energy of the 
Fermi gas model is a functional of density; to calculate the energy it is not 
necessary to know the non-diagonal elements of the density matrix required 
by the Hartree-Fock method. 

Between the results of the Fermi gas model and those of the Hartree- 
Fock method there are some characteristic deviations. These are due to the 


fact that the approximation of the kinetic energy with the Fermi zero point 
By introducing the WEIzSACKER 


considerably (e. g. for nuclei 
) The generalization 


kinetic energy is in general not satisfactory. 
energy term [2] the density function is improved 
the model can already take the surface energy into account. 
of the statistical model by GomsAs [3] yielded the binding energies in very 
good agreement with the empirical values. 

To derive the statistical model MAcKE [4] 
method based on the Hartree-Fock equations. One of us 
this method for the spherically symmetrical case and obtaine 


introduced a variational 
(K. L.) generalized 
d the orbitals of 


1 We note that hereafter the term “statistical model’’ will be used to See a 
simplification of the Hartree—Fock method, in which the energy 1s a functional of density. 
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various azimuthal quantum numbers by means of various anstorra eal 
functions [5]. As a special case the method gives the generalization of the 
statistical model first derived by HELLMANN [6] by grouping the electrons 
according to their azimuthal quantum numbers. 

One of the authors (P.Sz.) [7] also based the derivation of a statistical | 
model on the Hartree-Fock method. It was shown that the statistical models ; 
generalized by introducing the Weizsacker term and the method proposed - 
by Piasxketr [8] for the determination of the density can be reduced to com- 
mon bases (at the same time the necessary modification of PLASKETT’s method 
was obtained, which eliminates e. g. the essential shortcoming of the method 
that its solution is not unique [9]). 

The first approximations of the models developed by the authors are 
identical. The purpose of the present paper is the investigation of the efficiency 
of this first approximation in the calculation of the electron density and binding 
energy of the Ar atom. 


2. Solution of the generalized statistical equations 
The energy expression derived in previous papers of the authors is 


where Ey, is the Weizsacker correction term, Ep and E, are the radial and the 
azimuthal parts of the Fermi energy, respectively, E, is the potential energy 
due to the interaction of the System with the nucleus of charge eZ, E, is the 


potential energy due to the Coulomb interaction of the electrons. The energy 
terms can take the following form? 


dr, (2) 


where ay is the first Bohr radius. The summation is to be extended over all 


azimuthal quantum numbers l, further 


u, = Di? = (4a r? 9,)12, (3) 


where 9, is the density of the electrons of azimuthal quantum number i 


Ex= J ms up dr, (4) 


* The notations of paper [5] will be followed. 
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ies 7 


2 N? 


= (O(n, — 1). (5) 


— * 
- the above relation a (® means summation over all filled states of azimuthal 
A . 1 ‘ 


yy 


quantum number I, n; is the radial quantum number of the state i, N; is the 


es 


number of electrons of azimuthal quantum number I. 


Fo 
= 
¢ 


Zz 1 ea 
a ry ue 
a ; Fo =8z >| Lh (7) 
1 T 
—_ 2 F 2 : 
2 ES= e \J o (t)o(v’) dodo’ -— S—_-| | 0; (t) @; (v’) dv dv’ . (8) 
2 |r — t’| fe 2 N, jr —t’| 


| 
The second term of the energy E, is responsible for the consequent elimination 
~ of the Coulomb self-interaction. Varying the functions u, in the energy expres- 
--sion (1) by fixed particle number N,,..-, N; the equations for the determina- 
‘tion of the radial densities are obtained. 
These equations, however, are much more complicated than the original 
Thomas-Fermi equation involving only one function of three variables, the 
electron density 0 of the system. Therefore we introduce a variational approxi- 
mation which makes possible to reduce the problem to a single integro-diffe- 
‘ential equation. The method is presented in the case of the Ar atom and the 
various generalizations will be discussed later. 
For the approximate determination of the radial density ui, of the s-elec- 
trons the following variational assumption is used 


» uz = he — eee UN io (9) 


where uj, is the radial density of the two 1s-electrons. The “‘Ansatz”’ (9) is 
based on the assumption that the function ui — uj, and the radial densitiy 
u; of the p-electrons are approximately proportional. This assumption is 
confirmed by the results of the Hartree method. Further, it is very plausible 
that in the neighbourhood of the nucleus, wu, can be well approximated by the 
radial density of the hydrogen-like 1s-electrons, as in this region the potential 
of the other electrons is approximately constant, and so the potential energy 
due to the Coulomb interaction with the nucleus and the Weizsacker correction 
rtant role. (In the case of s-electrons the Fermi energy 


term play the most impo 
Substituting the variational assumption (9) into the 


has no azimuthal part !) 
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N, we obtain the following equation 


1 os i Z e(t’) ,, 
a) 1 + 3x, uf + e?a,—u, — e? —u, + e| | =? dp’ — 
yo ri p 3%, Uy + e° ay = at | jr—r’| 


, d2 Z 
1 Q, (v’) av’ u, ~[-s-#a so + 3%, ui — e? —u, 


~—N,) fe vi 2 dr” - 
i ec ee 
lr —r’| N,J |r —t’! 1 Uo 


where E, is the Lagrange multiplier. It follows immediately from the differen 
tial equation for the function u, that the expression in square brackets is 


equal to Equy (E, is a Lagrange multiplier). Thus equation (10) can take thej 
following form 


a? 1 | 

—— ea, + ++ 3x, ub + ea,—_u, + Vu, = epi. (11. 

dr? r? ‘| 

with 
Vg , ex = , 

V = e e i =u (t ) dv’ | N 3 | Oy (r ) dv’ = (12%) 

r |e — v’| N, |r — 1] 

where 0, is the density of the 1s-electrons, N is the number of electrons in thed 


atom, further 


As has been mentioned the densiti 


ciably by the potential due to t 
mation 


y of the 1s-electrons is not influenced appre-} 
he other electrons, i.e. to a good approxi-4 


sf 


2 O48. 0) ager, 
ui, = 8/2. re i eG 


16 


whe extension of the procedure is also plausible. If the function Uys is deter-4 
mined from the differential equation derived by varying uj, in the energy 
expression (1), (9) obviously yields the exact function Uo: 


The advantage of the system of differenti 
Uys and u, i 


al equations for the functions 4 
equations for the functions Ug and u,. The 


solution of equation (11), takin | 
(14) into account, can be regarded as the fi : 


rst step of the iteration method. | 
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For the Ar atom where only s- and p-states are filled, the equation for 
e functions u,, and u, can also be obtained by substitution of (9) into the 
ation for the functions u, and u,. The variational method described here is 
of significance also because its generalization makes possible to reduce the 
umber of functions to be determined. As an example for a larger number of 
lectrons the following variational assumption can be useful 


ej 

# 

> N, — 2 

7 up = Ui, + ae. a u’, (15) 
ry —N, 

7a 

a N, ae 

Da ; uj = lw if TL 0". (16) 
eae 0 : 

- De 

| 10° 

| 

: 

| 


0,2 04 0,6 gai, ie 3 


atom. rin dy units, the radial density Do 


Fig. 1. Radial density of the s-electrons for the Ar 
or these electrons by 


in I/ag units. The dashed line shows the radial density calculated f 
| HarTREE [10] 


H 


The energy expression is to be varied with respect to the function u with the 


following condition: 


( wWdr=N—Ny. 
6 


The differential equation (11) has been solved numerically with the 


boundary conditions 
(17) 


uy (0) = 4, (co) = 9. 


e L. The densities D, and D, as well as the radial 


The solution is given in Tabl 
2 


electron density D of the Ar atom are shown in Figs. 1— 


9 
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Fig. 2. Radial density of the p-electrons for the Ar atom. r in do units, the radial densityy 
poe ae The eee line shows the radial density obtained for these electrons bh 
on ; HaRTREE [10] * 


7 


] 2 . os 
Fig. 3. Radial electron density of the 
The dashed line shows the ra 


4 § 


the radial density D in 1/ag units. : 
culated by HARTREE [10] 
* 


Ar atom. r in ay units, 
dial electron density cal 


: 
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11,7012 


2 10,8616 

3 10,0495 

‘ 4 92872 

5 8,5849 

6 7,9411 

Sak 71,3532 

8 6,8163 

‘ 9 0,0010 85 6,3267 

, 0,010 0,0016 0,90 5,8773 

0,02 0,0217 1,0 5,08550 

3 0,0922 11 4,41377 

4 0,2449 1,2 3,83925 

5 0,5036 1,3 3,34378 

6— 0,8812 1,4 2,91453 

T 1,3797 15 2,54147 

8 1,9916 1,6 2,21474 

9 2,7022 1,7 1,92932 

: 0,10 3,4918 1,8 1,67936 

= 1,9 1,46023 

0,12 5,2180 2,0 1,26834 
& 14 6,9886 

an 16 8,6507 a2 0,95339 

= 18 | 10,0991 2,4 0,71297 

“?e 20 11,2802 2,6 0,53014 

_— 22 12,1815 2,8 0,39199 

3 24 12,8207 3,0 0,28804 

oe 26 13,2285 a2 0.21014 

“| 28 13,4440 3,4 0,15217 

a 30 13,5049 3,6 0,10908 

La A 13,4462 3,8 0,07717 

ja 34 13,2955 4,0 0,05364 

= 36 13,0776 4,2 0,03637 

38 12,8121 44 0,02382 

0,40 12,5139 4,6 0,01465 

4,8 0,00831 

5,0 0,00412 

52 0.00161 

5,4 0,00035 

5,6 0,00007 

5,8 0,00001 


3. Discussion 


On the basis of Section 2 we may assume that the density and the total 
jonization energy obtained for the Ar atom by the variational method approx- 
imate well the exact solution of the model. The model has been derived from 
the Hartree-Fock method. In the calculation of the interaction energy between 

the electrons the exchange energy has not been taken into account so the 
results of the model are to be compared with those of the Hartree approxi- 


nation. 
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The density distribution as can be seen in Fig. 3 approximates well the 
density obtained with the Hartree method. The total ionization energy obtain. 
ed here can be compared with the semi-empirical value of SLATER. The latt 2 
exceeds the energy calculated by the Hartree approximation. (The semi- 
empirical value involves the exchange and correlation energies.) The exchange 
energy for the Ar atom is approximately —25 e?/a,. Thus the total ionizations 
energy of the Hartree approximation is about +500 e/a), whereas the energ) ! 
obtained by us is only +428 e?/a,. The reason for the error can easily be found. 
The authors followed different ways in constructing the statistical model. 
The model used here is based in both methods on assumptions satisfied witht 
adequate accuracy only where the potential does not vary appreciably. In they 
neighbourhood of the nucleus this condition is not fulfilled and it seems neces-~ 
sary to investigate the behaviour of the model in this region separately. 

Let us restrict ourselves to a small region of the neighbourhood of thes 
nucleus where the Hartree one-electron wave functions are well approximated} 
by the hydrogen-like wave functions corresponding to the atomic number 
Z = 18. This approximation is justified as long as the screening effect of the4 
electrons on the potential of the nucleus can be neglected. In this region the 


interaction energy of the electrons as compared to the other energies is neg 
ligible. In Table IT the following function is given 


AE (7) = 4x | [£(r') — € (r)] rar’, 
e 0 


where oe is the energy density calculated with the hydrogen-like wave func- 
tions and &{} is the statistical energy density. The largest radius is 0,08 Ay 
up to which the hydrogen-like wave functions give a good approximation. | 


Table II 


Difference between the wave mechanical and the statistical energy for the regions in the: 
neighbourhood of the nucleus, as a function of the radii of these regions. The energy is given: 
in e?/ag units, the radius of the region in a, units 


r AE, AE, 
0,01 0,9017 22,5974 
0,02 1,066 24,907 
0,03 — §2ggeee 11,8539 
0,04 — 21,8528 | — 35998 
0,05 — 40,623 | 99.986 
0,06 — 62,5065 | —42,7015 
0,07 — 84,2969 | 56,5119 
0,08 —108,355 | = 73.134 
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The aoe AE, and AE, have been calculated with the kinetic energy 
sities — a wy; Ay; and ~ De |Ay, re respectively; in wave mechanics 
0 th are used. 
= Table II shows that the greater part of the error of the binding energy 
ealculated on the basis of the model is due to the region in the neighbourhood 
of the nucleus, which could be expected considering the derivation of the model. 
We note that the variational approximation introduced by one of us (K. L.)[5] 
eliminates the greater part of the error discussed above by correctly taking 
into account the electron wave functions (without any averaging of the oscil- 
lations). From the above consideration we may conclude that in cases where 
the potential does not vary appreciably the model yields good results for both 
the density and the energy. Further, the error of the model in the neighbour- 
hood of the nucleus does not influence the relatively accurate calculation of 
quantities for which the behaviour of the model is important at the boundary 
of the atom rather than elsewhere (e. g. ionization energies, electron affinities). 
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D°UB6JIMYKEHHOE PEWEHHE OBOBUIEHHOM CTATHCTHYECKON MOUEJIM 
K. JIAQAHH u 1. CEM@AJIYLIM 


|Pesiome 


[Ipu pemenuu craTucTHyecKoro yPaBHCHHA, BbIBECHHOTO ABTOPaMH HE3aBHCHMO OAH 
OT [pyroro, mpHMeHsAeTCA papHalHoHHEIt mero. Jia pawvaJibHon TIOTHOCTH 9JIEKTPOHOB 
D, a3iiMyTaJIbHOe KBAHTOBOe YHCIIO KOTOPbIx 1, NaeTCs. OHO HeMHeHHOe MHTerpasbHO-Lniipe- 
penuvanbHoe ypaBHeHue. Uncs0 ypaBHeHun Tip IpUMeHeHUM BapHalMOHHOrO McTOAa yYMCHb- 
maeTca. JlaHHbIM MeTOJOM Obia OMpeseseHa TJIOTHOCTP gNeKTPOHOB aToMa AT; pe3yJIbTAaTbl 
YAOBIETBOPHTeNbHO corsacylorca C pesyibTaTamMu XapTpu. 
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<a 


Von 


M. ScHUBERT und B. WILHELMI 


PHYSIKALISCHES INSTITUT DER UNIVERSITAT JENA, JENA, DDR. 


; (Vorgelegt von K. F. Novobatzky. — Eingegangen: 21. XII. 1960) 


Es wird untersucht, welche Schliisse sich aus den Grundgleichungen mit Randbedin- 
gungen, wie sie aus verschiedenen statistischen Modellen folgen, hinsichtlich der Existenz von 
Dipolmomenten molekularer Systeme ziehen lassen. 


1. Einleitung 


Eine naherungsweise Beschreibung atomarer Systeme ist mit der statisti- 


~schen Theorie [1] méglich, deren Grundlage mit dem Einteilchenansatz der 


-Quantenmechanik im Zusammenhang steht. Anwendungen erfolgten bisher 
vorzugsweise auf Atome und Ionen [1], [2], wegen der grésseren Schwierig- 
keiten nur in geringerem Masse auf Molekiile und Kristalle. 

Im wesentlichen sind Molekiile behandelt worden, die sich durch niedrige 
Atomzahl — z. B. N, [3.] [4], HJ [5], JCI [6], H,O [7] — oder durch hohe 
Symmetrie [8], [9] auszeichnen. Unmittelbar aus der Rechnung bei festen 
Kernabstanden folgen die Elektronenverteilung und die Gesamtenergie des 
Molekiils. Mittelbar lasst sich daraus eine weitere Gruppe von Eigenschaften 
bestimmen, die im allgemeinen einer experimentellen Prifung besser zugiang- 
lich ist. Es handelt sich bspw. um die Potentialkurve, aus der auch Bindungs- 
eigenschaften abgelesen werden kénnen, sowie um das Dipolmoment des Mole- 
kiils. Die Lésungen sind nicht in geschlossener Form darstellbar. Die Genauig- 
keit der Ergebnisse hangt demgemass von dem Rechenaufwand ab. Daraus 
resultieren gewisse uneinheitliche Auffassungen in der Literatur tiber die 
Grésse und Existenz der Bindung [10], [11] sowie des Dipolmomentes let 
bestimmter Molekiile. 

Fs erscheint deshalb niitzlich, Aussagen tiber diese Eigenschaften direkt 
aus den Grundgleichungen zu gewinnen, um so die Unsicherheit der numeri- 


-schen Rechnung zu vermeiden. Solche Untersuchungen wurden in der vor- 


liegenden Arbeit tiber die Existenz von Dipolmomenten* unter Beriicksichti- 
gung verschiedener statistischer Modelle angestellt. Hierzu erschien es not- 


* Die Beantwortung dieser Frage kann einen Hinweis darauf geben, ob es prinzipiell 
moglich ist, statistische Modelle zur Berechnung der Intensitaten bei Rotations- und Schwin- 


gungsspektren heranzuziehen. 
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wendig, die Ableitung der Grundgleichungen gemeinsam mit den Randbedin- 
gungen unter allgemeineren Voraussetzungen vorzunehmen, als sie von 
SHELDON [10] benutzt worden sind. 


1 
| 
| 


2. Bestimmung der Grundgleichungen mit Randbedingungen 


Die Gesamtenergie E des Elektronengases im Kernfeld setzt sich aus der | 
kinetischen Energie, der potentiellen Energie der Elektronen im Feld der 
Kerne, der potentiellen Wechselwirkungsenergie der Elektronen, der Aus- 
tauschenergie und der Korrelationsenergie zusammen [1]. Es gilt 


{9 (*):B] = % | ave (i) —e faerie + 
: oe (1) 
+ ~ et | dv |ae’ a al “a dvo (r) +{ du W [o (7)] . 


ps 2 


Lit, 
BB B B 


Dabei sind x, und xq zwei universelle Konstanten, e die Elementarladung, r 
der Ortsvektor, o(r) die Dichte des Elektronengases und W die Dichte der 
Korrelationsenergie, die ihrerseits von der Dichte des Elektronengases aber 
nicht explizit von den Ortskoordinaten abhangt. Die additive Konstante im 
Kernpotential V(r) soll wie tiblich so gewahlt werden, dass V(r) im Unend- 
lichen verschwindet. {| dv bedeutet die Integration iiber das Raumgebiet, in 


B 
dem o(r) ungleich Null ist. 
Der Energieausdruck (1) soll bei festen Kernabstainden und bei fester 
Elektronenzahl N = | dv o(r) zu einem Minimum gemacht werden. Variiert 
B 


wird gleichzeitig nach der Elektronendichte 0(r) und nach der Begrenzung des 
Gebietes B. Dieses Verfahren hat GompAs [1] auf Atome und Ionen ange- 
wendet. Weil dabei Kugelsymmetrie vorausgesetzt werden konnte, liess sich 
die Variation der Begrenzung des Gebietes B auf die Festlegung eines opti- 
malen Zahlenwertes fiir den Radius einer Kugelflache zuriickfiihren. Da bei 
Molekiilen keinesfalls eine Begrenzungsfliche so hoher Symmetrie voraus- 
gesetzt werden kann, ist die Bestimmung der Randbedingung hier wesentlich 
schwieriger: Man muss jetzt einen funktionalen Zusammenhang zwischen den 
Raumkoordinaten finden, der die optimale Berandungsflache des Gebietes B 
festlegt. Es zeigt sich, dass die optimale Elektronendichte innerhalb des Gebie- 


tes B auch bei Molekiilen der von GomBAs angegebenen erweiterten Thomas- | 
Fermi-Dirac-Gleichung geniigt. 
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é Das optimale Gebiet By werde von der Flache Fy begrenzt, die nicht 

_notwendig als Pee cabhiighed anzunehmen ist. Bei ane Ableitung lassen 

“sich eine Reihe mathematischer Schwierigkeiten umgehen, wenn man die 
_ physikalisch sinnvolle Annahme macht, dass die Begrenzungsflache in jedem 

: Punkt @ eine endliche Krimmung hat. Unter @ sollen die Koordinaten eines 

- Punktes auf der Flache F, verstanden werden. 

os Die Aufstellung der Bestimmungsgleichung fiir die optimale Elektronen- 
- dichte 0,(r) und ‘die optimale Begrenzungsflache F, kann mit den iiblichen 


J - Mitteln der Variationsrechnung durchgefiihrt odin Um die Einhaltung der 
_ Nebenbedingung N = ) dv o(r) zu gewahrleisten, wird der Ausdruck 


:; P[o (@*); B] = E [e @); B] + ee neue (2) 


- variiert, wobei eV als Lagrange-Multiplikator anzusehen ist. Die Bestimmungs- 
oss fiir o,(r) und B, gewinnt man folgendermassen: Man ersetzt in P 
die Grosse 0,(r) durch oo(r) + no’(r) und B durch By + B’(¢). Dabei soll 
Be ) eine Erweiterung des Integrationsgebietes By sein. Durch B’(e €) wird 

; eine Schicht gekennzeichnet, die sich an die Flache F, unmittelbar anschliesst. 

‘Thre Dicke sei ch’(w), wenn diese vom Punkt der Flache Fy aus in Normalen- 

richtung gemessen wird. Der Ausdruck Plo(r) + no’(r); By + B’(e)] wird 

nach 7 und ¢ entwickelt. Fiir jede beliebige Funktion 0’(7) cat jede beliebige 

- Funktion h‘(w) muss der Koeffizient von 7 und ¢ verschwinden, wenn es sich 

bei oo(r) und B, um die optimalen Gréssen handeln soll. 

Das re tisiaen des Koeffizienten von 7 fiihrt auf die Bestimmungs- 


gleichung fiir 0,(r) 


)—Vje— 2 xo t2xe@—\—-we@l  =0, 6) 
[Vo (t) — Ve — Hi 20 (1) Bree: ta 0} do ’ 
wobei V,, die Summe aus Kern- und Elektronenpotential bedeutet. Neben dieser 
| Gleichung muss die Poissonsche Differentialgleichung 

AV , (r) = 4200, (7) (4) 


gelten. Die Lésung beider Gleichungen ist erst eindeutig bestimmt, wenn man 


ausser der Nebenbedingung N = J dv o(7) eine Randbedingung vorschreibt. 


Diese ergibt sich aus der Variation sess der Berandungsflache des Gebietes B. 


Zur Durchfiihrung dieser Variation muss die Grosse 


se : ¥ 
| = P [og (#) + 10" (?)3 By + Bl. = | Se otto P(e) 


3* 


= 
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berechnet werden. Nach den Gln. (1) und (2) setzt sich diese Grésse aus Summan- 


den der Form t 


l 
| 
| 
| 


und einem Summanden | 
| 


bts i dv [{ dv’ Sol Got (r) 0(r') | = | oe te (5) | 
Ds 0é | Li r | Lag dE 4=0 


Byo+B'(«) Bot Be) 


zusammen, wobei der letztere Term von der Wechselwirkungsenergie E, der 
Elektronen herriihrt. Unter Benutzung der Voraussetzung der endlichen 


Kriimmung von F, kann man zeigen, dass 


dosh! (w) F [oo (W)] (6) 


Byo+ Be) Fy 


fe) : . 
iO 


gilt. Dabei bedeutet fj do eine Integration tiber die optimale Flache Fy. Etwas 


Fo 
schwieriger ist der Ausdruck der Gl. (5) zu behandeln. Uber die Beziehung 


OE 2 1 . a) =P a >) 
a a = yp ime | av 20) ay 2) _ (gy CoO 
2 Ae >0 Ae , > . 


Oe },=0 pS r+ 
0 B'(e+4e) e 
, i! A = a >>, & > 
+ tim =] J dees) {do 2) — favo (2 f ao | 
Ae—>0 Ae g lr a r’| i = aa 4 
B’(e+ Ae) By Be) By 
. 1 RS E. : =e a a >) 
Beier. | dv 09(?) | dv’ = ry = dv 09 (7) | dy Sols | 
ale AVE | ees ai Eap eee el = 
B'(e+ Ae) B’(e + Ae) Be) Be) ee 


kommt man unter Benutzung einer ahnlichen Uberlegung, wie sie zu Gl. (6) 
fuhrte, zu 


~ =e | doh’ (0) Veo (0). (7) 


Fo 


E 


e 


cS 


ie 
ie 


| 
I= 


Veo(@) bedeutet das Potential der Elektronenwolke auf der Flache Fy: 
Addiert man die einzelnen Summanden entsprechend den Gln. (6) und (7), so) 
erhalt man als Koeffizienten von ¢ 


JOP mie F 5 4 - 
| de = a | ote) {%K Qo(@)* — %_0y(@)? —[Vo(#) —V 9] €0,(%)+W [eo(~)]} ; 


Fy 
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a h’(w) eine willkiirliche Funktion ist, folgt aus der Forderung, dass der 
oeffizient von ¢ in einer Entwicklung der Grésse P verschwindet 


rye Oy (0)” — Xn Oy (00) — € [Vo (0) —P] on (0) + Va (o]=0 8) 


als Bestimmungsgleichung fiir die Berandungsflache. 
; Die optimalen Gréssen miissen die Gln. (3) und (8) sowie die Poisson- 
Gleichung (4) simultan erfiillen. Aus den Gln. (3) und (8) ergibt sich insbe- 
» sondere fiir die Elektronendichte auf dem Rande die Beziehung 


=) 5 
3 


2 : 
5x Go)? — oan 09 (0)? — W [eo ()] + 20 (@) ie W (0) 


d Q | Om Qo(@) 


wenn man [V,(@) — V] eliminiert. 


| 3. Diskussion der Grundgleichungen mit Randbedingungen 
- 
2 Die Lésung der Gl. (9) fiihrt auf eine von @ unabhangige Elektronen- 
_ dichte auf dem Rand. Setzt man diesen konstanten Wert (> 0) in Gl. (8) ein, so 
~ ergibt sich auch ein konstanter Wert fiir das Gesamtpotential auf der Flache 
F,. Diese Ergebnisse, die im 2. Abschnitt ohne Zusatzannahmen lediglich 
aus der Minimisierung der Energie gewonnen worden sind, gelten sowohl fiir 
~ den allgemeinen Fall der Gl. (1), als auch bei Vernachlassigung der Korre- 
lationsenergie, was einer Betrachtung nach Thomas-Fermi-Dirac entspricht. 
Es befinden sich demnach alle Ladungen (Kerne und Elektronen) inner- 
halb eines im Endlichen liegenden Gebietes B,, dessen Rand eine Aquipoten- 
tialflache ist. Im Aussenraum darf das Potential kein Extremum annehmen 
und muss zwischen den Werten V,(@) und V (ir —> 00) liegen. Daraus ergibt 
OV 4() 
n 
richtung in den Aussenraum hinein, fiir alle Punkte der Flache F, einheitliches 


, die Ableitung des optimalen Potentials langs der Normalen- 


» sich, dass 


Vorzeichen haben muss. 
Wenn die Gesamtladung des Systems Null ist, folgt daraus wegen 


das Verschwinden der Normalenableitung des Potentials in jedem Flachen- 
punkt, d. h. der gesamte Aussenraum ist feldfrei. Dasselbe gilt auch fir 
nichtzusammenhangenden Bereich B,. Bei neutralen Molekiilen lasst sich 
also feststellen, dass eine Theorie, die auf Gl. (1) basiert, kein Dipol- 
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moment* (generell kein Multipolmoment) liefert; diese wichtige Eigenschaft 

polarer Molekiile kann also mit der vorstehenden Theorie nicht erfasst werden. ; 
Andere Verhaltnisse ergeben sich bei Zugrundelegung des Thomas-Fermi- — 

Amaldi-Verfahrens [1]. Die Gesamtenergie wird durch den Ausdruck 


E =x i dv o GE + eee S {ae fae’ RA AS oa e| dv V,. (7) @ (r) (10) | 
iN 52 |r —r’| y 
B B B | 


dargestellt. Im Vergleich zu Gr: (1) werden hier also Austausch- und Korrela- 
I 
tionsenergie durch ein Glied N E, ersetzt, dabei ist N die Zahl der Elektronen. 


Die Schwierigkeit der Anwendung des Thomas-Fermi-Amaldi-Modells auf Mole- 

kiile liegt in der Definition von N. Baut man das System aus Atomen auf, die 

man aus unendlicher Entfernung nahert, so setzt man fiir N die Elektronen- 

zahl jedes einzelnen Atoms. In der gleichen Weise kann N auch bei schwacher 

Wechselwirkung definiert werden. Die Rechnungen zur Minimisierung der 
Gesamtenergie verlaufen ebenso wie im Anschluss an Gl. (1). Man erhalt die 

Bestimmungsgleichungen 


= = is we ib 
Kr) — Vile, 0 FP SS Tr) = 
[%6() —V e— > seg 0.) = — Ve olf) = 0 (11) 
und 
HK Oy (@)® — [Vo (w) —V] a () e + +S Veo (@) = 0, (12) 


wobei V,, der von den Elektronen herriihrende Potentialanteil ist. Daraus 
folgt als Randdichte 9 .(@) = 0, woraus jetzt nicht auf ein konstantes Rand- 
potential geschlossen werden kann. Damit wird die Existenz eines Dipol- 
momentes nicht wie bei den obigen Verfahren von vornherein ausgeschlossen. 
Man kann Beispiele angeben, in denen ein von Null verschiedenes Dipol- 
moment auftritt. Es wird ein elektrisch neutrales System betrachtet, das aus | 
zwei Atomen mit verschwindender Wechselwirkung besteht (die Atome sollen | 
sich dazu in hinreichend grossem Abstand befinden). Wenn man die Elektro- 
nenladung des einen Atoms um (e4N), die des anderen um (—eAN) andert, 


so erhalt man folgende Energieanderung des Gesamtsystems 


Z,—AN Z,+4N 
OE 
1 dN oa d 
ON Z,=const. 


AE = | rs = 
. ON Z,=const. 
Zz. 
* Auch die Thomas—Fermi-Theorie (Vern ssi 
ee Ue! - rnachlassigung des Austauschterms und des || 
eeeontcrms in Gl. (1)) kann fiir neutrale Molekiile kein Dipolmoment liefern. Die Ent- || 
wicklung i: Gesamtpotentials in grosser Entfernung R vom Molekiilschwerpunkt beginnt || 
mit einem Gliede R~™, wobei m > 2 ist. Das Fehlen des Gliedes mit m — 2 zeigt unmittel- 
bar an, dass kein Dipolmoment existiert. (Zu dieser Frage s. auch [9].) 


1 
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eS = —eW;7,(N). 


aN ae 


Z,AN= LA Nae 
AE (Z,, Z,; AN) = —e \ dNV,z,(N) —e ‘ dNVyz, (N). 


Z z, 
2 Das Minimum von AE bei Variation nach AN ergibt sich fiir 
A V,(N =Z,— AN) =Vz,(N =Z,+ AN). 


_ Diese Bedingung lasst sich bei Z, # Z, nur fiir JN # 0 erfiillen. Die Mini- 
, ‘misierung der Gesamtenergie fiihrt also zu einem von Null verschiedenen Ioni- 
= sierungsgrad fiir die beiden Teile des Gesamtsystems. An diesem Ergebnis 
. andert sich qualitativ nichts, wenn man fiir endlichen aber sehr grossen 
e Abstand A die Wechselwirkungsenergie der beiden Ionen mit beriicksichtigt 
(fiir grosses A ist der wesentliche Anteil der Wechselwirkungsenergie durch 
| —(eAN)? 
~ den Coulombterm aa ee gegeben). 


Wendet man das Thomas-Fermi-Dirac-Verfahren auf ein System aus 
 gwei Atomen mit verschwindender Wechselwirkung in gleicher Weise an, so 
wird jetzt die minimale Gesamtenergie bei AN = 0 erreicht. Dieses Ergebnis 


steht in Einklang mit der oben angegebenen Aussage, dass sich mit einer 
Behandlung nach Thomas-Fermi-Dirac kein Dipolmoment ergeben kann. 


; Fiir férdernde Diskussionen danken wir Herrn Prof. Dr. W. ScHttTz 
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RANGE OF PROTONS 
IN THE AGFA K2 NUCLEAR EMULSION 


By 
L. MepDveEczky and G. Somocyi* 


INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES. DEBRECEN 


(Presented by A. Szalay. — Received 11. XI. 1960) 


By measuring the range-energy curve of recoil protons produced in the nuclear emulsion 


by reactions H2(d, n) He® and H*(d, n) He?, calibration points were obtained to determine the 


range-energy relation of the Agfa K2 emulsion. The measured ranges showed good agreement 


- within the error limits with results of calculations for Agfa K2 emulsion containing 60% 


relative humidity [1]. 


The photoemulsion method cannot be applied to determine the energy 
of particles without precise knowledge of their range-energy relation. There- 
fore it is not surprising that in the literature such a great number of both cal- 


~ eulated and measured data can be found on emulsions of different make and 


type. 


The range-energy relation of Agfa K2 emulsions was investigated by 
Lantus [2] and Beset [1]. Both authors carried out calculations for protons, 


and obtained the calibration points by measuring and reducing the range of 


alpha-particles from the decay series of Th. Experimental data on protons 
were reported only by Lanrus, who measured the range of 0,58 MeV protons 
from the reaction N14(n, p) Cl. Both measurements were made in air of 
60% relative humidity, and the calculations were also made for emulsions of 
this kind. There is a substantial difference in the atomic composition reported 
by the two authors and accordingly also in the density of emulsions. According 
to BEBEL’s recent data the latter is 3,38 gem ° as against the previous 3,84 
gem *. Lantus carried out the calculations as described by CUER [Sis while 
BEeBEL made them with the method developed by VIGNERON [4] using — in 
addition to the composition of the emulsion — new data also for the average 
ionization potential value. 

On the basis of the above it can be expected and also understood that the 
nge of protons with identical energy 1s considerably greater 
e two authors referred to than the usual error in measu- 
and calculated values of both authors — on 
The reason for this, besides the use 
is to be found in the fact that 


discrepancy in the ra 
between the data of th 
rement. The data of measurement 
the other hand — show good agreement. 
of emulsions with different stopping power, 


* Now at the Institute of Experimental Physics of the Kossuth University, Debrecen. 
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the range of particles in the investigated region is shorter than 50 mw, and at 
lower energies, the straggling of ranges in emulsions is greater [5] than in 
air because of the small number of grains constituting the tracks. ' | 
| 


Table I 


Range of alpha-particles from decay series of Th measured in Agfa K2 emulsion 


. Mean ranges in « and relative mean errors | 
MeV Lanivs [2] Beser [1] Buspos6é—Mepyeczxy [6] 

5,68 24,6 + 4,2 | 25,0; + 4,1 2a,0 + 2,0 

6,28 285+4,0 | 29,8,+ 3,5 29,5 + 1,7 

6,78 BAU Se sisi 33,39 + 3,2 33,0 2 152 

8,78 ATT = 153: | 49,7, + 1,8 49,0 + 1,0 


In measurements for alpha-particles from decay series of Th [6], we took 
into consideracion only tracks falling in the plane of the emulsion. As it can 
be seen in Table I, values similar to those of BEBEL were obtained, yet for the 
sake of accuracy in other investigations, the testing of the range of protons 
by means of longer tracks was needed. In this manner, it was possible to obtain 
calibration points at higher energies. 

The proton tracks used in our measurements were produced by neutrons 
obtained from reaction (d, n), with H? and H3 targets, respectively. 

In relation to deuterons accelerated by 0,1 MeV the irradiated plates 
formed with them an angle of 0° in the case of reaction D—D and an angle 
of 90° in the case of reaction D + T. Accordingly, the energies of the obtained 
neutrons were 2,850 + 0,001 and 14,06 + 0,02 MeV, respectively. The plates 
wrapped in aluminium foil and then in paper were placed at distances of 120 
and 350 mm respectively from the target, which was approximately 8 mm in 
diameter. In reaction D — D, plates of 100 w layer thickness were used, and 
the time of irradition was 40 hours, whereas with D — T, the layer thickness 
was 200 uw and the time of exposure 2 hours. The emulsions were processed 
by temperature development with amidol [7]. The tracks from reaction 
D — D were measured under a magnification of approximately 1000X, while 
the measurements on the longer tracks were made under a magnification of 
approximately 420X. Transverse displacement of the tracks was measured 
by an eyepiece micrometer and the dip displacement by the finefocus motion 
of the microscope. For the calculation of track lengths, nomograms [8] were 
used. Only such tracks were considered, where the angle between the direction 
of the track and the straight line connecting its initial point with the centre 
of the target was less than 10°. The results of m 
and 2. Both spectra are correct 


easurement are shown in Figs. 1 
ed for the variation with energy of the neutron- 
proton scattering cross section and for the escape of protons from the emulsion. 


Acta Phys. Hung. Tom. XIII. Fasc. 2. 


+3 qu. The mean value calculated from the corrected 
measured 971 recoil protons of 14,06 MeV energy is 
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Fig. I 
Range distribution of 2,85 MeV protons 
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Fig. 2 
Range distribution of 14,06 MeV protons 
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4 In Fig.3 the results of our investigations are compared with range- 
_ energy relations reported by Lantus and BrsEL, respectively. As it can be 
seen, the results of our measurements fall systematically between the two 
Z Taking the limits of error in measurement into consider- 
ation, the agreement in the mean ranges with BEBEL’s figures is satisfactory, 
(there is even full agreement in the case of extrapolated ranges). The ranges 


are in all cases, greater than those reported by Lantus. In our opinion, the 


- following facts are responsible for the slight systematic deviation from BEBEL’s 


je 2) 
_ range-energy curves. 
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60% relative humidity, b) the composition of emulsions is not completely 
identical in the different preparations [1]. | 
Summing up our investigations, it can be stated that in Agfa K2 nuclear 
emulsions, it is BEBEL’s calculated values that correspond to the range-_ 


| 

t 

data: a) our investigations were carried out in air containing exactly less tha 
f 

| 


= 
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10' tt tt sd 
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Fig. 3. Range-energy relation of Agfa K2 nuclear emulsions for protons. The uninterrupted 
curve represents BEBEL’s calculations [1] and the dotted curve those of Lanius [2] 


designates data measured on and reduced from Th stars [6] 
+ designates data measured on tracks of recoil protons 


energy relation of protons. It is, however desirable to carry out the calibration 
also at energies not yet investigated. 
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EXAMINATION OF TANTALUM MONOCRYSTAL 
TIPS BY MEANS OF A FIELD EMISSION 


MICROSCOPE 
: L. Ernst 


INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 


(Presented by E. Winter. — Received 28. XII. 1960) 


ze We examined by means of a field emission microscope the degassing process of tantalum 
tips and the deformation of pure tips, on the one hand under the influence of heating only 
and on the other under the influence of both heating and electric field. In the former case aes 
- observed a behaviour similar to that of tungsten, in the other case a behaviour different from it. 
"We observed also the formation of twin crystals under the influence of heat. 


1. Introduction 


The principle of the field emission microscope is as follows [1]. 

To a very fine metal tip in vacuum a negative voltage is connected, which 
is high relative to the fluorescent screen surrounding it. Under the influence 
of the high field intensity around it, the tip emits electrons and in consequence 
a considerably enlarged emission image of the surface of the tip appears, on 
which the bright spots correspond to surface parts of low work function and 
the dark spots tq surface parts of high work function. Taking into consideration 
that the dimensions of the tip are usually smaller than the grains of the poly- 
crystalline metal the obtained image is characteristic of the monocrystalline 


Shi 


structure. 
As yet tantalum tips have been examined by relatively few researchers 


_ [2, 3, 4] by means of a field emission microscope and DRECHSLER was the very 
first who was able to produce the field emission image of an absolutely pure 


tantalum surface. 
: As we were able to reproduce the simplest field emission microscopic 


experiments on tungsten tips we began to study tantalum, a metal which has 


been relatively little examined but which is of great practical importance. 


oe Experimental device and method 


The field emission microscope can be seen in Fig. 1. The borosilicate-glass 
sphere of 3,5 cm radius was covered on the inside by a tindioxide conducting 
to which the tungsten terminal b was connected. The 


layer serving as anode, 
he tantalum tip 


willemite fluorescent layer was put on the conducting layer. T 
was welded on a mesh made also of tantalum wire. By means of electric heating 


> 
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of the mesh the tip can be made free from both adsorbed and absorbed impu- 
rities. The mesh must be made of tantalum, in order to avoid alloying during 
the heating process. The tip was made of a wire of 0,1 mm diam. produced | 
by electrolytic etching in a 40% fluorhydric acid solution at 30 V d. c. | 

Before incorporation the tip was examined under the microscope to | 


} 
| 


ascertain whether its surface was perfectly smooth and whether its radius of | 
curvature was smaller than lu. Namely, the radius of curvature must be 
smaller than this value if we wish to obtain from the tip a comparatively large - 
field emission current at an anode voltage of some kV-s. During operation the 
tip was earthed and to the terminal 6 a positive voltage was connected from a 


high voltage supply which could be regulated from 1 to 15 kV. 


c= 


Fig. 1. Schematic structure of a field emission microscope 


The field emission valve was connected at c to the ultra-high vacuum 
pump. Ultra-high vacuum was produced by a procedure which essentially is 
a kind of ALpERT-technique [5]. The structure of our vacuum system was as 
follows: after a glass mercury diffusion pump and a liquid air double trap fol- 
lowed a two-stage ultra-high vacuum pump; connected to each stage was a 
Bayarp—ALPERT ion meter and a Comsa—Musa ion pump [6]. The two 
stages were separated from each other and from the trap by magnetically 
controllable glass valves. The field emission microscope was connected to the 
second stage. After keeping the ionic pump-part for some hours at 450° C in 
a furnace and degassing the electrodes by heating them up by means of electron 
bombardment, we measured in the second stage an air-equivalent pressure 
of 1 - 10-9 mm. After heating for one or two days we could reduce this value 
to 5—6- 107-10 mm. 

If the vacuum is suitable the degassing of the tip can be performed by 
heating it gradually at increasingly higher temperatures. The heating process 
was at times interrupted and the field emission image produced and photo- 
graphed. At the same time the field emission current and the voltage belonging 
to it was measured. This is useful because the voltage belonging to a given 
current at a given radius of curvature is characteristic of the work function, 
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respectively of the form of the tip. The current was measured by means of a 
microammeter, the voltage by an electrostatic voltmeter of 10, respectively 
15 kV range of measurement. The measurement of the heating temperature of 
the tip was carried out by means of a disappearing-filament optical micropyro- 
eter. The temperature of the tip itself, which was of submicroscopic dimen- 
ons, could not directly be measured in this way. The temperature can only 
be measured near the welding spot and from this, taking the radiation loss into 
consideration, the temperature of the tip itself can be calculated [7]. The two 
values differ from each other only above 1500° C to any greater extent. In 
case of the first tip examined by us we determined the temperatures over 


1850° C by: means of extrapolation of the heating current — tip temperature 


curve, therefore the accuracy of these values is rather limited. 


3. Preparation of a pure tantalum tip 


Two tips were examined, one after the other, by means of a field emission 
| microscope. Under the influence of the heat treatments they behaved essen- 
tially in an analogous way only on the second tip formation of a twin crystal 
could be observed; concerning this observation we give a more detailed account 
in section 6. Fig. 2°shows the typical images obtained of the first tip after 
heating at various temperatures. At the time of photographing the tip was 
naturally at room temperature and the pressure generally did not rise above 
the value of 3 - 10-9 mm, but in most cases it was about 1 - 107? mm. 

(In the Figure the following denotation is used: t, = temperature of 
heating, tT, = the heating time belonging to it, V = voltage necessary to 
gain a current of 1 wA.) 

Fig. 2/a agrees with the image of a tantalum tip made and considered as 

pure by Gomer [2] and Fig. 2/d with that studied by Haerer and al. [3]. 
On the other hand, Fig. 2/e agrees essentially with the really pure tantalum 
image of DRECHSLER and VANSELOW [4]. 
: The criterion whether a surface is pure from the point of view of field 
emission microscopy, i.e. from a point of view making the most exacting 
demands is that the image of the material in question should not change up 
to the highest attainable temperatures. 

As we shall see further on, though the image changed during the further 
heating, this was due to the diffusion of the solved impurities from the jails 
of the tip, so that after all Fig. 2/e can indeed be regarded as the field emission 
image of the pure tantalum tip. 

The photographs presented correspond to the mean phases of the degass- 
ing process and besides these some transitional images were also observed. 
The image of the pure tantalum tip is characteristic of body-centered cubic 
lattice metals. The central dark spot corresponds to the surface 011, the two 


9 
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e round spots correspond to the surface 001, Perncudenly 010. Making a 
parison with the image of the tungsten tip (Fig. 3) we see that the most 
ntial difference between them is that on the latter image the surfaces 112 
ppear too (four dark spots placed in the form of an X), while in case of tan- 
talum they do not appear. From this point of view tantalum behaves according 
the theory and tungsten does not. Namely, according to STRANSKI’s theory 
the appearance of 112 faces on the surface of the body-centered cubic 
ice also a force between the third neighbours must be effective. But in this 
ase also 111 faces must appear [8]. This is not the case either for tungsten or 


Fig. 3. Field emission microscopic image of a tungsten tip 


for tantalum, so in case of these metals the force acting between the third 
neighbours can already be neglected. The reason why in the case of tungsten 
the 112 faces do appear has as far not entirely been cleared up. 

On the basis of the FowLER— NorDHEIM equation for field emission the 


ure of the tip can be calculated if the work function, the cur- 


radius of curvat 
calculation 


‘rent intensity and the corresponding voltage are known. For this 
the following formula was given by DrecusLeR and HENKEL [9]: 
0.15 


y 


yo =) 4, 


“where g means the work function in electron volts, V the voltage in volst 


necessary to gain 10 wA current and -r the radius of curvature in Angstréms, 


Fig. 2. Degassing of a tantalum tip = 
a)t = 1750° GC + = some minutes V= 7,07 kV . 
b) t, = 1900°C t,=— 10sec, t2= 1830° C +, = 2m. V= 9,50 kV 4 
c) ty = 1880° C- t= 1,5 m,~ tg 1920° GC 1, = 10 see. Vie 9855 0) V 
ad): = 1920°C 1=1,5m, V = 8,35 kV 


e) tf = 1880° C 1, —1m, eer @t,= 2m V= 8,70 kV 
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From this formula r is obtained with an error of about 20 %- Converting 
relation to 1 wA current we obtained for the constant 0,17 instead of 0,1 
As the work function of tantalum is 4,1 eV [10], the radius of curvature of tk 
tantalum tip reproduced in Fig. 2/e was found to be 8 - 10-5 cm. In our ¢: 
this value corresponds to a magnification of about 30 000 times. 

Raising the temperature of the already pure tip for some seconds 
2000° C the image visible in Fig. 4 appears. After further heatings abo 
2000° C we obtained only images similar to that of Fig. 2/e. We have oft 


Fig. 4. Impurity migrated onto the surface of a tantalum tip 


Also in such cases when the image of pure tantalum already had appeared we 
obtained after raising the temperature again an image of impurity but after 
further heating for an adequate time we obtained at any temperature onl 


process the cleaning of the surface happens with a greater velocity than the 
diffusion of the solved impurities onto the surface and thus near the 


come to the surface and if these impurities are of an appropriate quantity wei 
obtain an impurity image. This repeats itself until the inside of the metal] 
becomes clean too. Also in this respect the behaviour of tantalum differs from 
that of tungsten. If once the surface of the tungsten tip has become clean it: 
remains so, to whatever temperature it is heated as we could convince ourselves! 
from the images on the screen of the field emission microscope. This is easy | 
to understand, considering that tungsten practically does not solve gases while> 


ae good solution power of tantalum for gas is well-known, its getter capacity} 
being based upon just this property. 
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eS Unfortunately we could not define by which impurities certain character- 
istic images were brought about. But it seems to be probable that oxygen 
5 lays the most important part among the impurity gases. The entirely pure tip 
was left for 40 hours in the air and after this it was heated to 1400° C. The 
esult was the image reproduced in Fig. 2/c. 


z The appearance of the individual characteristic images is not bound up 
with certain temperatures. E. g. the image shown in Fig. 4 could be observed 
not only after heating to 2000° C but also at 1150° C. The fact which kind of 


images will appear is determined rather by the surface concentration of impu- 


5 


| Fig. 5. Miller indices of faces appearing on a contaminated tantalum tip 


rities and this is a function of the ratio of the diffusion towards the surface and 
the evaporation from the surface. Simultaneously with the heating of the tip 
certain reactions will take place between the absorbed gases present on the 
surface and the tantalum, while new surface phases are arising and various 
. faces are growing. 
The Miller indices of the faces which mostly were appearing in the form 
of dark spots were determined (Fig. 5). Besides the faces shown in the figure, 
on the almost clean tip near 111 often appear the 779 surfaces, as it is visible 
e.g. in Figs. 4 and 8. Most frequently the 447 faces appear and they probably 
correspond to some oxide. We remark that HAErer et al. regarded the 447 
faces visible also on their photographs [3] as 112 faces and on the basis of this 
they stated that the field emission image of tantalum agrees with that of 
tungsten. In fact — as we have already mentioned — the image of tantalum 
on their photograph was partly contaminated and not 112 but 447 faces occur 
on their photographs. 
The usual procedure to determine some index is the following. On the 
screen or on the photograph the distance of the centre of the spot in question 
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from a point of known index is measured and from this the index is calculate | 
Tt must, however, be taken into consideration that the image — because of 
the field not being perfectly spherically symmetrical — is distorted. Theresia | 
the angular distance of the two hexahedric faces immediately recognizable a | 
the images is measured on the screen. Suppose this to be a, then the correct 
angular distance can be obtained by multiplying the measured values by a 


: | 
factor of 90/a. In this way one generally gets correct values, however, in our 


case we could not obtain correctly the angular distance of the points of known > 
indices determined for the sake of control. E. g. in case of the first tantalum 
tip for the angular distance 111—011 we obtained 33,7° + 0,4, instead of’ 
35,3°. The discrepancy may have several causes, e. g. the screen or as it was | 
observed by DRECHSLER the end of the tip may not be exactly spherical [11]. 
In order to eliminate these errors we made the indexing in that way that 


we measured on the photographs the angle of inclination between the straight | 
line connecting the point in question with the centre of the face 011 with the. 
line connecting face 010 with 011. From this the indices in question can be 
calculated. By this method we obtained exact values even if the system is not 
spherically but only cylindrically symmetrical. 


4. Dependence of the form of tantalum tips en the temperature 


BECKER observed that some surfaces of a tungsten tip already heated 
to 2300° C grow after a reheating at 900° C. A similar symptom can be observed 
on tantalum tips too. In Fig. 6 it ean be seen that after heating at lower tempe- 
ratures the surfaces 011 and 001 enlarge. Heating the tip again to 2000° C we 
regain essentially the starting image. The photographs, naturally, were taken 
at room temperature. 

This phenomenon can be explained by the fact that at higher tempera- 
tures crystals become gradually more isotropic [13]. The tip has the form of | 
a hyperboloid of revolution and is cut by the crystal faces in the directions 
in which the surface free energy shows a sharp minimum. These are equilibrium 
surfaces of small Miller-indices, i. e. in our case of 001 and 011. By increasing 
the temperature, the sharp minimum gradually disappears and consequently 
the size of the faces decreases. 

At higher temperatures the dark bands placed in the form of an X along 
the zone 111 are wider than at lower temperatures. This is connected with the 
fact that when heating at lower temperatures in the zone 111 a stepped struc- 
ture takes shape which is especially well visible in Fig. 6/b. According to 
BECKER’s observation this is the case also for tunsgten. The formation of steps 
can be understood, namely with the decrease of the temperature the surface 
energy minimum of 011 becomes deeper relative to the surroundings and this 
condition is favourable to the formation of lattice steps. 
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c) d) 


Fig. 6. Influence of the heat treatment on the form of a tantalum tip 


a) t= 2000° C 7 == 20) sec V = 9,45 kV 
b) t= 1400° C T 30. sec V = 9,35 kV 
c) t= 1170°'C 7 ==-30' sec Ve 9,35 kV 
d) t= 2000° C + = 30 sec V = 9,45 KV 
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We remark that apart from the local deformation at temperatures above 


1000° C, similarly to tungsten, the radius of curvature of the tip grows because 


from the end of the tip surface migration takes place towards the places of | 


greater radius of curvature and then the surface free energy of the whole tip 
decreases. This roughening of the tip appears the most markedly in the decrease 


of the field emission current, respectively in the increase of the voltage at a | 


constant current. 


5. Deformation of tantalum tips under the common influence 
of high temperature and electric field 


The form of the tip examined at room temperature by means of a field 
emission microscope is constant. Namely, the activation energy of the surface 
atom migration causing the deformation is generally so high that it cannot 
arise under the influence of an electric field only. But heating the tip to such 
a high temperature at which surface migration takes already place and also 
switching on an electric field, the phenomenon appears which is called in the 
Anglo— American literature “build-up” and which means that the tip which 
till then was rounded off and almost rotationally symmetrical becomes poly- 
hedral and sharp edges and angles are formed on it. On tungsten this has alre- 
ady been studied by several researchers [12, 14, 15]. In such cases essentially 
two processes can take place: at lower field intensities the equilibrium surfaces 
enlarge, because atoms are migrating to their edges and are further building 
the face. At higher field intensities, however, rather smaller steps are forming 
first of all in the places where plate faces had originally not been. Both processes 
follow from the fact that atoms are polarizable and that their potential energy 
is lower if they are placed on the edges and angles, i.e. on places of higher field 
intensity. At the place with field strength E the increase in the atomic bonding 
energy is 1/, aE®, where a is the polarisability [14]. From this it follows that 
the activation energy of the surface migration decreases proportional to E2 
and so, if during the build-up high field intensity maxima are forming, the 
migration will primarily tend towards these places. 

Fig. 7 shows the process taking place at 900° C on a tantalum tip in the 
field emission microscope. Under the individual images we indicated the voltage 
belonging to the lw A current which in the course of the process decreases, as 
was to be expected. The surfaces 011 and 001 do not grow to any considerable 
degree, rather the step formation predominates. First a concentric step system 
arises the most markedly near 111, where the step heights remain below the 
resolving power. At the same time the bright crosses with hexahedric faces in 
their centres, which appear also on the tip when in the normal state, protrude 
better from their surroundings. In the further process the tapering of 11] 
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a 

"becomes pronounced, a high field intensity maximum appears and the whole 
2 emission current derives essentially from the two 111 tips. Disconnecting the 
"voltage and heating the tip to 1200° C for one minute, we obtain again the 
_ image 7/a. 

_ From the quoted literature it can be established that for tungsten build- 
_ ups of a similar type could be observed only in case of field intensities above 
5 +1077 V/cm. Below this field intensity the surfaces 011, 001 and 112 enlarged 
zi until they met with definite edges. The field intensity in the starting state was 
_ in our case — as can be calculated from the voltage necessary to obtain a gain 
mot | nA current, —2,4 - 107 V/cm. 

As to what kind of process generally will ensue, one can suppose that it 
will be liké that of tungsten at low field intensities, if JQ, >1/, aE?, where 
AQ, means the increase of the average bonding energy arising from the enlar- 
gement of the equilibrium surfaces of the surface atoms. Namely, in such cases, 

in the first place 4Q, contributes to the minimization of the surface energy 
and only secondly 1/, a E?, in such a way that the equilibrium faces will have 
definite edges and in consequence part of the atoms will work their way into 
~ places of high field intensities. In case 4Q)< 1/,ak? and especially if 
- AQ, <1/, ak? the build-up will be of the same type as that which was ob- 
served in case of tantalum, i. e. the influence of the field will be effective in 


the first place. The bonding energy of the surface atoms cf tantalum and hereby 
also AQ,, is because of the higher lattice constant, lower by 30% than the 
corresponding values of tungsten, supposing that the bonding energy changes 
with the distance according to the law r~°. The polarizability of the tantalum 
atom must be greater than that of the tungsten atom but as to how much we 
did not find any data. By no means can it be so much higher that hereby the 
difference between the tungsten and tantalum build-ups could be explained 
if for field intensity the average field strengths calculated for a tip of the start- 
ing state is accepted. Tantalum is probably more susceptible to step formation, 
even without a field, than is tungsten, to which also other signs point, and 
taking into consideration that on the edges of the steps the field intensity may 
be considerably higher than the average intensity on these places only the 
influence of the field will after all be effective. 


6. Formation of tantalum twin crystals 


During the degassing process of the second tip studied, having heated it 
to 1900° C, we reached the state, to which the image 2/c corresponds. Having 
further heated the tip for about 1,5 minutes at the same temperature we obtain- 
ed the image 8/a and after another heating for one minute the image 8/b 
was visible. 8/b is the image of the ‘‘almost pure” tantalum tip. Near 001 there 
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c) 


d) 
- Influence of the electric field on a tantalum tip at 900° C 
a) starting state V = Piss ky 


Fig. 7 


b) 2m J 10,85 kV 
c) 4m V 10,4 kV 
d) 6m y 8,9 kV 


is still a dark band and around 11] also the faces 779 appear which used to 
come forth, as we have already mentioned, on the ‘almost pure” 


tips. In this 
state a twin crystal was 


temporarily formed, namely a penetration twin. The 
twin plane as can be seen intersects the plane 011 along one arm of the dark 


X appearing in the tantalum images, and is in effect nothing else than the plane 
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erystals belonging to the cubic system. According to TERTSCH more than 70% 
of cubic twin crystals are ingeminated with respect to the face 111 [16]. : 

As to the question what has brought about the formation of twin crystals 
_ and what produced afterwards their reversion into normal crystals, we could 
not find anything. It is evident, that heating played a role in it. In this connec- 
tion further examinations would be necessary. 


a) : b) 


Fig. 8. Twin crystal transformation on a tantalum tip 


a) tantalum twin crystal 
b) after reversing into a normal crystal 
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MCCJIENOBAHHE BEPIIMH TAHTAJIOBbIX MOHOKPHCTAJIJIOB 1 
CTBEHHO-3MMCCHOHHbIM MHKPOCKOTIOM 
JI, 9PHCT se 


Pesrome 


TlpocrpaHcTBeHHO-9MUCCHOHHBIM MUKPOCKOMNOM HCC seqOBaIUCh Nporece Aera3supoBaHL 
TaHTaJIOBbIX BePLIMH M LePopMalist YMCTHIX BePIIMH TOA BIMAHHeM HarpeBaHUA, a C pyro 
CTOPOHEI HarpeBanMA UM oeKTpuYecKoroO MonA. B nepBom ciryuae HaOsIOMaN0Ch MOBe_eHM 
anasOrMyHoe HadsmOAaemMoMy y BOsIbippama, a BO BTOPOM — oTHYHOe oT sTOrO. HaOsmogam 
oOpa30BaHHe BOMHMKOBbIX KPHCTAaJIOB NO BAMAHHeM Tera. 
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3. JIEHUBAU, A. WAHA u A. BEMCBYPr 
®VM3HKO-TEXHMYECKHM UMHCTHTYT AKAJIEMMM HAYK BEHIPHM 
H 
HAYUHO-HCCHEQOBATENbCKHM UHCTHTYT TIPOMBILJIEHHOCTH CBA3H, 
BYANEUIT 


(IIpeacrapseno JI. Cureru. — Tocrynuno 10. J. 1961.) 


ApToppt, aHasusupyA jaHHble padot B. H. MaBopuvHa u Apyrux NO UCcNeLOBaHHI0 
QJIEKTPOJIOMMHECICHTHBIX CBOHCTB OeKTpPOIOMHHOmopa ZnS-Cu-Mn. mpuxogsqAT K BpIBOLY, 


 uTO HaOsiHOaeMoe B CHeKTpe Mepepacnpeyesenne MHTeCHCHBHOCTeHM IIpH MPMMeHeHHU NOCTOAH- 


HOrO HM MepemMeHHOrO Halps>KeHHii MOXKHO OOBACHUTb JIOKAJIbHEIM HarpeBaHHemM sAyeliKU. 
9To HarpeBaHne CBASAHO Cc «dc> KOMMOHEHTOM OAHOBPeMeHHO MpucyTcrByrouleli «ac-de» aeKT- 
POJIOMMHECHEHIMM, T. €. TEMMePaTYPHBIM TYWICHHEM 3eJIeCHLIX WeHTpoB. TakHm o00pa30m, B 
JIaHHOM CJIy4ae H3MeHEHHE CICKTPa IICKTPOSIOMMHECLEHLMM CBASAHO He C M3MeHEHeM Ha- 
TIPsKEHHOCTH, Kak MpeqMosaraetca B padotax [1,2], a sABNAeTCA CneACTBHEM N3MeHeHHA 
TemMepaTyDpbl, T. K. TeMMepaTyPHbIe 3ABHCMMOCTH MOJIOCbI MEM M MONOChI MapraHlla PpassIMYHbI. 


B pa6otax [1, 2] Onima uccneqoBaHa 9seKTPOJIOMMHeCHeHUMA TBepAbIX 
KOHJeHCaTOpOB Ha OCHOEe soMMHOopa ZnS-Cu:Mn. ABTopbl MpuMuWIM K BbI- 
BOMy, YTO OTHOCMTeJIbHaA MHTeHCMBHOCTb BYX MIPMCyTCTBYIOUIMX B CIHeKTpe 
QNEKTPOJIOMMHECLEHTHBIX MOC (3eeHaA MONO0ca Cu M dKesITAaA MOsOCAa Mn (3a- 
BUCUT He TOJIbKO OT YaCTOTbI MpMMeHAeMOTO MOJIA, HO M OT ero HallpxKeHMA. 
Tipu Bos0yxKqeHHM MOCTOAHHBIM MOJIeM B CHeKTPe NOABIACTCA TOMBKO dKEsITAA 
nomoca, TOrfa KaK Mp BOsOyKMeHMM MepeMeHHBIM MOJIEM NOABIIAIOTCA MW dKEIT- 
Tad, M 3eseHad. VHTeHCMBHOCTM OT/[eJIbHBIX NOJIOC OTCUMTHIBAINCh B MECTAX, 
gallaHHbIx B padotax [1, 2]. ITu BeMuMHbI NpMBeseHbI B TAOI. I. (@ — MHTeH- 
CUBHOCTh 3eNeHOM momocbl, Y — >KeJITOII.) 

B. H. @aBopuubim u ero coTpyqHuKamu [1] OblI0 TaloKe MccieOBAaHOo 
WM wgyyeHve sOMMHOpOpa ZnS-Cu:Mn mpu ofHOBpeMeHHOM BO3s0y>KeHHM 
TOCTOAHHBIM M TepeMeHHbIM TOKaMM. Mx OCHOBHbIe JlaHHble M0 ITOMY BOTIPOCcy 
ipuBeseHbI B TadsMue I]. (G u Y — TakoKe KaK B TaOsuue | — OTHOCHTeJIbHax 
UHTeHCUBHOCTb dKesITOH uM 3ereHOM MOMOC B YKasaHHbIxX MeCTaXx MaKCMMYMa.) 

B HacTOAMeM COOOUIeHMM jlaeTCH aHaJIM3 SKCIePpMMeHTAJIbHbIX /[AHHbIX 
paooT [1, 2]. Ha ocHope Takoro aHaJIM3a MO7KHO 6bIIO MpuuTM K BbIBOaM, OT- 
NMUAOWIUMCA OT BbIBOLOB B. H. Mapopuua UM ero COTPyHHKOB. IlokagaHo, UTO 
HaHHble BbILeyKaSaHHbIX aBTOPOB XOpOllo cormacyloTcA C OMHOM CTOPOHbI C 
SHOMMHeCHCHTHBIMM 9p PeKTAaMM, BbISBAHHBIMM jleHcTBMeM OMHOBpeMeHHO TIpH- 
JlOXKeHHOTO MOCTOAHHOTO M MepeMeHHOTO HaMpsKeHNA, C pyrou CTOPOHEI ¢ 
V3MeHeHUAMM TeMMepaTypbl, BOSHMKAaIOWUMM  BCIIEWCTBUC yBesMuMBawlencA 
MOUIHOCTH, BbIsBAHHOM yBesMYeHHeM HallpyrKeHHs. 


? 
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Taodanya II 


JjaHupie B. H. ®asopuna (ei) 
Y — OTHOCHTeIbHast MHTEHCHBHOCTS >KENTOI 1 G — 3eneHoli nonoc 


Hanpskenne (V) eenae vinentencnec occa ee 7 
ac 500 ry de V ate y G : 
0 1100 100 5 0 oo 
220) 1100 100 11,5 9,2 1,25 
280 1100 100 15,6 23,5 0,665 
: 400 1100 100 24,0 47,5 0,506 
220 0 0 2,65 9,2 0,288 
280 0 0 58 23,5 0,247 
400 0 0 13,3 47,5 0,280 
0 1050 55 9,0 0 aa 
0 1200 100 23,8 0 80 
: 0 1400 200 32 5 0 60 
280 1050 55s, 33,0 91,0 0,362 
280 1200 100 47,0 85,6 0,55 
280 1400 200 62,2 80,1 0,773 
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(1) 


= K=> — 
te. ~ (utencuonoers npu 520 a 


TH jaHHbIe cosepxKatca B TaOmHue III. 


t j— Ta62nya II] 


SasucumocTb R oT yacTroThl H OT HanpspKCHUA = 


- Hanpsrxenue (V) | 300 | 400 | 500 600 700 800 900 | 1000 | ie 
R/60 ru - — | 1445; — | 1,600] 1,805 | 2,260 | 2,600 | 3,414 
R/600 ry — 0,658 — 0,767 —_ OOS 5 A | S42 wee 7 : 
R/2000 ieee MEA E — 0,559 a 0,676 — 0,804 | 0,980 — 


ia Kak BMHO 43 MpnBeeHHbIX aHHbIX 3HayeHve R, T. €. OTHOCUTEIbHAA 
 WHTeHCMBHOCTD >KeNTOM MONCH! K 3eNeHO Momoce Mpw yBeMyeHMM HalipA- 
KeEHUA PacTeT, a pH yBeIMYeHMM YaCTOTbI — yMeHblllaeTca. 

Jlamee uccieqoBasacb 3aBUCUMOCTb R OT HalipsAKeHMM TIPW PpasHbIxX Yac- 
ToTax. Kak BugHo v3 Tabs. IV cooTHollenna R, onpeewenHble Mp pasHbix 
UByX YacTOTax (C TOYHOCTbIO HeCKOJIbKUX MpoOueHTOB) He 3aBMCAT OT Halips- 
>KeHus. TO ecTb U8MeHeHMe 3HayeHNit R uMeeT OMMHAKOBbIN XapakTep MIpM pas- 


| 
— HbIX IIPMMeHeHHBIX YacToTax. Tada IV coxepoxKUT SHayeHMA COOTHOMEHNA 


Ch — = R,)Ryz,° 


CpejHee 3HayeHne Choo = 194+ 1%; Ceto0 = 2,6 + 8%. 


= 
. 
iL 
os) 


Tadauua IV 


“ 
my 
re 


 SHauennst R, BbIyHCsIeHHbIe MPH PpasJIMYHbIx yacTOoTax, HO iIpH OAMHAKOBbIX HallpAyKC HHSAX. 


 Hanpsoxenne (V) | 300 400 500 | > 600 700 800 900 1000 | 1100 
f — $2 Perego; f07. «(1941 1,92 
ri 
R/60 ry a 
pao ur eee oar | | 28 | 265) — 
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JA BbISCHeHMA 3aBMcMMOCTH R OT HallpAyKeHMA MbI COCTaBMIM rpapuK | 
9TOH 3aBMCMMOCTM Ha OCHOBe JaHHbIX, TIPMBeeHHbIxX B TadmMye TV. Mp nony-| 


UHM BOSMO)KHOCTh OXapaKTepH30BaTb OAHOM KPMBOH SKciepMMeHTabHBIe | 


JlaHHbIe, HOUYYeHHble MPH pasJIMYHbIX YacTOTaX. YMHOIKUB Rey VM Ragoo CO cp el 
HMM sHaveHnamu daKTopoB Céo0 U Coooo M us00paxKad MONyYeHHEIe NaHHBie, 
MbI NOJYUMIIM XOpollee COBMajleHue Cc oKchepuMeHTaJIbHBIMH JlaHHBIMH, noya| 
YeHHBIMM B padoTe [2]. OOmmii xapakrep HalieHHO 3aKoHOMepHocTH ene | 
Goble BbIACHAeTCA M3 TOTO (PakTa, YTO KPOMe HAMM yoKe PaHee UCHOJIb3OBaH- | 
HBIX TpeX YacTOT, u3MepeHHble JaHHble mpu yacToTe 2000 ry xopomo corna- 
cylOTCA C JaHHbIMM, NOJYYeHHBIM pM yacToTax 60 u 600 ry. TakoKe BeposITHo, 
4TO J[aHHble, MOJIyYeHHble U3 ONBITOB B [pyro ycTaHoBKe, MOryT ObITb corwa- 
COBaHbI, €CJIM MX YMHO)KUTh Ha NOcTOAHHYy1O. (Ha pcyHKe 9TH aHHble OTMe- 
YeHbI 3HaKOM*.) 


XO] KPMBOH MOKHO BbIPAasMTb ypaBHeHvem: 


R=A-V*"+ B, (2) 
rye A, a u B nocToaHuple. 


ae 


IIpu paccmoTpenuu JaHHbIx padorTnl [2], NoyyeHHEIx npu OHOBpeMeH- 
HOM JleHicTBMM Toye nocToAHHOrO mM MepemeHHOro TOKa, MO)KHO yYKa3aTb Ha 
cieqyrouMe 3akOHOMepHOcTH. Ha OcHOBe jlaHHBIx, NIpMBeeHHbIX B Taos. II, 
BBIABIIAeTCH, YTO TPH BOSOYWKAeHHM MOCTOAHHBIM HallpAKeHHeM MOABJIAeTCH 
TOJDKO KeITaA MON0Ca, a Ip BOsdyKTeHHM NepeMeHHBIM HallpsKeHHeM TMOAB- 
AAOTCA M OKeIITAA M SeeHad monocbl. Tipu cpaBHenun JaHHBIX, TMOJIyYYeHHBIX 
IPH BO3OYKCHH TObKO MOCTOAHHBIM WH TOMbKO TePp€MeHHBIM HallpsxKeHHeM 
€ AAHHPIMM, MOJYYeHHBIMM TIpM OHOBPpeMeHHOM BOsfelicTBHU MOCTOAHHOTO 
HM MepeMeHHOro HallpsKeHMH, OKasblBaeTca, TO NPM paBeHCTBe MHTeHCUB- 
HOCTeH 3eJICHBIX MO0C MHTeHCUBHOCTh KETO MONOCKI Bcerja OoNbIle, 4eM 
CYMMa MHTCHCMBHOCTeH KETO NONOCI HpM OTeNbHOM BOsfeHcTBUM Tose. 

EcuM 0003Ha4aTb MHTeCHCHBHOCTh dKeNTOT NOJOChI NPH BO3LeHCTBUU TONbBKO 


NOCTOAHHBIM HalipayKeHuem 4epes Y,, a TOKO NlepeMeHHbIM HallpsyKeHHeM 
yepes Yy, Tora Ha WoOaBounbiit 9KenTHIt eper (Y. 
(popMysly: 


Yy= Y (4 Y3) mL (3) 


Ilo Hamlemy MHeHMIO LO6aBoUHBIi cBeT, FY, 
HOMY HallpsKenuio, M sHayenun Y3, paccunt 
XOPOIO COBNaflalwT cO 3HayeHHAMY ve 


NPONOPUMOHAaTeH Mepemen- 
aHHble U3 Cielyioulel mopmy TH, 


VE=—(¥—(Y + YQ), (4) 


Vo 
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THe Voc — MpHOxKeHHOe NepeMeHHOHe HalipsKeHHe, a Vy, TO HalipspKenve, 
¢ KOTOPBIM MbI cpaBHuBaem. (B sanbHeitem Vy = 220 V.) 
: BplleyKasaHHble pe3yJIbTaTbl HM OCHOBHbIe JaHHble cOslepoKaTcA B Tabs. V. 


TaOnnya V 


AHasIH3 aHHbix 1-o rpynmp TadsMuypI II 


- Hanps>Kenne Tox OTHOCHTeIbHas HHTCHCHBHOCTb MaKCHMYMOB 
A ac 500 ru de V de uA Y, Y, Y, y* Y | G 
O- 1100 100 5,0 — — 5,0 5,0 — 
220 ! 1100 100 5,0 2,65 3,85 eles 11,5 9,2 
280 1100 100 5,0 5,8 4,9 15,7 15,6 2355 
400 1100 100 5,0 1333) 7,0 25,3 24,0 47,5 


Jina oOserueHuA cpaBHeHMA NOYYeHHbIX pe3yJIbTATOB MbI BBeJIM 0603- 


_ Hauenue Y*, paBHoe 
y*=Y,+Y.+4+ Y3 (5) 


XOpolloe cOBMajeHHe KOTOPOrO CO 3HaveHHAMH Y nojTBepoKflaeT MpaBiJIbHOCTb 
BbIlleyKasaHHOro pa3soxKeHuad. I]paBHJIbHOCTh CpaBHeHHA C aHHBIMM, NOJYy- 
YeHHBIMH Mp MpMMeHeHHM TOJbKO MepeMeHHOTO HallpwKeHMA MOATBEPK- 
jlaeTca TeM, UTO 3Ha¥eHMA R, paccuMTaHHble M3 [aHHbIX, MOMYYeHHbIX MPH MPH- 
HOOKeCHUM TOJIbKO MepeMeHHOrO HanpwxKeHMA XOPOWO coBMafaiwT c HaGsO- 
jaemoi saBucumocTb R (V) B faHHo oOnacTH HallpwKeHMA. STO 3Ha4unT, TO 
sKeITOe CBeYeHHe, BOSHMKalolllee NPM MPHJIOPKeHHH TOJIbKO NOCTOAHHOTO HallpA- 
SKeHHA, B TOM OTIMYaeTCA OT CBeYeHHA IPH OAHOBpeMeHHOM jleHicTBMM MOCTOAH- 
HOrO M MepeMeHHOTO HalIpwKeHMA, YTO B MOCMeAHEM CHyYae BOspacTaeT (m1po- 
NOpUMOHAIIbHO C HampAyKeHMeM) MJY YeHHe HE TOJbKO IKEJITHIX LIEHTPOB, KOTO- 
pble MOryT BO3Oy>KaTbCA M MOCTOAHHBIM MONEM, HO BOSOYKLaloTCA M jlaJIbHeli- 
wie TaKve WeHTpbl (OOJbUeH YacTbIO 3eJICHBIe, MeHbUWei KeJITbIe), KOTOPble B 
JaHHbIX YCOBMAX BOSOyKMalOTCA TObKO NOA jlelicTBHeM NepeMeHHOrO Ha- 
npsKeHuA. V3 u3smeHeHna WHTeHCMBHOCTelt MOKKEM MOMYYMTb jlaubHenuine 
BEIBOAbI NO AaHHbIM rpynnr 2. Tabnuuya I]. Orcioxa BbIACHAeTCA, YTO BbIUATAs 
wKeNTOe CBeYeHMe, BOSHMKaoUlee MOL elicTBMeM TOJIbKO MOCTOAHHOTO Hallps- 
sKeHMA M3 CBeYeHMA, KOTOpOe BOSHUKaeT MOA lelicTBMeM OJHOBpeMeHHO IIPH- 
MeHeHHOFO MOCTOAHHOTO M NepeMeHHOTO HallpsKeHMM, MbIl TMosy4aem Mpak- 
THUYeCKM MOCTOAHHOe JOOaBOUHOe DKEIITOe CBEMCHHE. OTHOLWeHHe MaKCHMyMOB 
MHTeHCHBHOCTelt gTOrO OOaBOUHOrO AKeTOTO CBedeCHMA K 3eIeHOMY CBe4eHUIO 
XOpOllO coBMafaeT C OTHOWeHMeM MaKCMMYMOB MHTeHCMBHOCTeM DKENTOFO K 
3eIeHOMY CBeYeHHIO, BOSHMKaIOuleMy Np BOs0yKMeHMM TOJIbKO MepeMeHHbIM 
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HanpsKeHueM. (SHayeHMA STHX OTHOUIeHUi TIpM HaNpsKeHUU Bt a 
280V — 500 ru. 6e3 nocrosHHoro HanpsKeHuA —0,247; pH TocToaHHOrO 
HanpsKeHUA 1050 V — 0,264; npu 1200 V — 0,273; u mpu nocToAHHOM HampA- 
»KeHuu 1400 V — 0,367). 


§ 3 
Ha pucyHke 2. 3amMeTHO, HaCKOIbKO ObICTpO pacter ncnombaopannaa 
MOLJHOCTb C YBeJIMUeHHeM HallpAKeHUA. ITO MO%KET BLISBATb CHJIbHOE NOKaJIbHOe 


6 > : r + . i 
t . 


0 500 1000 1500 —>V 


Puc. 7. 3apucumocts R or Hallps>KeHUA (-0-): H3MepeHHa Ha 60, 600, 2000 ru, HOPMHpysAl 
_Ha 60 ru. -x-: usmepeHne Ha 2000 Til HOpMupys mpu 1000 V. ; 


HarpeBaHnve, MU ITHM MOKET OObACHATECA HCHOPMaJIbHOe 3HaYeHMe TOUKM Tp 
HanpwKeHMM TocTOAHHOro ToKa 1400 V. Ecau yMHoKUTb 3HayeHHA oTHOCH- 
TCMHBIX YNCe R, NOMyYeHHbIX Mp OWOBpeMeHHOM qevicCTBUM MOCTOAHHOTO 
M fMepemenHoro HalpsKeHMH, COOTBETCTBYIOLIUM Koop punMenTom uM us06pasuTE 
STM SHAYeHMA B 3aBACMMOCTH OT CyMMapHoro HanpMKeHUA (Puc. 3.), TO Mony- 
yaeM xopoutee COBNaeHHe C€ 3aBMCMMOCTbIO, us0OparKeHHOH Ha puce Tai 
YRA3bIBaeT Ha TO, YTO HarpeBaHue TakKe urpaeT POJIb IPM NOABICHUM u3MeHe- 
HUM, BOSHUKAIOUIUX TOKO MON JefcTRHeEM MepeMeHHOrO HanpsKenna. C yueTom 
TePMHYECKUX LelicTBUul OTKPbIBAeTCA BOSMOIKHOCTS MpocToro OObACHeHUA U3gMe- 
HeHui OTHOWMeHMit MHTeHCUBHOCTeH B crekrpe. Jlocratouno yKa3aTb Ha TOT M3BecT- 
HbIM (akT, UTO cBeYeHHe AKTHBATOPHbIX WeHTPOB Mes (3eeHbItt CBeT) TIpu yBe- 
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peAnmonoxKeHHe, YTO B° Bbilile 


50-+—— = 
0 500 1000 1500 —~V 


Puc. 2. 3apucumoct norpedsisemoit MOLIHOCTH MOCTOAHHOFO TOKa OT HaNpsKEHMA, B CsyYae 


9u1€KTPOJHOMMHECHCHTHOFO .KOHAeHCaTOpa | 


UUTHMPOBaHHbIx UZMepeHHAX Ha CaMOM /feJe, Hake B CyYae TOJbKO NepeMeHHOro 
HallpAyKeHuA, M3 JTy WeHHe BOSHMKaeT Kak w3nyueHve Mpn OMHOBpeMeHHOM 


«ac - dey BO3s0yKeHMH. 


BbIBoJIb! 


Ug ppiueckasannoro cresyet, ¥TO B OnbITax B. H. Papopuna u ero coTpyA- 


HUKOB 
1. Usmenenne cooTHomenuit VHTeHCUBHOCTeH >KeJITOH uM 3eneHOM moO 


Tipu BosOyKTeHHMM MepeMeHHbIM HallpwyKeHMEM, HesaBUucUuMO OT YaCTOTbI B03- 


OyKIeHUA, TIpM UsMeHeHMM HallpspkKenny (3), xopowo onMebiBaeTcA SaBucn- 
MocTbio Ha pue. 1. 
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BUA OLMHAKOBO MIpaloT poslb pH 


YacTh BO8OYKLAeTCA TOJIbKO 
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> | 
2. Usnyerne mo, felicTBuem TepemeHHoro Harlps>KeHMA MO>KHO pas-— 


- Tb. 

JIOWKUTb Ha «ac-dc» KOMMOHeH a 

3. MoujuocTb (pM MOCTOAHHOM TOKe) MCMOJb30BaHHas AYeHKOM, CHIbHO 
BOSpacTaeT IPH YBeJIMYeHMM HalipsKeHHA, YTO MPMBOANT K AOKAIIBUOMY Ha- 
rpeBaHnto. ees 

4. Ypennuenue COOTHOMIeHMH MKeNTOrO K 3eeHOMY M3JIyYeHMtO, Habs0- 
aeMOe MP YBeMYeHHM HalpAKeHHA NepeMeHHOrO TOKAa, OOACHACTCA UBBECT- 
HBIM TeMMepaTYPHLIM TyWeHveM 3eJIeHbIX LeHTPOB. 


13 ] : 


R 


0 500 7000 1500 —>- V 


Puc. 3. 3aBucuMOcTh MOExKAY 3HAYeHHAMH R MOY 4eHHBIX IPH MpuMeHcHHH OJ{HOBPeEMeHHO 
NPHIOKEHHBIX Mosel MOCTOAHHOrO WH MepemMeHHoro TOKA, a TakOKe TPH NPHNOKeHHH TOKO 
noel TepemenHoro ToKa (R) 


(-0-: SHadeHHs, NOJIYYeHHbIe MPH Bos0y)K eHHH Tl€pe€MeHHbIM HalpsDKCHHAM; -x-: SHaYeHHSI. 
TIOJIYYCHHbIE TMIpPH OMHOBP€MEHHOM NPHIIOHKEHHH MOCTOAHHOrO TlepCMeHHOTO Hallps>KEH A), 


5. B YMCHbUICEHHM COOTHOIMeHUA KEIITOTO M3IVUeHHA K SeJIeHOMY, Tipu 
YBeJIMYeHAM YaCTOTHI MlepeMeHHOroO HallIpa)KeHMA, TakoKe HT paeT poOJb TemMlepa- 
TYpHoe TYyWeHne, BOSHMKarosee BCJENCTBUM JIOKAIbHOrO HarpeBaHusn. Tounee: 
1PM YBeJIMYeHHM YacTOTHI «a> KOMMOHEHT CBeYeHHA OTHOCUTeEJIBHO K KOMIIO- 
HeHTy «dey yBeJIMUMBaeTcA, VMeHbulaeTca OTHOCHTeJIbHOe Hal peBaHue 3eJIeHbIx 
WeHTPOB, Tak Kak MeHbuwladvA YacTb MCNOJIb8OBaHHOH MOIIHOCTU npeodpasyercn 
B TelJ10. 

6. Mcno1b30BaHHble B W3MepeHHu ISIEKTPOJIOMUHECLEHTHbIe AYeHKM AB- 


JAOTCH HeJIMHeHHBIMH. ITO MOKeT YKa3aTb Ha BO3MO)KHOCTh CyUleCcTBOBAaHHA 
BHYTPeHHUX Oapbepos., 
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__E. LENDVAY, J. SCHANDA and J. WEISZE 
Abstract 


Stay ; the eit of {oe et al. [1, 2] the authors came to the conclusion that 
penthis Ree cd in the spectrum can be explained by the local heating due to the d. c. 
mponent of the a.c. — d.c. electroluminescence appearing simultaneously in the cells, 
vely by the thermal quenching effect found in the green light. In this case the 

are not voltage- but heat-dependent, the ely Mea dependences of the bands 
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ON MOVING STRIATIONS OF LOW-PRESSURE 
MERCURY DISCHARGES* 


By 
G. LAKATOS and J. Brt6 


INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 


(Presented by G. Szigeti. — Received: 30. I. 1961) 


The authors examined the propagation velocity of the moving striations appearing in 
low-pressure mercury vapour discharge tubes in the case of direct current. They studied also 
the influence of the pressure of argon applied besides mercury on the mentioned velocity, when 
the vapour pressure of mercury was kept at an approximately constant value. 


In the positive column of discharges, also in case of d.c. ones, appear 
oscillations, time instabilities, concerning the origin of which various opinions 
have been put forward [1—4]. In certain current regions, at certain gas pres- 
sures also space charge waves moving in the plasma of the positive column 
can be detected [5] and optically observed as moving striations. 

According to Donauuz et al. [5] in case of d. c. discharges characterized 
by constant electric and external parameters (temperature, geometry, etc.) the 
appearing striation can be regarded as superposition of two space charge 
waves, the origins of which can be interpreted in terms of the phenomena 
occurring in the vicinity of the cathode and the anode [6, 7]. 

These space charge waves are moving in the discharge tube in the direc- 
tion corresponding to the sign of the moving charges. Among these waves the 
negative electron waves have the greater velocity. 

The aim of the experiments here described is the examination of some 
characteristic properties of the space charge waves moving with greater velo- 
cities at various pressures and given discharge current intensities. 

The experimental arrangement used in course of the experiments corres- 
ponds to the arrangement described by DONAHUE et al. [5]. The block diagram 
can be seen in Fig. 1. 

Data of the discharge tube: 

1200 mm length, 38 mm outer diameter; it was filled with 1—4 mm Hg 
argon and about 100 mg mercury. During the experiments the discharge tube 
was put in a thermostatic water jacket so that the temperature pf the bulb 
wall regulating the mercury vapour pressure could be held within narrow 
limits. The tube operated without any external cathode heating and was fed 


tract wi ited ME escent Lamp 
* A report on research conducted under contract with the United Incande I 


and Electrical Co. Ltd. 
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from the stabilized d. c. power supply PS and during the experiments it worked f 
generally under a symmetric ohmic loading. The tube voltage was measured 
by the static voltmeter V, and the net voltage by the instrument V,. The | 
discharge current of the tube could be read on the ammeter I. The instrument | 
V; could for the time of measurement be inserted by means of the sw*tch S. 
The photo-electric cell P with suitably adjusted slit could be moved 
along the discharge tube and the current from it came through an amplifier | 
to the vertical input of the oscilloscope O, according to the arrangement shown 
in Fig. 1. By means of the photo-electric cell the light oscillation representing 


Fig. 1. Experimental arrangement for the examination of moving striations 


the moving striation could be indicated and its frequency, shape and amplitude 
variations examined. 

In each case it was advisable to apply the tube voltage variations to the 
horizontal input of the oscilloscope for the sake of synchronization and thus 
generally a standing wave form appeared on the screen of the oscilloscope. 

In order to reduce the accidental disturbing frequency infiltrations, the 
wirings were made of shielded cables. 

The testing method applied in course of the measurements essentially 
agreed with the method described by DonaunuxE et al. [5] and Yosurmoro 
et al. [8] with the difference that whilst YosHimoro et al. have held constant 
the temperature of the ambient air, in the experiments described above — as 
we have already mentioned — the temperature of the water jacket around the 
discharge tube was maintained at a constant value. 

It is known that the propagation of the space charge wave is also shown 
by the shifting of the excitation processes appearing at the wavefront [9]. This 
means also that the light maximum is moving with a certain velocity and this 
can be well detected by a photo-electric cell arrangement. If the photo-electric 
cell is placed somewhere along the discharge tube, it shows light oscillations 
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_ which are connected with the axial propagation velocity of the light maxima 

(wave fronts) passing before the slit of the cell. Each wave maximum — light 
- maximum — propagates with a definite velocity, in case of a given frequency 
and under constant conditions and this is one of the parameters characteristic 
of the striation. 


The determination of this parameter was carried through by means of 
the photoelectric cell P, as follows. As the oscillation of the tube voltage 
_ regarding its frequency generally agreed with that of the light oscillations, the 
_ light wave could be synchronized in the above-mentioned way and so, on the 
screen of the oscilloscope a standing wave form appeared. Then, at given dis- 
charge parameters the wave form is stable in time and its characteristics depend 
only on the position of the photo-electric cell along the tube. 

Changing the position of the photo-electric cell along the longitudinal 
axis of the discharge tube the amplitude of the arbitrarily chosen phase point 
is modified too. The wavelength / of the moving striation is defined by the 
smallest shifting of the photo-electric cell at which the amplitudes belonging to 
the given phase angle agree with each other. 

- In this case the wavelength was determined by choosing a phase point 
of a well-observable maximum amplitude. The frequency n of the moving 
striation could be determined by comparison of the voltage oscillations arising 
from the light oscillations recorded by the photo-electric cell and the oscillation 
of known frequency of a tone frequency generator on an oscilloscope by 
means of the method of the Lissajous curve. Thus, the wavelength | and the 
frequency n of the striation could be given and knowing these data the propa- 
gation velocity c could be calculated. 

The measurements took place in a discharge current region from 20 to 

400 mA at argon pressures of 1, 2, 3 and 4mm Hg. When the tube was switched 

on, a stabilization time of about 20 minutes was allowed before the measure- 
ments were started. 

In order to ensure the correctness of the measured values it was advisable 

to allow a setup time of 2 minutes after the adjustment for the various current 

values. Without this the effect of the discharge current previously adjusted 
could still be detected. 

It was observable that generally the light oscillation within the tube 
followed the oscillations of the tube voltage. A difference occurred only, when 


the reading took place immediately after the readjustment to new discharge 
In such a case the tube voltage 


conditions (e. g. after varying the current). 
par- 


oscillations settled down quicker to the constant values determined by the 
ticular conditions than the frequency of the light oscillation which — according 
to this experiment — needs a longer time of stabilization. Presumably, this is 
connected with the attenuation effect occurring in the tube, 


relaxation time of the positive column. 


resp. with the 
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As it was already mentioned above, the experimental tube was pees. 
ed by a water jacket. The temperature of the water was held at 25 + oo 2 | 
The reason for applying a water jacket was that the teltyaratens fluctuations | 
on the walls of the discharge tube were to be kept small — in spite of the — | 
that different heat quantities had to be extracted in the case of the various _ 
current intensities. | 

This aim can be achieved when using a thermostatic water jacket (instead | 
of air surroundings) on account of the higher heat transfer —- of water. 
The smaller temperature fluctuations thus attained result namely in a smaller 
variation of the mercury vapour pressure. 

Having fixed the photo-electric cell to a given po of the tales ibe 
turve of the shape visible in Fig. 2 appeared on the oscilloscope. Modifying 


: Bi 


Fig. 2. Characteristic wave form of the light oscillation 4 — Amplitude, ¢ — time, T — period 


che positions of the photo-electric cell also the form of the wave somewhat 
changed. 

Starting from the anode and taking the photographs in steps of 0.5 cm, 
the wave forms changed in the way shown in Fig. 3. Comparing the curves 
with each other it follows that the characteristic maximum remains all the time 
in the same phase. This conclusion gave the starting point for the choice of 
the method for the determination of the velocities. 

It is also evident that moving away from the anode the wave form shown 
in Fig. 3 gets a steeper slope and its secondary maximum increases up to a cer- 
tain value, though it attains nowhere the value of the primary maximum. 

The photographs were taken at an operating current of 50 mA and a 
tube wall temperature of 25 + 0.1° C adjusted by a thermostatic water jacket. 
The frequency of the oscillations appearing under such conditions was 620 
cycles per second. 

In the further measurements a tube was used, at one end of which there 
were several glass opening extensions [10], so that the difference of the geo- 
metric conditions and of the electrodes should not influence the process to be 
examined. By means of these extensions gases of various pressures could be 
filled into the same tube. The electrodes of the discharge tube were mounted 


identically, they consisted of a tungsten helix coated with an electron emitting 
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ee Abe i helix. During ne measure- 
als of the electrodes were short-circuited. 
It is well-known that in case of mercury vapour discharge tubes the para- 
rs characteristic of the discharge depend to a high degree on the mercury 
yur pressure. But the cia vapour pressure within the tube is always 
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Fig. 3. Dependence of the wave form of the light oscillation on the distance d measured 
from the anode 


Be rermined by the temperature of the coldest part of the tube wall. As the 
‘opening extensions at the end of the tube were not inside the water jacket, 
‘in order to eliminate the deposition of mercury it was necessary to keep them 
by external electric heating at a higher temperature than that of the water 
jacket. 

Z To avoid mercury diffusion along the longitudinal axis of the tube, before 
the measurements it was also necessary to ensure that all the liquid mercury 
of the tube collects at the inlet port of the water of the thermostat. 

f In the above circumstances, by means of the described method the stri- 
ation frequencies belonging to the various discharge currents at different pres- 


if 
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sures could be determined. The dependence of the irequce = Ls current sii 
various pressures as parameters can be seen in gs = Here it is shown thay 
with increasing pressure of the filling gas the striation frequency decrcamaal 
monotonously. (During the experiments the pressure va the mercury vapor 
remained approximately constant at a value corresponding to the temperature : 
of the thermostatic jacket.) The frequencies appear in the range of 300 Ta 
cycles per second. The forms of the curves — except the Sloe belongmal 
to the pressure of 1 mmHg — are characterized by a breaking point. This; 


Fig. 4. Dependence of the frequency n of the moving striation on the discharge current i 
at various argon pressures. B,, B;, By breaking points 


breaking point is deplaced towards the lower current values. The value of this; 
frequency decrease may reach many hundreds of cycles per second. The depend-- 
ence of the breaking point of the frequency on the pressure and the shifting ; 
of the current values characteristic of the breaking point as function of the: 
applied gas pressure are shown in Fig. 5. 

After the determination of the wavelength and the frequency of the- 
striation the propagation velocity of the latter could be calculated. In Fig. 6 
the propagation velocity of the moving striation can be seen as function of 
the discharge current, at various pressures. 


It can be seen that at constant current intensity, 


decreasing the pressure, 
the prop 


agation velocity increases. The velocities in the examined range fall] 
generally between 103 and 10! cm/sec. At the pressure of 4 mm Hg in the> 
current region between 120 and 180 mA no velocity value is given, because? 
here the wavelength determination gave very uncertain values. 

The velocity vs current intensity curves belon 


ging to the various pres- 
sures are of similar character. It is 


typical that at low current intensities the} 
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_ Fig. 6. Dependence of the propagation velocity v of the moving striation on the discharge 
current i, at various argon pressures p 


velocity increases steeply with increasing current and further, at higher current 
values the curves become flat. 

The dependence of the velocities on the pressure is shown in Fig. 7 for 
several values of the discharge current. It can be seen that in the case of the 
20—100 mA current region and the 1—4 mm Hg pressure region, the depend- 
ence of the propagation velocity v on the pressure p in case of various current 
intensities i can be described by curves of similar character. 
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At currents higher than 100 mA the dependence of the velocity 23 the | 
pressure is already different, presumably because of the mergas of a mercury | 
vapour pressure. Namely, according to the ites Rarer euts increasing the a | 
rent intensity the tube voltage changed only little and thus the power consuiN | 
by the tube increased approximately proportional to the current intone | 


Fig. 7. Dependence of the propagation velocity v of the moving striation on the argon pressure 
p, at various current intensities i 


As the input power transfers mainly into heat, the energy emitted in the 
form of heat is also nearly proportional to the current intensity. Thus, increas- 
ing the current intensity, the temperature difference between the mercury and 
the water jacket must also increase. 

We note that the experiments performed with two different tubes which 
were of the same geometry, resulted in different velocities v for the moving 
striations although the same pressure was applied. 
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_ O JIBYOKEHHH CJIOEB B PA3PAHOM TPYBKE PTYTHbIX TIAPOB 
oe | HM3KOr0 JIABJIEHNA 


_ TI. JIAKATOLIbI — A. BATO 


Pesiome = 


ABTopaMu cTaTbH uccie€qOBaHa NOCTyNaTeIbHaA CKOPOCTb ABYDKYUIAXCA CIOeB, TOAB- “fi 
IAWUUXCA B PaspaAHOH TpyOKe PTYTHBIX NapOB HUS3KOrO aBJICHMA B Ciyuae NOCTOAHHOrO = 
roka. MccneqopanHbl BNHAHUA CMI TOKa U WaBseHua aproHa, HCNOb30BaHHOrO IPM pTyTH, 

Ha JaHHy0 CKOpocth. [Ip stom jaBueHHe PTyTHbIX apoB OblN0 MpHOMM3SHTebHO NOCTOAHHBIM. 


y; - ste Ooi Acta Phys. Hung. Tom, XTil, Fase. 2. 


4 KBAHTOBO-MEXAHHYECKHMM PACUET MPOTOHHOrO 
CPOLCTBA 


= H. A. H3MAMJIOB u 10. A. KPYPJIAK 


= XAPBKOBCKHM rOCyAPCTBEHHbIM YHHBEPCHTET UM. A. M. POPbKOFO, KA®EDPA ®H3H- 
<; UECKOH XHMHH, XAPbKOB, COBETCKHM COI03 


: P.TAWMAP nu TAMALIUIM-JIEHTEM 
_ YHHBEPCHTET MM. JIAMOWA KOWIYTA, HHCTHTYT TEOPETHYECKOM ®H3HKH, JEBPELEH 


i 


4 (IIpegcrasneno: A. Konba. — Tocrynuno 10. If. 1961.) 


Hekonoppie HeqOcTaTKH Ne€KTPOCTaTHYeCKOH TeEOpHH OOpas0BaHHA CONbBaTOB MOryT 
ObITh yCTPpaHeHbI MpesMouOKeHHeM OOsee OOMeErO. MEXAHH3Ma COJIbBATALIMH MOHOB, paccmaT- 
PHBaA CONbBaTalHio Kak OOpa3s0BaHHe KOMMIeKCOB. IJeKTpocTaTMyecKHe coobOparxeHnA 
coflepsKaTcCA B HEM B KaY¥eCTBE cnelMabHoro ciyyan. MexaHH3M COIbBaTalHH MpoToHa Hi 
3Hau¥eHHe e€FO COJIbBaTalMOHHOHM SHEP OTIHYAIOTCA OT COOTBETCTBYIOWMX JaHHbIX [JIA 
apyrux HoHoB. Bp MpOBeseHbl BLIMHCIeHHA AIA OMpeeeHHA MpOTOHHOrO adpunuTeTa 
MOJI€KYJIbI BOAbI HM HEKOTOPbIX HOHOB KBaHTOBOMeXaHH4eCKHM TlyTeM, BBHAY TOrO, 4TO ITH 
WaHHble HMeIOT OOJbUIOe 3HAYEHHE H C TOUKM 3PeCHHA TeOPHH KHCOTHO-0a3HCHOrO B3aHMO- 
 feiicTBHs, Tak 9Ke KaK MH MPH OleHKe KHCHOTHOCTH pacTBopoB. Ha ocHoBe OObeAMHEHHOM 
S aTOMHOH MOEN ObIIN OMpefeneHbI SHEPrun CHCTeM Hawks Os Ona sHOm Ome Li Onn 
H,O*, nporoHspiii ajpunuter uoHoB F-, O--, O-, HO-, u mMonekysibI H,O, Tak>Ke H Tens10Ta 
 oOpasopanua MoueKysIbI BOABI U3 HOHOB HO- u H,O*. PesysptaTp BriuncneHHi xopowo 
 cormacyioTcad C 9KCHePHMeHTAJIbHbIMH MH JIMTeEpaTYPHbIMH AaHHbIMH. 


BplacHeHe Mpuposbl cBx3eli B COJIbBATaX ABJIAeCTCA OMHOM M3 OCHOBHbIX 
npoOem Teopuu pacTBopoB sieKTposmMTOB. B HacToAuee BpeMA B OosbIUeH 
yacTN paOoT oOpas0BaHHe COJIbBaTOB pacCMaTPMBaeTCA C TOUKM 3peHMA BeKTPO- 
cTaTuyecko Teopun [1, 2]. OgHako cyulecTByeT PAM SKCIeEpMMeHTAJIbHBIX (ak- 
TOB MU TeOpeTMYeCKUX COOOparxKeHHM, KOTOPble He MOFyT ObITb OObACHEHBI IJIEKT- 
pocTaTuyeckow TeopHeli. 

H. A. Vsmaiinos [3, 4], ucnomb3yaA nmpesoxKeHHbIM MM MeTO/ 9KCTpanio- 
JAUMM, BLIUACIMI 3HAaYeHHA JHEPrui COMbBaTAWMM PAA MOHOB B TaKMX pacT- 

_BOpHTeAX, KaK aMMMaK, BOfla, MeTaHOJI, 9TAHOJ] M MypaBbMHHaA KUCIOTA. 
Oka3asl0cb, YTO 9Heprun (U3MeHeHHe H300apHO-H30TepMUTeCKOrO moTeHuMasa) 
conbpataunu AZ: Kakoro-1v60 OHOsapAAHOrO MOHA FpylIMbl WeOUHBIX WJM 
raJOMPHbIX 9eMeHTOB MpakTHyeckM He 3aBMCHT OT THMa pacTBOpHTelA (B Tpe- 
yeslax yKasaHHoi rpynmbl pacrBopuTesiel). ITOT (bakT HaxOMMTCA B I JY- 
60KOM MHpoTHBOpeyuu c geKTpOCTaTMYeCKol Teopnen. 

B 9meKTpocTaTH4ecKkoit TeOpHu MOJIEKyJbl M MOHbI  paccMaTPMBAIoTCA, 
Kak cepHuecKH CHMMeTPMUHbIe YaCTHLbI, YTO ABMIAeTCA OBOJIbHO rpyObim 
HpvOnMKeHHeM K leMCTBUTeJIbHOCTH. 

CusbI B3aMMOseliCTBUA MEKLy COCTABAIONIAMHM COJbBaT YaCTULAMM MOKHO 
6bI10 Obl ANMpPOKCMMUPOBAaTb MYJITHMOJIbHbIM B3avMOselicTBMeM, ecJIM Obl pac- 
CTOAHMA MEKLy BsavuMOselicTBYIOMMMM YacTHiaMM SHAdMTeJIbHO npeBbliua su 


Obl COOCTBeHHbIe pa3Mepbl CaMAX yacTHuH, 4TO HE cnpaBeA JIMBO JIA PacTBOpPOB. 
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BblpaxkeHne jd SHeEprvu, MCMONb3yeMoe B 9eKTpOCTaTHYecKOH Teopuu, He | 
oOecneuMBaeT CXOJMMOCTH Ha MaJIbIX PpaccTOAHHAX. TaKuM 00pa30M, 3JIEKTPO- | 
cTaTHYecKaA TeOpuA PaKTHYECKM OMMCHIBAeT CHJIbHO PaSPbIXJICHHble COJIbBaTHI, 
B TO BpeMA Kak B leHCTBHTeIbHOCTH KOMMMJIeKCHI, OOpasylouveca Mp NepBuy- 
HOM CONbBaTaUMM, MMeIOT JOBOJIbHO MIJIOTHO yiaKOBaHHy!0 CTPyKTypy. 

HejaBHo OfHuMM M3 Hac [5] Obl NpemnorKeH Gonee oOmMii MexaHu3M 
COJIbBaTal|MM MOHOB, BKINOUaIOWIMM KaK YacTHBIM ciryyali M aeKTpPocTaTMyecKue 
npencTaplenux. Lit OObACHeHHA MpMposbl cBAsei B CONbBaTax ObIIM MpUB- 
WeveHbl MWpelcTaBeHHA O JOHOPHO-aKWenTOPpHOM B3aMMOjlelicTBUH. BomnoBasn 
(YHKIMA CBASHIBAIOWIMX SJIeKTPOHOB MO)KeT ObITb MOCTpoOeHa U3 BOJIHOBbIX 
(PYHKUMH BaKaHTHBIX OPOMT MOHOB HM 9JIeKTPOHOB TaKMX aTOMOB MOJIeKYyJI pacT- 
BOpuTeseH, KaK a30T, KMCNOpof. PaccmoTpeHve cuMMeTpHH opOuT, npunn- 
Malollux yyacTHe B OOpaz0BaHUM cBxseli, NOsBONAeT MpefcKasaTb CTpyKTypy 
oOpasyiouuxca combBaTOB. T1noTHaA yaKOBKa MOJI€EKYJI paCTBOPUTeIA B COJb- 
BaTaX YUMTHIBAeTCA eCTECTBEHHbIM OOpa3s0M B TeOPMM MOMeKyIAPHBIX OpOuT, 
CYUleCTBeHHbIM TIPe€MMYINeCTBOM KOTOPOM SABIAeTCH BOSMO)KHOCTh ONMCaHUA 
KaK KOBaJI@HTHBIX, TaK M WOHHBIX cBAseH. IIpeynaraemblii MexaHu3M 06pa30- 
BaHHA CBAseH NOSBOAET YOBETBOPUTeIbHO OObACHUTL pA} IKCMepHMeHTaJIb- 
HbIX @aKTOB, OTHOCALIMXCH K COJIbBaTallMM MOHOR. 

Pa3BuBaemble Mpej[cTaBeHHA KacaloTCA NepBUYHO! coNbBaTalun MOHOB, 
TOPa Kak SHEpruA BTOPMYHOH COMbBAaTAL|MM, BO3MO)KHO, UMeeT 9JeKTPOCTATH- 
yecKyl0 MIpupoyy. 

CoJbBaTaHA NpPOTOHOB OTAMYAeTCA OT COMbBATAI[MM OCTATbHBIX MOHOB 
Kak TO MexanusMy, Tak MW NO BeJIMYHMHe SHepruu COMbBaTayMu. Tak Halipumep, 
CCIM SHEPIMA CONbBaTAMM OHOSAPAHbIX MOHOB cocTaBuaeT 60—130 KKaJi/T- 
“HOH, TO JIM MpOTOHa SHEpruA TuApatTayuu coctaBnser 258 KKaJi/T-M0H [4]. 
CoubBaTalMi0 MpOTOHa MO>KHO PaccCMaTPUBaTb MpoTeKatomleii B TPH cTajMM. 
Cuayana oOpasyetca MoH sIMOHMA 


H* + M = MH‘. 


JHepreTuyeckult apeKT ITOH peakuuN B NYCTOTe Ha3blIBalOT MPOTOHHBIM Cpo/l- 
CTBOM MONeKYJIbI pacTBoputTena M. 3ameTuMm, YTO MpOTOHHOe CpOJ\CTBO cHelyeT 
ONPCAENATH U3SMCHEHMEM U300apHO-M30TepMUMYeCKOrO MOTeHIMasa. OLHAKO v3-3a 
OTCYTCTBUA JLOCTATOUHO Hae KHBIX JaHHBIX 0 BemMuMHam AZ y BCJIEACTBUE | 
Osuz0cTu! 3sHayenuit AZ u AH, MPOTOHHOe CpOJCTBO OOBIYHO OLeHMBaIOT u3Me- 
He€HMeM 9HTa JBI. 

Bropaa cTaqua sakimouaeres B MPUCOeIMHeHMM K MOHY JIMOHMA MOTeKyI 
PacTBOPUTeIA C OOpasoBaHueM «nepBUYHOLy CONbBATHOM OOONOUKU. 3aTemM mIpo- 
HCXOMMT jasibHeHilee B3anMOseticTBHe OOpasoBaBleroca KOMIMsIeKca C MOsIe- 


*—¢M. Halp., OCbIIKH [3, 4, 5]. 
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KyJlaMM pacTBOpUTesA (TpeTbA cTajMA), COOTBeETCTBYIOMNAA BTOPMYHOK cosb- 
_ *BaTalnu BcCex JIpyruxX HOHOB. Mexkyy Bropoi u Tperbeli cranneii HeEBO3MO)KHO 
_ HpoBecTH Takyl0 pesky! pany, Kak Me>K)y NepBoit u BTopoit. 

mr IIpucoequnenve npoTona K NepBoli MoNeKyNe BOM NpoucxoguT 3a cuéT 


a 


— O0pas0BaHMA KOOPAMHALMOHHOH cBA8H MexKLy BaKaHTHO! OpOuTOH nmpoTona 
1s ogHoii u3 ru6puqHbix op6uT Tala sp? atoma KMCHOPOa MONeEKY II. BOI. 
B mpoyecce 00pa30BaHuA MOHa THApOKCOHMA aTOM KMCIOPOla MOJIEKYJIbI BOI 
MrpaeT POIb LOHOPa 3eKTPOHOB, NPH asbHeiiwelt Ke rM~paTayuu o6paz0BaB- 
_ meroca HOHa — akuenTopa. B 9TOM cMbICHe MOH THAPOKCOHMA NOxOK Ha MOH 
“HaTpusa. OOpamaer Ha ceOa BHUMaHMe GOnN30CTD SHepruM THApaTalyuu uona 
 PHApoKconmaA um HaTpus [4]. Benwumusl npoToHHoro CPOACTBA MOJIEKYJIbI BOJIbI 
MW MOHOB MMeIOT OOJbUIOe 3HAYEHHE M [A NOCTPOeHNA TeEOPMM KHCNOTHO-OCHOB- 
HOrO B3aMMOeHCTBUA, T. K. OCHOBHOM akT STOFO Mpouecca cocTOUT B NepeHoce 
‘MpOTOHa OT MONeKyIHI KUCIOTE K MOJIeKyJI€ OCHOBaHNA. CTeneHb KUCJIOTHO- 
OCHOBHOTO B3anMOselcTBHA 3aBACHT B OCHOBHOM OT pa3HOCTH NpoTOHHOrO 
CpOACTBa aHMOHA KMCHOTbI HM MpOTOHHOFO CpoOJCTBa MOeKYIbI OCHOBaHUA. 
Mepou coOcTBeHHOM KUCHOTHOCTH JH000H KMCIIOTHI ABIACTCA NPOTOHHOE CPOACTBO 
~ COOTBETCTBYIONer0 ef OCHOBaHHA. 

Kak M3BeCTHO, KMCJIOTHOCTbh BOJHbIX PacTBOPOB, XapakTepusyemMasA BeJIH- 
uuHOi pH, onpefesaeTcA aKTHBHOCThWO FUpaTMpOBaHHbIX MOHOB TH{pOKCOHMA. 
H. A. Usmaiinon [3, 6], o606maa ompefenenue Benuunnet pH Ha HeBosHbIe 
PpacTBOPbI, MpeANOKU OTHOCHTeNbHY!O KMCIOTHOCTh pH, B Npeslenax .OHOrO 
PacTBOPHTeIIA OLW€HMBaTb AKTMBHOCTbIO WOHOB sIMOHMA MH+ jannoro pact- 
BoputenaA M, a umMenHo: pH, = — lg a*mu+, Tie aKTMBHOCTb a*wH+ OTHE- 
- ceHa K OeCKOHeYHO pasOaBsIeHHOMy pacTBOpy B JlaHHOM pacTBOpuTene. 

CpaBHeHue KUCHOTHOCTH B pa3JIMUHbIX PaCTBOpHTeAX, APyFMMM cJ0- 
BaMM, NIpuBeseHve Wika pH, K e/MHOMY Havasly OTCUeTA TIPMHUMMMaJIbHO OT- 
WMuaeTCA OT CPaBHeEHNA KUCIOTHOCTU B NpefeyaxX OMHOTO pacTBOpHTeIA, T. K. 
B 9TOM CiIyYae MpUXOMTCA CpaBHUBaTb MerKAy COOOM KUCHOTHOCTh, CO3aHHyt0 
, passIM4uHbIMM vOHaMU sMoHMA. Kak yKasai ee Bporcray, eMHad KMCJIOTHOCTE 
PacTBOPOB OfMHO3SHAYHO OMpeflesIMeTCA AKTMBHOCTbIO MpOTOHOB B pacTBopax. 
| Una ouenKu enuHoit KucNOTHOCTM CHeyeT He TONbKO ONpeeMTb aKTMBHOCTb 
MOHOB JIMOHMA, HO M YCTaHOBUTb OTHOCMTeJbHyIO aKTUBHOCTb l1pOTOHOB 
B pa3JIMYHbIX WOHax JiMoHMA. Ilo mpesorKeHu1o H. A. Usmatinosa [6], eu- 
Had KUCIOTHOCTh pA onpefesAeTca cilelyIOllMM 0Opa3s0M: pA =—-18 Gis e 
= — 19 0¥ yp — Ie Your —=PHp—lg Yen+, The aKTMBHOCTb y+ M CAMHBIM 
HyeBol KoopPPuuMeHT AKTMBHOCTM MIPOTOHOB YoH+ OTHECCHBI K 6ecKOHeYHO 
pas0aBJIeHHOMY BOJHOMY pacTBOpy, BbIOpaHHOMy B KayecTBe Handonee yao0- 
HOrO cTaHapTHoro cocTosHus. Epuupiii vynepo KooppuuuenT akTuBiocTH 
You+ OlpefleIAeTcA U3MeHeHHemM M30GapHO-Ms0TepMuuecKOrO MOTCHUMA JIA UPR 
TOHOB TPH UX HepeHoce u3 GeckOHeYHO pasbaBMeHHOrO HeBOAHOTO oe ag : 
GecKOHeYHO pasOaBNeHHbI BOsHbITT pacTBop. ITa sHepruA ollpeitesAeTcH pao 


r 
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HOCTbIO XUMMYUeCKUX BHeprui coubBaTauMu AZx;4+ MPOTOHOB B BOse HM B HEBOA- — 
Mi oee H-O Z 
Hom pacTBopuTene: Ig yous = (AZXu+ — AZxxH+)/2, 3 RT. ? | 
Vicxoiv v3 yKa3aHHOH HefocTaTOYHOCTU SNEKTPOCTATHYECKOH —CXeMbI 
CONbBaTAL|MM MOHOB, a TeM OOee MpOTOHA, JOObIe MOMbITKM pacuéTa 9Heprun 
COMbBaTaLMH MpOTOHa Ha OCHOBe IIeKTPOCTaTMYeCcKOH Teopun (cM. Hanp., 
ccbiiky [7]) Mbl cuvTaem TrpyO0 NpHOmMKeHHBIMM UM He COOTBETCTBYIOWIMMM jeli- 
CTBUTeIbHOM Mpupofe CBA8M Me@)KAy MpOTOHOM HM MOJIeKyYJIOH pacTBOpuTenA. 
YuuNTbIBAA BayKHOCTb BeJIMYMH MPOTOHHOTO CpOscTBa, HeOesHHTepecHo 
paccuuTaTb MOCIefHHe KBaHTOBO-MexaHMy¥ecKuM mMyTeM. JNA onpeseneHnA 
MpoToHoro cpoyzctBa F~, O-~, O- wu HO~ ObiM McNONb30BaHbI pesyJIbTAaTHI 
pacuétos 9Hepruu HF, O-, HO-, HO, F-, O-~ wu H,O, BpimonHeHHprx P. Taui- 
napom u VW. Tamauuun-Jlenteu [8] MeTOA0M OObeAMHEHHOTO aToMa. BosHoBaa 
(YHKUMA CHCTeMbI CTpOMsIacb NO MeTOAY PoKa—CuoTspa U3 CeLywuMx OpTO- 
HOPMUPOBaHHBIX OMHOIICKTPOHHBIX BOJIHOBBIX (yHKUKi: 


| 


P(1s) = (a3/m)1?- exp (— ar), 

P(2s) = [36°/n(a? — ab + b*)}? [1 — r(a + b)/3]- exp (— dr), 

P(2px) = (C°/32m)1? r- sin 8+ cos y exp (— cr/2), 

P(2py) = (C9/32a)? r- sin O- sin p exp (— c’r/2), 

P(2p,) = (d/322)12 r- cos 6- exp (— dr/2) 
M M3 CHMHOBbIX PyHKuuit a up. B BblluenpuBeseHHbIx BbIPAKeHHAX JIA © r 
OO0sHayaeT paccTOAHMe OT INeKTPOHAa NO HaMOoee THKETOTO Apa paccmaTpu- 


BaeMOH YacTHIbl. JHeprua cucTempl E = { O*HWdt, rye onepatop Tamnsib- 
ToHa? HB cayyae N WeHTpOB MN 9NeKTPOHOB MMeeT BU: 


1 n wie n Zz, n nm 1 iv NOD, 
H=—— A> SiS aS Se eee 
i aml fS1M  TSLK=1N;K «fe i Ry 


Z,— 3apaq sgpa A. RR, U ry O603HaUAIOT PaccTOAHMA Me)KAY WeHTpamu 
WAM, COOTBeETCTBeEHHO, M@)KY WeHTPOM A M BeKTPOHOM 7. a, b, c, c ud — 
BaPWalMOHHble MapaMeTpbl. MexkbafepHoe paccToAHMe TakoKe ObLIO BbIOpaHo 
B KayecTBe BapwallMOHHOrO MapaMeTpa. Tak KaK BONHOBaA (YHKUUA CHCTeMbI 
CTPOM ACh W3 OAHOLEHTPOBbIX BOJHOBBIX PyHKUHit, pW pacueTe 9Heprun Heob- 
XOJMMMO ObIIO BEIMMCIATh TONbKO OMHO- ABYXUeHTPOBble MHTerpasbl. Creyer 
SAMETHTb, YTO UCHOJb3yeMaA MOReIb OObEAMHEHHOFO aTOMa He OTpaoKaeT Ha- 
MpaBeHHbId XapakTep cByseH B MOMeKyse BODHI. Sueprua MHHMMasIbHa Tp 
BaJI@HTHOM yrue 180°. OpHako, MO>KHO OKULATL, YTO UCT KOHPUTYpalMoHHOro 


2 w 
“—B JlavibHeHuIem MCNOIb3SYIOTCH ATOMHDbIe CNUHHILbI Xaprpu. 
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i 


A 
"weanozeierai YAYUWMT COOTBETCTBME C IKCMePMMeHTAIbHBIMM JaHHBIMH, ' B 
f CBASM C YM SHEPIMA MOJICKYJIbI BObI Obila paccuMTaHa Mp BasleHTHbIX yrsiax 
180°, 104° 27’ u 90°. Boruucnenuble M MOmyYeHHbIe M3 9KCNepUMeHTAJIbHbIX 
- WaHHbIx (9) 3HayeHuA NomHO ee E cucrem HF, HO~, HO, Nore Owe Oe 
wv H,O npencrapnenpt B Tadmuye 1.. 
; M3 Tadsmuypl | BUAHO, UTO COOTBETCTBHE Me)KLY BHIUMCEHHBIMM VM TOsTyYeH- 

HbIMM V3 SKCIepMMeHTaJIbHbIx panes 3HaveHMAMM SHepruu E BnonHe yAOB- 
_ JleTBOPUTesIbHOe. 
Z HejaByo Hamu [10] 9TuM >Ke MeTOJIOM ObII paccunTaH MOH THAPOKcOHUA. 
B paccmMaTpuBaemon 3ilecb (OpMe MOResIb OODEAMHEHHOTO aTOMAa NpeANONaraeT 
MJIOCKY!0 CTPyKTYpY WOHA FHPOKCOHMA C BaJIeHTHBIM yruiom 120°. 

' 


Ta6nuua 1 


BpluncieHHble H MOY 4ICHHbIe H3 9KCMEPHMECHTAJIbHBIX' MAHHIX [9] 3HAUCHHA NOHO SHC prun 
cucrem HF, HO, HO-, F-, O-, O-- u H,O. B cnyyae mouekysbI BOI B cKOOKAaX ykKa3aHbl 
BaJIeHTHBIC - yIaIbI, JEPH-;;KOTOPIX TIPOM3BOAMIICA pacuér. 


| . —E, aT: €&. — 4. ; —E, aT..eN. 
- | BbBI4Y, 3Kcn, : BbI4u, SKC. 
| HF. | 99,016 | 100,489 | H,O | 75,113 
F- | 98,468} 99,905} ~ | (180°) * 
HO- | 74,404 | 75,690 | 75,031 | 76,3065 
O-= | 73,422| 74,718 (104° 27’) 
HO | 74,658 | 75,617 74,985 
O-. | 74,126.| 75,043 (90°) 


| 
| PesysbTaTbl pacuéTa MOHa TMApOKCOHMA CJesyloume: a = 7,7; b = 2,6; 
 ¢ = 3,8; d = 4,3; E = — 75,412 (Banentubilt yron 120°); Ron = 1,71; Run = 
= Ron V3. Ussectuo, uo cTpyKTypa mona THApOKCOHMA NoLobNa CTpyKType 
. MOJIeKyJIbI aMMMaka, MMelouleH BasleHTHbIM yrow 106° 46’. TlomHaa gHeprun 
 MOHa FHpOKcOHHA C BaeHTHEIM yri0M 106° 46’ oKasbIBaeTCA paBHol —75,332. 

Ucxosa v3 paccunTaHHbIx BeJIMUMH NoHo 9Hepruu E, MO>KHO BbIMMCJIMTb 
 HpoToHHoe cpogctso P(A~) cuctembl A~, T. e. gHepreTuyecKuh oper npouc- 
XOjlAleH B MycTOTe peaKUMn 


Mose ASE P(A), 


rye? P(A~) = — E(A-) + E(HA). Tipu pacuéTe MpOTOHHOrO CpO/cTBa THApOK- 
CHJIbHOrO MOHa M MOJIEKYJIbI BOI NpesMoNaraOcb, YTO BaNeHTHble YTJIbl MOITE- 
KYJIbI BOJbI H MOHA FHAPOKCOHMA paBHbl 104° 27’ u 106° 46’, cooTBeTCTBeHHO. 
B ra6smue 2 mpescTaBsieHbl BbIYMCJIeHHBbIe 110 eaeipusciciiony ypaBHeHuto 


3__9HeprHH E jlaHbl B OTPHUaTeTbHO! UukKaie. 
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3HaYeHHA MpOTOHHOTO cposcTBa cuctem F-,O--, O-, HO- u H,O, a | 
pesyJIbTaTbI pacueTOB [Ipyrux uccenoBaTesen. : | 

YunTplpan, YTO MeTOJ, pacuéTa, OCHOBaHHbIM Ha MOjeK OGLE AMEE HOT, | 
aTOMa, ABJIAeCTCA JOBOJIbHO . IpHOMKeHHBIM, MO)KHO CUMTATb ie | 
MOKAY BbIYMCICHHBIMM M JIMTepaTyPHbIMM 3HaYeHHAMM MPOTOHHOTO cposcTBa 
HoHa F~ M MOJIeKyJbI BOAbI BNOJIHE yOBNeTBOPUTebHBIM, He TOBOPA yoKe 0 
MpeKpacHOM COOTBeETCTBHM JVI MOHOB O-- um HO-. Kakne-nu60 jaHHble no | 
NPOTOHHOMY CpOCcTBY HOHa O~ HaM He M3BeCTHBI. 


Tadanga 2 


Botuucnenupie VW HMelonIHecaA B JAHTepaType 3HaveHHA NIPOTOHHOroO CpOAcTBa CHCTEM 
F-, O--, O-, HO- u HO. 


ee SSeSeFeFeFeesesesSFSsSsSsmsfsfséSé 


MIPOTOHHOe CpOAcTBO KKaNn/T-HOH ; —P(A-) 
C astopda : NHTepaty pHBIe sagas 
F- | 343,9 | 361 [11], 363 [12], 366 [13] 
O-- | 616,4 | 615 [12], 612 [14] 
O- 333,9 


HO- | 393,6 | 392 [15], 386 [14], 383 [12], 370 [13] 


HO | 188,9 | 188,6 [16], 182 [17, 18], 184 [15], 2CO [12, 19}, 180 [20], 170 [13], 
169 [21], 1554 


Hamu Obiia TakOKe BbIUMCHeHa TenoTa peakKWHu oOpasoBaHna MOJICKYJI 
BOJIbI H3 HOHOB CHAPOKCOHHA PHApoKcwhla: 


HO~ + H,0* 5 2H,O + AH? (Bpi4.), 
re 


AHp (BbtY.) = — E(HO-) — E(H,0*) + 2E(H,0), 


Mogcrapiaa BEIUMCHeHHbIe 3HaueHHA E, monyyaem, ro AH? (BbIY.) = 
— 204,63 KKan/r-n0H. 

Tensora peakuuu HeHiTpalMsalun B KUAKON (pase XOpomo usBectHa [22] 
M cocTaBaner AH = — 13,7 KKaJl/r-non. Jia cpaByenua IKCHEPAMeHTAaJIbHON 
BeMUnHbE AH ¢ BEuncHeHHot An: (BEIY.) OBI nponsBenen mepecuér AH 
B Ae AT 5) 10 ukKIy Padepa—Bopua, us KOTOporo cilesyer, uTo AH? ((—b)= 
S21, (H.0*). 4H,(HO-) + AH +. 2p, rae AH,,(H,0+) = AH,(Hty— 
— P(H,0). Tpuuumasa, aro AH,(H+).= — 265 KKas/r-non4, P(H,O) = 


4 eM. CChuIKy [3], Tabs. 31. 
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J =—175 xkaa/r-von [3], 4H,(HO-) = — 122 kkan/r-non®, AH?" = — 13,7 
_ KkaJi/f-MOH HM «MCTHHHAas» Tenn0Ta UcnapeHusA | r-MonA BOLI Mpu 25° p = 9,899 


~ 


~ 
5 


_ Kkan/r-von [23], Haxoqum, 4TO AH*(r—B) = — 205,9 KKaJi/r-H0H. CooTBeT- 


0 
cTpue mMexKay JH,([—B) mu BprancmenHbm sHayennem AHy (Bply.) Gonee yem 


i YHOBIETBOPHTeJIbHOEe. 


Hs npuBefleHHbIX BbIllle JaHHBbIX CllelyeT, YTO B MycTOTe H3 ABYX KOHKY- 
PHpylOulMx peakunit 


H,O <2 HO- + H+ + 393,6 


2,0 — HO- + H,0* + 204,6 
' 
BeposTHee BTOpad. TaKHM 00pa30M, H B 9THX YCJIOBMAX, KaK H B pacTBopax, 
Ooslee BEPOATHBIMH ABJIAIOTCA PeaKUMH MepeHoca MPOTOHOB, a He peaKI\HH BbI- 
flesIeHHA MpOTOHOB. 

TloqB0qA MTOTM MpoBeeHHBIX BbIYMCeHMH, MO)KHO CKa3aTb, YTO MeTOT 
OObeAMHEHHOFO aTOMa ABJIAeTCA MOAXOMAUIMM JIA pacuéTa TaKMx 3HeprerTH- 
yeCKHX XaPaKTePHCTHK, KaK MPpOTOHHOe CpOCTBO H TeMmOBbIe shekTbl HeKO- 
TOPIX MpOCcTHIX peaKkUHii. 


BbiBOJbI 


1. PaccmoTpeHbI HeKOTOpble M3 CYUIeCTBY!ONWAX HeMOCTATKOB SJIEKTPO- 
cTaTH4ecKoli Teopun oOpas0BaHuA colbBaTOB. IIpeAnorKeH Goree oOmM Me- 
X@HM3M COJbBaTalMM MOHOB, OCHOBaHHbIM Ha MpefcTaBIeHHH O COJIbBaTALHH, 
Kak KOMMJIeKcooOpas0BaHHu, M BKyNOYaOUMH Kak dacTHbIlt cayual aeKTpo- 
cTaTHYecKHe lipefcTaBleHHA. 


2. PaccmoTpeHa 3Ha¥MMOCTb BeIMYHH MpOTOHHOrO cposcTBa B TeOpHl 
COMbBaTALMM MOHOB, B TEOPHA KUCOTHO-OCHOBHOTO B3aMMO/eHCTBUA Mt B ONeCHKE 
KUCJIOTHOCTH PacTBOpOB. 


3. VsnoxKeHbI OCHOBbI MeTOa OObEAMHEHHOTO aTOMa B TIPHJIOXKeHHH K 
ruipujam Tuna XH, M MpMBeeHbl pesybTaTbl pacuéta sHeprum E cucTem 
HF, F-, HO-, O--, HO, O-, H,0 u H,0*. 


4. VUicxoa v3 BBIUMCIeHHbIX 3HaveHH OHeprun E pplillenpvBeseHHbix 
CHCTeM, PacCUNTAaHO MpOTOHHOE CpOACTBO nonos Es, O73; 0", HO- u Mode- 
KYJIbI BO/[bI M Tels10Ta peaKUMi HeliTpa ssa B nycTore AH, (pbl4.). Paccun- 
TaHHble 3HAYeHHA MpOTOHHOTO cpofcTBa M AH,, (BbI4.) YMOBIIeTBOPUTEJIBHO 
cormacy1oTCA ¢ SKCMepHMeHTaJIbHbIMM i mMTepaTypHbIMM jlaHHbIMH. 


5 — cm, ccbuiky [3], Tadn. 31. 
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QUANTUM MECHANICAL CALCULATION_OF PROTON AFFINITY 
By 
N. A. ISMAILOV, J. A. KRUGLIAK, R. GASPAR and I. TAMASSY-LENTEI 


Abstract 


Some deficiencies of the electrostatical theory of the formation of solvates can be elimi- 
nated by supposing a more general mechanism of the solvatation of ions, the solvatation being 
considered as the formation of complexes. This hypothesis comprises as a special case also the 
electrostatical conception. The mechanism of solvatation of the proton and the value of its 
areS of solvatation are different from those of the other ions. Computations based on quant- 
rob eet have been effected in order to determine the proton affinity of the water molecule 
A bes oe eee OE data are of great importance for the theory of acid-basis interac- 
ee ae - stone nee solutions. On the basis of the united atom model the 
a | systems +B, HO-, 0 HO,” H,O and H,O* has been determined, as well 

or tle affinity of the ions F~, O--, O > HO” and of the molecule H,O, and more- 
eye : Ee: t of formation of the water molecule from the ions HO~ and H,0*. The comput- 
ed values show good agreement with those obtained experimentally resp. from the literature. 
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DIE BESTIMMUNG DER ELEKTRONENDICHTE 
DES J-ATOMS AUF GRUND 
DES STATISTISCHEN ATOMMODELLS 


Von 
Z. FUzEssy 


PHYSIKALISCHES INSTITUT DER TECHNISCHEN UNIVERSITAT, BUDAPEST 


(Vorgelegt von A. Konya. — Eingegangen 16, IT. 1961) 


' 

In der vorliegenden Arbeit wird die Elektronenverteilung des J-Atoms auf Grund des 
statistischen Atommodells ermittelt. Fiir die Berechnung der Elektronendichte' wird die durch 
die Weizsackersche kinetische Energiekorrektion erweiterte statistische Grundgleichung gelést. 
Die Elektronenverteilung stimmt mit der fiir die d4usseren Gebiete des Atoms zu erwartenden 
wellenmechanischen Verteilung iiberein. Die erhaltenen Resultate werden mit der aus der 
Thomas-Fermischen Gleichung berechneten Elektronenverteilung verglichen. 


Einleitung 


Unter den bei der Berechnung atomarer Systeme angewandten Methoden 
gibt die statistische Behandlungsweise der Atome eines der am leichtesten zu 
handhabenden Verfahren. 

Die urspriingliche Form der statistischen Behandlungsweise — das 
Thomas-Fermische Atommodell — niaherte wegen seiner Unvollstandigkeit 
die Potential-, bzw. die Dichteverteilung der Elektronen des Atoms nur sehr 
grob an. Die eingefiihrten Korrektionen [1], [2] verbesserten den Verlauf 
der Elektronendichteverteilung in bedeutendem Masse. Die Weizsackersche 
kinetische Energiekorrektion, die die Inhomogenitét der Dichteverteilung 
beriicksichtigt, kann als eine wichtige Abanderung betrachtet werden. Auch 
die durch GomBAs eingefiihrte kinetische Energiekorrektion brachte bedeutende 
positive Ergebnisse [4]. 

Wir fiihrten unsere Rechnungen fiir die Bestimmung der Elektronen- 
dichte des J-Atoms ohne die GompAssche Korrektion auf Grund des durch die 
urspriingliche Weizsickersche Korrektion erweiterten Atommodells durch. 
Wir vernachlassigten die erwahnte Korrektion — um die Rechnungen zu 
erleichtern — in der Hoffnung, dass sich die Bindung des J-Molekiils auch 
bei einer in dieser Naherung berechneten Elektronendichte ergibt. Dies bildet 


den Gegenstand eines nachfolgenden Aufsatzes. 
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Die Lésung der statistischen Grundgleichung fiir das J-Atom 


Die durch die urspriingliche Weizsackersche Korrektion erweiterte sta- 


tistische Grundgleichung kann in der Form 
4. : 4 . 
Sty Ay — 70g Wh + a? + (V — Ke) ep = 0 (1) 


geschrieben werden. Der Zusammenhang zwischen y und der Elektronen- 
dichte 9 wird durch die Gleichung 


y= ol? 
ausgedriickt, ferner 


1 3 3 (3)'8 
Hy == —@7 Gy 3 % = —— (32°)?/2 ec? ag; x, = —I—| e?, 
w 8 0 0 Ta ) 0 a ibe 


wo a, — der erste Bohrsche Wasserstoffradius und e — die positive Elementar- 
ladung ist. Das in der Gleichung (1) auftretende V ist das vom Kern und von 
den Elektronen herriihrende Potential, V, ist eine Konstante. 

y muss der Nebenbedingung 


Sf ydvu=N (2) 


gentigen, mit deren Hilfe auch die Konstante V, bestimmt werden kann. Das 
in (1) vorkommende elektrostatische Potential V setzt sich — wie bekannt — 
aus zwei Teilen zusammen: der eine Teil ist das von dem Kern und der andere 
das von den Elektronen herriihrende Potential 


__ Ze 


Tr 


V, 
bzw. 


V.=—e a dv’, 
J |c —2’| ; 


wo t und r’ Ortsvektoren sind. Das Gesamtpotential V = V, + V, befriedigt 
auch die Poisson-Gleichung 


AV == Aney (3) 


und somit stehen zur Bestimmung der Elektronendichte zwei Differential- 


gleichungen zur Verfiigung. 
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4 Da wir eine kugelsymmetrische Verteilung annehmen, ist es zweckmissig 
_ die Bezeichnungen 

a ; y=ry und U=rV 

z einzufiihren. y” und U” sollen ferner die zweiten Ableitungen von y und U 


is nach r bedeuten. Mit diesen Bezeichnungen kénnen wir die Gleichungen (1), 
(3) und die Nebenbedingung (2) in folgender Form schreiben: 


; atl ie eee | 1 1 
y 4 age a (eM ey a Gia ey es ay 
eS vgs ene en see 0, (4) 

. ; 4 

' U" = Aney*? — , (5) 

r 
4x { y2dr = N. (6) 
0 


Wir fiihrten die Integration des obigen Gleichungssystems wie bereits erwahnt, 
_ fiir das J-Atom auf numerischem Wege durch. Die Integration wurde nicht an 
der Stelle r = 0 angefangen, weil der Verlauf der Kurve y(r) in grosser Entfer- 
_ nung von dem Kern dann nur mit grosser Schwierigkeit bestimmt werden kann; 
die Integration wurde deshalb bei einem grossen Wert (r ~ 12a,) begonnen 
und in der Richtung des abnehmeden r bis zum Punkt r = 0 weitergefiihrt. 
Zu diesem Zwecke war es notwendig festzustellen, durch welche Funktionen 
_ y und U, in grosser Entfernung vom Kern dargestellt werden kénnen. Mit Hin- 
sicht darauf, dass im Falle von grossen r, die 2., 3. und 4. Glieder der Gleichung 
(4) schneller nach Null streben, als das erste und das letzte, lésten wir anstatt 
(4) die asymptotische Gleichung 


4x, y” — Vey =0, (7) 
deren Lésungen 
y=aev" (8) 
mit 
roe ie 
Es (9) 
a) 


sind. a und y sind hier Konstanten. Diese Konstanten miissen so gewahlt wer- 
den, dass y an der Stelle r = 0 verschwindet, und dass die Nebenbedingung (2) 
erfullt ist. Wird y entsprechend gewahlt, so kann von Ne bis X die Grund- 
gleichung (4) an den Stellen r > 12a, praktisch durch (7) ersetzt werden, was 
auch durch die Lésungen der exakten Gleichung, sowie durch die fiir mehrere 
Atome von Gompis auf Grund des statistischen Atommodells ermittelten 
Werte bewiesen wird. Gemiass der Gleichung (7) verschwindet die Elektronen- 
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dichtein. grosser Entfernung vom Kern exponentiell, dies entspricht den 
Ergebnissen der Wellenmechanik; weiter wird dies auch durch die Tatsache 
bewiesen, dass die mit der Dichteverteilung berechneten Atom-, bzw. Molekiil- 
konstanten mit den Erfahrungswerten gut tibereinstimmen. 

Den Ausdruck fiir U bestimmen wir in grosser Entfernung von dem Kern 
durch Anwendung der Gleichung (7). ~ : ; 

Auf Grund: einfacher elektrostatischer Erwagungen gewinnen wir fir 


U =rV die Gleichung 


ee e (int (10) 


wo x = 2yr, H dagegen mit Hilfe der Reihenentwicklung 


0,9989710 19487646 4,9482092 


x x yey x3 


H (— x) = 0,9999965 


11,7850792 _20,4523840 ts 21,1491469 


at x? x6 


ermittelt werden kann. 


Die auf diesem Wege bestimmten Werte von y und U befriedigen unsere 
Bedingungen in den dusseren Gebieten des Atoms. Mit Hilfe von diesen kann 
die Integration auf numerischem Wege angefangen werden. Wir ermittelten 
die in den Gleichungen (7)—(9) vorkommenden Konstanten a und y durch 
wiederholtes Probieren und zwar mit den folgenden zwei Nebenbedingungen: 
1. die Kurve y(r) soll durch den Anfangspunkt des Koordinatensystems gehen, 
tale an der Stelle r = 0 soll y = 0 sein, 2. die Nebenbedingung (6) soll erfiillt 
sein. 

Das mit Hilfe unserer Rechnungen ermittelte y erfiillt gut die erwahnten 
zwei Bedingungen: die Kurve y(r) schneidet die r-Achse zwischen r = 0 und 
r= —0,001 (siehe Tabelle 2) und die Integration des Ausdrucks (6) gibt 
die Anzahl der Elektronen mit einer Genauigkeit von 99,89 %. 


Tabelle 1 


Di> Werte der Parameter a, y und Vo 
ain 1/a}?, y in 1/a9- und V, in e/ao- Kinheiten 

—_—_— 

| 

] 7 | Vo 


a | 
| 
| 


| 3.00463 | 0,65437 | 0,21410 
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Die Lésungen der durch die urspriingliche Weizsackersche Korrektion 
erweiterten Gleichung sind in der Tabelle 2 wiedergegeben. Die Werte von a, y 


und V, sind in der Tabelle 1 zusammengefasst. 


In der Abb. 1 wurde die radiale Elektronendichte 
D = 4ar’ 0 = 4ay? 
des J-Atoms als Funktion von r aufgezeichnet. Bei der Darstellung der Dichte 


wahlten wir fiir die Ordinate eine pseudologarithmische Skala, und zwar wurde 


auf der Ordinatenachse der Wert lg (1 + Da,) aufgetragen. Die Zahlen auf der 


_ Ordinatenachse bedeuten jedoch die Werte von D. Zum Vergleich fihrten wir 


i diale Elektronendichte D = 4zy" fiir das J-Atom. r in ag- D in 1/a,-Einheiten 
‘gy ony ae urspriinglichen Weizsackerschen Korrektion berechnet, - - - - - nach der 
Thomas—Fermi-Grundgleichung 


in der Abb. 1 in derselben pseudologarithmischen Skala auch die mit der Thomas- 
Fermischen Grundgleichung bestimmte Elektropendichte des J-Atoms an. 
Aus dem Vergleich geht hervor, dass die zwei Kurven im Gebiete zwischen 
r= 0 und r ~ 2 — 3a, ungefahr den gleichen Verlauf babes, die aut Grund 
der Thomas-Fermischen Gleichung berechnete Elektronendichte aber im Gebiete 
r > 3a, viel grésser ist, als die von uns ermittelte Elektronendichte. ee 

Dieser Unterschied ist in der Abb. 2 besonders auétallend) wo wir die 
Elektronenverteilung des J-Atoms in den dusseren povigen des Atoms oo 
groéssert darstellten. In der Abb. 2 wurden auf die Ordinatenachse die Werte 


von D aufgetragen. 


; xe ES 
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Tabelle 2 
Lésung der Grundgleichung (1) fir das J-Atom 


Die Funktion y =ry und die radiale Dichteverteilung der Elektronen D = Asty?. 
Die Funktion y in 1/a}/2- und D in 1/a,- Einheiten. 


r y D r ¥ D 
0,000 0,00000 0,0000 =| =~, 348 2.03820 | 52,1775 
6,001 0,22600 0,6415 | 0,380 1,97356 48,9204 
~ 0,002 0,37363 1,7534 0,412 1,91095 45,8657 
0,003 0,50534 3.2074 0.444 1.85055 | 43,0122 
0,004 0,62989 4,9833 0,476 1,79245 40,3538 
0,005 0,74315 69365 0,508 1,73669 37,8821 
0,006 0.84659 «94,0019 0.540 1,68321 | 35,5850 
0,007 0.94141 11,1313 | 0,572 163196 33,4509 
0,008 1,02862 13,2892 0,604 | 1.58289 31,4696 
0,009 110906 | 15,4489 0,636 |  1,53586 29,6274 
0,010 118345 | 17,5909 0,668 | ~ 1.49083 | 27,9155 
eh —— a 0,700 | 1,44770 | 26,3238 
0,014 1,43193 25.7533 | a. | ee 
; : | 0,764 | - 136676 | 23,4625 
0,016 1,53275 29,5075 0,796 | 1,32877 | 22.1763 
0,018 1,62143 | 33,0207 | 0,828 | 1,29233 | 20.9767 
0,020 1,69989 36,2938 0,860 | 1,25735. | 19.8565 
| 0,892 | “‘L,22376" ~ (= ae.8097 
0,024 183204 42,1560 0,924 | 1.19150 | 17,8311 
0,028 193843 | 47,1943 0,956 | 1,16049 16,9151 
0,032 2.02529 51,5186 | 0,988 | 1,13066~ | 16.0566 
as | Mae | sae | ut | te | ee 
ae | | 1,07433 | 14.4965 
es 2.20688 61,1712 1,084 = = = 104772 «| ~s«13,7874 
0,048 2.24917 63,5382 | 1116 102208 ~=—S—s«i:3,.1208 
0,052 2.28498 | 65,5774 1,148 | 0.99734 12,4933 
0,056 31537 | (67,3334 1,180 | 0.97349 | 11.9029 
| 2.34119 | 68,8435 | 1212 | 0,95047° | 11.3466 
| | 1,244 | 0,92823 | 
she | HN | alae | tele | specs | ast 
0,084 243074 | 74,2108 | | 
0,092 | 2,44393 | 75,0182 ‘|| he | ies a 
: | 45166 | 75,4936 || | : : 
0108 | 245503 | 75.7013 | “ph | ee vase 
0,116 | 245485 75,6902 | 1596 | 0.72632 | 6.6259 
124 | 2.45177 | 75,5004 | 1,660 069640 | (6,093 
0,140 | 243886 | 74,7073 ‘|| oe | iene Heese: 
0,156 | 247995 sh eagne 1.852 é Ge, 
0,172 2,39491 | 72,0390 || 1916 | Reece ie 
0,188 236727 | 70,3859 || 1980 a. pode 
neu | 2,33730 | 68,6149 || 2.044 | 0.54752 | ue 
D, | “2.30570 a | ; | ; 2 
0,236 | 297303 | ota 1 oN Bali ee oe mic. 
0,252 =| | ; | | 
i 2,23967 | 63,0025 2,236 | 0,48829 2.9946 
268 2,20594 | 61,1191 2,364 | 0,45309 
0,284 2,17207 59,2567 || 2492 0.42 a 
0,300 | 213894 57,4252 | : | eee me 
0,316 | 210459 55,6320 | 2,620 = 0,39114 1,9216 
2104: 5.6: | 2,748 0.36375 1,6618 
} | 
| | 
| | 
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a 
» D r y D 
0,33839 1,4382 7,484 0,021688 0,005908 
3,004 0,31489 1,2454 7,740 0,018433 0,004268 
3,132 0,29306 1,0787 7,996 0,015658 0,003079 
8,252 0,013294 0,002220 
3,388 0,25383 0,8092 8,508 0,011282 0,001599 
3,644 0,21976 0,6066 8,764 0,0095703 0,001150 
3,900 0,19007 0,4538 9,020 0,0081157 0,0008273 
4,156 0,16419 0,3386 9,276 0,0068799 0,0005945 
4,412 0,14165 0,2520 9,532 0,0058306 0,0004270 
4,668 0,12201 0,1870 9,788 0,0049400 0,0003065 
4,924 0,10494 0,1383 10,044 0,0041844 0,0002199 
5,180 ~ 0,090114 0,1020 10,300 0,0035435 0,0001577 
5,436 , 0,077275 0,07500 10,556 0,0030001 0,0001130 
5,692 0,066175 0,05500 10,812 0,0025395 0,00008100: 
5,948 0,056597 0,04023 11,068 0,0021490 0,00005800 
6,204 | 0,048350 0,02936 11,324 0,0018182 0,00004152 
6,460 0,041260 0,02138 11,580 0,0015377 0,00002970 
6,716 0,035175 0,01554 11,836 0,0013006 0,00002125 
6,972 0,029961 0,01127 12,092 0,0010999 0,00001519 
7,228 0,025500 0.008167 12,348 0,0009303 0,00001087 


Unseres Wissens sind aus der Literatur die Verteilung der Elektronen- 
dichte des J-Atoms und die damit zusammenhiangenden Rechnungen nicht 
bekannt, deshalb kénnen wir die Richtigkeit unseres Ergebnisses vorderhand nur 


— —————— 


= 
- 
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Abb. 2. Die radiale Dichteverteilung der Elektronen D = 4zy? in den dusseren Gebieten des 


J-Atoms. r in ay-, D in 1/a,-Einheiten. 
rektion berechnet, 


___— mit der urspriinglichen Weizsackerschen Kor- 
nach der Thomas—Fermi-Gleichung 


durch qualitative Schatzungen bestatigen. Eine Frage, wie gute Naherung der 
wirklichen Elektronendichte die auf Grund des obenerwahnten Atommodells 
berechnete Elektronendichte darstellt, kann natirlich nur auf Grund der Uber- 


einstimmung der mit ihr berechneten Atom- bzw. 
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den Erfahrungswerten bestimmt werden. Wir kénnen aber schon jetzt soviel 
feststellen, dass der Dichteverlauf in qualitativer Hinsicht befriedigend ist. 
Ich méchte Herrn Prof. P. GomsBAs an dieser Stelle meinen besten Dank 
fiir seine Hilfe und fiir seine niitzlichen Unterweisungen ausdricken. 
Weiterhin danke ich Frl. E. MAcort und Frl. O. KunvAri fiir ihre Hilfe 


bei den numerischen Rechnungen. 
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Vie wh 


ONPENEJIEHHE MJIOTHOCTH SJIEKTPOHOB ATOMA J 
HA OCHOBE CTATHCTHUECKOM TEOPHH ATOMA 


3. PIOSEMH 


Pestome 


B paOore onpeqesiaeTca pacnpeyeneHe 9IEKTPOHOB aTOMa J Ha OCHOBe CTaTHCTHYeCKOH 
TEOPHH aToma. I]N0THOCT 3JIEKTPOHOB MOMyyaeTCA peuieHHeM OCHOBHOTO ypaBHeHHsAl CTa- 
THCTHY€CKOH TeOPHH, pacuIMpeHHoro KoppekuMelt Baiinsekkepa K KMHETHYCCKOM SHeprHH. 
PacnpejesieHHe MIOTHOCTH 3IEKTPOHOB Ka4¥eCTBeEHHO cormacyeTcA € KBAHTOBO-MexaHH¥eCKHM, 
WpegqnosaraemMbiM JIA BHeWIHeH OONacCTH aToMma. PesyJIbTaTbI CPaBHHBaLOTCA C TIMOTHOCTbIO, 
NONYYeHHOH 0 ypaBHeHHto Tomaca—@epmu. 
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UBER DIE REIHENFOLGE DER BESETZUNG 
DER QUANTENZUSTANDE IN ATOMEN 


Von 
A. Konya 


FORSCHUNGSGRUPPE FUR THEORETISCHE PHYSIK 
DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN, BUDAPEST 


(Eingegangen 4. V. 1961) 


Aus der statistischen Theorie des Atoms kann man die Mittelwerte des Drehimpuls- 
‘quadrats der Elektronen, des absoluten Betrags des Drehimpulsvektors und des absoluten 
Betrags der Komponente dieses Vektors in einer Achsenrichtung als Funktionen der Ordnungs- 


--zahl bestimmen. Es ist auch méglich, aus dem wellenmechanischen Schalenmodell fiir dieselben 


Mittelwerte asymptotische Formeln herzuleiten. In diesen Formeln werden die Koeffizienten 
von der Reihenfolge abhiangig sein, die wir fiir die Besetzung der Einelektronquantenzustande 
der Atome annehmen. Aus dem Vergleich der Ergebnisse gelangt man zu der Folgerung, dass 
das Thomas-Fermische statistische Atommodell die verspatete Besetzung der Quantenzustinde 
mit héheren Nebenquantenzahlen richtig wiedergibt. 


Eines der friihesten unter den vielseitigen Anwendungen der statistischen 
‘Theorie des Atoms war — von FERMi [1] ausgearbeitet — die Behandlung der 
Elektronengruppen mit verschiedenen Nebenquantenzahlen im periodischen 
System der Elemente und auf dieser Grundlage die Erklarung der Anomalien 
in der Besetzung der Einelektronquantenzustande. 

JENSEN und LurTTINcER [2] haben darauf hingewiesen, dass die Grup- 
pierung der Elektronen des statistischen Modells nach der Nebenquantenzahl 
und besonders die Bestimmung der Ordnungszahlen, bei welchen s-, p-, d-, 


f-, ..- — Elektronen erstmalig auftreten, nach der Methode von FERMI mit 


einer gewissen Willkur behaftet sind, da die Drehimpulse der Elektronen im 
statistischen Modell nicht diskrete quantisierte Werte aufnehmen, sondern 
sich kontinuierlich andern. Nach ihrer Meinung ist es dem Charakter der sta- 
tistischen Behandlungsweise mehr angemessen, wenn man nur durch das 
statistische Modell eindeutig bestimmte Mittelwerte — wie z. B. das mittlere 
Drehimpulsquadrat — berechnet und diese mit den entsprechenden Gréssen 
des quantenmechanischen Schalenmodells vergleicht. 

Spater hat TuEIs in einer Arbeit [3] gezeigt, dass es méglich ist, die 
Gruppierung der Elektronen nach der Nebenquantenzahl ganz ohne Willkur 
eindeutig zu begriinden. Aus seinen Ergebnissen folgt auch, dass — innerhalb 
der Grenzen der Genauigkeit, die man von diesem Modell sinngemass fordern 
kann — auch die verspatete Besetzung der Quantenzustinde mit héheren 
Nebenquantenzahlen durch das statistische Atommodell gut erfasst wird. 
Zu demselben Ergebnis sind lvANENKO und Larin [4] auf einem anderen Wege 
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fiir das erste Auftreten der Elektronen mit verschiedenen Nebenquantenzahler 
gekommen. 

Unser Ziel ist zu zeigen, dass es 

1. auf Grund der statistischen Mittelwerte, wie sie von JENSEN und. 
LuTTINGER vorgeschlagen wurden, auch méglich ist, auf die Reihenfolge der: | 
Besetzung der Quantenzustande des Atoms zu schliessen — ohne jede Ein- | 
teilung der Elektronen in Gruppen und dass 

2. diese Reihenfolge der Besetzung fiir grosse Ordnungszahlen der ano- 
malen Besetzung bedeutend naher kommt als der Reihenfolge der regelmassigen. 
Besetzung, welche der Reihenfolge der wasserstoffahnlichen Terme entspricht.. 


I. Berechnung der Mittelwerte mit dem statistischen Atommodell 


Um mehrere Vergleiche zu erméglichen, wollen wir folgende Mittelwerte 
bestimmen 

den Mittelwert des Drehimpulsquadrats < L? >, 

den Mittelwert des Betrags des Drehimpulsvektors <L > und den Mittel- 
wert des absoluten Betrags der Drehimpulskomponente L, in der Richtung der 
z-Achse (magnetische Quantenzahl) <|L,|> : 

Die ersten zwei Mittelwerte kénnen wir nach den Ergebnissen von 
Fermi und JENSEN— LUTTINGER sofort aufschreiben. Die Zahl der Elektronen,, 


welche einen Drehimpulsbetrag zwischen L und L + dL haben, ist namlich 
nach FERMI 


n(bydl =i Lae | (P22 rye (1) 
IU oa r 
Wo 
P = (327)1/3 91/8 at. Einh. (2) 


und @ = g(r) die Elektronendichte des statistischen Atommodells ist. Zu 
integrieren ist in GI. (1) im Bereich, wo P27? — [2 = 0 ist. 

Eine charakteristische Eigenschaft der Verteilungsfunktion n(L) ist, dass 
sie nur in dem endlichen Intervall 0 SL < Imax von Null verschieden ist, WoO 


| a cg eee 
und (Pr) max das Maximum von Pr im Atomvolumen bedeuten. 
Mit Hilfe der Gl. (1) bekommen wir nach JENSEN— LUTTINGER 


Lmax od 


Soe 1 : 8 d | 
< fe Ss 2 = sl 
| Ten(taL re | == (Pye (3) 


0 0 
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; sanz ahnlich ergibt sich der Wert fiir <L>s: 
ia 


, 
a 


a ; 
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Limax ioe 
1 l ¢ dr 
(See ee d bgegh (bh Gye eel elon 4 
= = i n (L) val ene. 4) 
0 0 


Mit der Bestimung von < IL, = miussen wir uns ausfiihrlich beschaftigen. 
Vor allem wollen wir die Definition der magnetischen Quantenzahl im statisti- 
schen Atommodell geben und weiterhin die Verteilungsfunktion p(L,) der 
Elektronen im Wertebereich der Drehimpulskomponente L, herleiten. 

Die magnetische Quantenzahl kénnen wir in die statistische Theorie des 
Atoms auf dieselbe Weise einfiihren, in der FERM1 die N ebenquantenzah! defi- 
niert hat., Betrachten wir die Komponente des Drehimpulsvektors in der 
Richtung der z-Achse, die wir mit L, bezeichnen wollen. Da im statistischen 
Modell der Wert von L sich kontinuierlich andert und der Drehimpulsvektor mit 
der z-Achse einen beliebigen Winkel einschliessen kann, andert sich der Wert 
der Komponente L, auch kontinuierlich. 

Die Elektronen mit kontinuierlich veranderlichen L,-Werten lassen sich 
in Gruppen einteilen, wenn wir gewisse L,-Intervalle definieren. Damit ist es 


dann méglich, den einzelnen Elektronengruppen die diskreten magnetischen 


Quantenzahlwerte der Quantenmechanik zuzuordnen. (Mit dem Problem der 
Gruppierung der Elektronen nach der magnetischen Quantenzahl wollen wir 
uns in einer spateren Arbeit ausfiihrlich beschaftigen. Da wir jetzt nur Mittel- 
werte berechnen wollen, werden wir diese Gruppierung hier nicht benutzen.) 

Im folgenden bezeichnen wir mit p(L,) dL, die Zahl der Elektronen im 
Atom, die einen L,-Wert zwischen L, und L, + dL, haben. Wir kénnen die 
Verteilungsfunktion p(L,) folgendermassen mit Hilfe der in (1) gegebenen 
Funktion n(L) bestimmen. 

Betrachten wir die aus n(L) dL Elektronen bestehende Gruppe, bei wel- 
cher alle Drehimpulse einen Betrag zwischen L und L + dL haben. Die L, — 
Komponenten dieser Elektronen liegen alle zwischen +L und —L und zwar 
gleichmassig verteilt zwischen den beiden Grenzwerten (Fig. 1), weil die Elek- 
tronenverteilung des statistischen Atommodells sowohl im Koordinatenraum 
wie im Impulsraum [5] kugelsymmetrisch ist. 

Wahlen wir nun ein Intervall der L. — Komponente zwischen L, und 


a L) dL 
L,+ dL, (0<L,<L). Vonden n(L) dL Elektronen werden oT n (L) dL 


4 


eine Komponente zwischen L, und L, + dL, haben. Zur Anzahl p(L,) dL, der 
Elektronen liefert jede Elektronengruppe n(L) dL einen Beitrag, fiir welche 
L > L, ist. So erhalt man den einfachen Zusammenhang 


p (L.) =— ren (Ly db , (9) 
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wenn L, = 0 ist und aus Symmetriegriinden 


p(-L)=p (L,). (6) 
Wir haben also die Funktion p(L,) — wenn wir noch OS (1) 
einsetzen — durch ein Doppelintegral dargestellt. Die Integration nach L | 


kénnen wir auf elementarem Wege durchfiihren. So bekommen wir fiir a 
Verteilungsfunktion p(L,) folgende Grundformel: fiir positive L,-Werte ist 


| ; | 
zw — 2arcsin fig) as 1 (E,)'2 © ee 
Pr 4 


1 2 
P (L.) = — J (Pr) 


L,SPr 


r 
j 
Auf Grund der Gln. (6)—(7) ware es méglich, den Mittelwert der L,- | 


Komponente zu berechnen. Hierzu ist aber noch folgendes zu beachten. Wie } 


Lieb iliiLiLif 


" ALIA LELEEDE 


| hen 


ah mat ia lz Lz+dLlz +L Ud Lng, 
Fig. 1 


aus Gl. (6) ersichtlich ist, ist die Funktion P(L;) eine gerade Funktion der 
Veranderlichen L,. Demzufolge ist fiir jede Ordnungszahl stets 


ee Lmax 
i L.p (L,) dL. =0. 


a Lmax 


In dieser Relation spiegelt sich die Eigenschaft des statistischen Modells, 
dass im Falle des Auftretens eines Drehimpulsbetrags L gleichzeitig auch alle 
Komponentenwerte zwischen +L und —L auftreten und zwar mit gleich- 
massiger Verteilung, so dass ihr Mittelwert gleich Null ist. Bei dem Schalen- 
modell der Quantenmechanik gilt eine solche Relation im allgemeinen nur im 
Falle vollstindig besetzter Unterschalen. Diese Kigenschaft des statistischen | 
Atommodells rihrt daher, dass der Drehimpulsvektor keinerlei Richtungs- 
quantelung unterworfen ist. 

Kine Grésse, welche fiir beide Modelle definierbar und wenigstens im 
Falle vollbesetzter Unterschalen eindeutig vergleichbar ist, wird.also nur der 
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pe. Die Elektronendichte dee Wharade-Beraischen Atommodells im Falle 
von neutralen Atomen gibt uns den Ausdruck [6] 


Z 


cp ee (11) 
An p® -\ x 
ee ieee 
=. ‘aor ar | at. Einh., (12) 
fe @ die Lésung der Thomas-Fermischen Differentialgleichung fiir neutrale 
be Atome und Z die Ordnungszahl bedeuten. Mit Riicksicht auf Gl. (2) erhalten 
(4 wir aus Gl. Qe 
. _ 2 2/3 F 
: ; LS = ex Aol 2218 be (x @)9/? = 0,262 278 , (13) 
- . aa A Ke, 
2 A 0 
och wie in [2], aus Gl. (4) 
2 £3 a 
4 4 \ 4 x 
Sf: 
und aus Gl. (9) baw. ee 
pe < | Labs = 0,234 21. (15) 
if / zie Acta Phys. Hung. Tom, XIII. Fase. 2. 
7 We 
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Fiir die Integrale in Gl. (13) und (14) erhalten wir namlich durch nume- 


rische Integration 


os 


a d . 
| dx (x Po) 2 0,370 und bee (x Go)? — 0,596 * E (16) | 
x = xX 


0 0 


Wie die Fig.2 zeigt, geben die Zusammenhange (13), (14) und (15) 


durchschnittlich eine sehr gute Naherung der entsprechenden Gréssen des 


Fig. 2 


Schalenmodells, welche wir aus der Elektronenkonfiguration der Grundzu- 
stinde der Atome berechnet haben. Fiir kleine Ordnungszahlen liegen die 
berechneten Kurven hoher als die empirischen Werte, mit wachsender Ord- 
nungszahl nimmt aber die Differenz ab. 


II. Berechnung der Mittelwerte mit dem Schalenmodell 


Charakteristisch fiir die Mittelwerte (13), (14) und (15) des statistischen 
Atommodells sind der Exponent der Ordnungszahl und der Koeffizient dieser 
Potenz. Unsere Ergebnisse kénne 


mn wir — ausser in der in der Fig. 2 dargestell- 
te 


n Weise — mit den entsprechenden Gréssen des Schalenmodells auch dadurch 
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vergleichen, dass wir diese Gréssen als Funktionen der Ordnungszahl bestim- 
men. Das Resultat dieser Rechnung wird natiirlich davon abhangig sein, was 


fur eine Elektronenkonfiguration wir fiir den Grundzustand der Atome anneh- 


men. Im folgenden wollen wir die Rechnungen fiir zwei Falle durchfiihren: fiir 


_ die vollstandig regelmassige Besetzung der Zustande der Atome und fiir eine 


Besetzung, welche eine triviale Verallgemeinerung der anomalen Besetzung 
der Stoner-Tabelle ist. 

Prinzipiell gibt das statistische Atommodell eine gute Naherung fiir 
grosse Ordnungszahlwerte und fiir edelgasahnliche Atome mit vollstandig 
besetzten Unterschalen. Wir werden daher im folgenden asymptotische For- 


~meln fiir die Mittelwerte von Atomen mit ahnlicher Elektronenkonfiguration 


herleiten.' 

1. Fall der vollstdindig regelmdssigen Besetzung. Nehmen wir jetzt an, 
dass die Elektronen die Einelektronquantenzustande der Atome streng in der 
Reihenfolge der wasserstoffahnlichen Terme, also in der Reihenfolge 


1s; 2s, 2p; 3s, 3p, 3d; 4s, 4p, 4d; 4f; 5s, Op, od, Sf, 5g; ..- (17) 


besetzen. Die sukzessive Besetzung geschieht also nach unserer jetzigen An- 
nahme in der Reihenfolge der zunehmenden Hauptquantenzahlen und inner- 
halb einer Hauptquantenzahl in der Reihenfolge der zunehmenden Neben- 
quantenzahlen. 

Wir wollen nun die Mittelwerte fiir solche Ordnungszahlwerte berechnen, 
bei welchen die Besetzung einer Elektronenschale eben beendet ist. Aus dem 
Pauli-Prinzip und aus den méglichen Werten der Quantenzahlen folgt, dass 
bei solchen Atomen die Ordnungszahl Z und die grésste Hauptquantenzahl N, 
welche zu der dussersten, noch besetzten Elektronenschale gehort, der Relation 


N 
i 


geniigen. Durch Aufsummieren bekommt man daraus 


Mis Cele eee 2 (19) 


In einem Atom mit der angenommenen Elektronenkonfiguration befin- 
den sich in einer Unterschale 2(2/ + 1) Elektronen mit der Nebenquanten- 
zahl I. Jedes dieser Elektronen hat das Drehimpulsquadrat /(/ + 1), den Dreh- 
impulsbetrag (i+ 1p". wihrend der absolute Betrag ihrer magnetischen 
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nan 
Quantenzahlen die Werte 0,1,2,...,/ annimmt. Es ist also fiir eine Unter- 
schale mit der Nebenquantenzahl | 


; XL? = 2(21+ 1) i+ 1), (20) 
XL = 2(21 + 1) [Wl + 1)]!? & 21 + 11, . ey 
Elm] =40 +24 ..54) = 20+ 1). (22) 


Die in (21) angewandte Naherung ist anscheinend zu grob. Da wir aber 
bei dem Ubergang zu den asymptotischen Formeln nur die héchste Potenz der 
in (21) stehenden Grésse behalten, ist der hier begangene Fehler ganz belanglos. 

Wenn wir eine Elektronenschale mit der Hauptquantenzahl n betrach- 
ten, gewinnen wir die Summe der Gréssen (20), (21) bzw. (22) durch eine Sum- 
mierung tiber / von 1 = 0 bis 1 = n — 1. 

Fiir ein Atom mit der Ordnungszahl Z, bei welchem die dusserste voll- 


besetzte Elektronenschale die Hauptquantenzahl N hat, miissen wir tiber n 


von n = 1 bis n= N nochmals summieren. Zu den gesuchten Mittelwerten 
gelangen wir, wenn wir die so gewonnenen Summenwerte durch Z dividieren. 
Es ist also 


T 
L 


Sid+ H+), (23) 


i 
° 


2 
= 
i. 


I 


/\ 
~ 
V 
I 
Nc 
ive 
tly 


Tete Bs (24) 


iV 


= 
I! 
a 
T 
r) 


Nite oN 
a 
i 


/\ A 
= SS 
VV V 
| 
| 
WW) 2 
lv 


L(+ 1). (25) 


= 
I 
ray 
~ 
i) 
—) 


Wir kénnen alle hier auftretende Doppelsummen auf einfache Form 
bringen. Nach Einsetzen von Z gemass Gl. (19) bekommen wir folgende Aus- 
driicke fiir die Mittelwerte ausgedriickt mittels der héchsten Hauptquanten- 


zahl N: 
3 
<Bs>= = (N2 +N 2), (26) 
JIN = 7 
<i 5 (27) 
2N+1 
= : l N?*+N 2 28 
m —= = — _ 
9 ey @8) 
Nehmen wir an. dass Z — gleichzeitig mit N — sehr gross ist. Dann 


folgt aus GI, (19) 


3 \1/3 
va[2 pee 7 
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SEES 


é n cles von n (1?) f 1 ae Hee ress aah nda mise 
; 2s, 2p; 35, 3p: As, 3d, Ap; 5s, 4d, 5p; 6s, 4f, 5d, 6p; 7s, 5f, 6d, 1p; aot hon 


Wir wollen nun die Mittelwerte auf Grund dieser anomalen Besetzung 

berechnen. Wir verallgemeinern das Schema in (33) folgendermassen. Bei dem 

A precten der Hauptquantenzahl n kommen die ns- und np-Zustande gleich- 

_zeitig zur Besetzung, dann die d-Zustinde der vorletzten, die f-Zustande der 

_ yorvorletzten Schale usw. Das verallgemeinerte Schema fiir die Besetzung 
der Zustiande ist also folgendes: 


Hauptquantenzahl — Nebenquantenzahl 

n j L=0 Ss 
n == ll Pp 
n= = 2 d 
e n—2 =A f 
: Te Pit I 
4 n—x+l1 x 
a Fur gegebenes n geht diese Folge bis zu dem Nebenquantenzahlwert Go 
i fir welchen 
3 ; x=(n—x+1)—-1 


ist, woraus 
- (34) 
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nm 
folgt. Wenn n eine ungerade Zahl ist, miissen wir den ganzen Teil von —— } 


n 
nehmen, den wir — wie iiblich — mit es bezeichnen. 


Bei einem Atom mit edelgasahnlicher Elektronenkonfiguration gibt also. | 
das Auftreten der neuen Hauptquantenzahl n eine Méglichkeit fiir die Beset- 


_ zung von nur a Unterschalen und nicht fiir die Besetzung von n—1 Unter- 
schalen, wie wir es friiher aus (17) gefolgert haben. Nach der Besetzung dieser 
ee Unterschalen gelangen wir wieder zu einem edelgasahnlichen Atom in 


dem periodischen System der Elemente. 

Da in einer Unterschale mit der Nebenquantenzahl | wieder 2(21 + 1) 
Elektronen Platz finden kénnen, werden sich nach unserer jetzigen Annahme 
mit dem Auftreten der Hauptquantenzahl n insgesamt 


[=] 


= 


[x 


to 


2 


WW 


(2141) 


0 


v 


Elektronen einbauen. (Dieser Ausdruck gibt uns die Differenz der Ordnungs- 
zahlen zweier benachbarter edelgasahnlicher Atome, und zwar der Reihe nach 
2, 8, 8, 18, 18, 32, 32, 50, 50, .. 5 F 

Nehmen wir jetzt das edelgasahnliche Atom mit der Ordnungszahl Z, 


bei welchem die grésste Hauptquantenzahl N ist. Wir bekommen jetzt statt 
(18) den Zusammenhang 

n 

2 


N 
2>e> ihe (35) 


n= =0 


ree | 


i 
~ 


Wir wollen wieder nur asymptotische Formeln herleiten, und dabei ist 
die Unterscheidung zwischen geraden und ungeraden n-Werten tiberfliissig. 
. s . . . n n 
Wir werden also im folgenden die Rechnungen statt mit = nur mit —— 

2 
weiterfuhren, 


Durch Aufsummieren von (35) ergibt sich der Ausdruck 


MN + 1) (2N + 13) + 12N = 12Z. (36) 


und daraus 


N x 618 Z1/3 | (37) 


Die Mittelwerte 


kénnen wir mit derselben Methode durch Summieren 
berechnen wie im Falle 


der regelmassigen Besetzung. Der einzige, Unterschied 
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Die Doppelsummen kénnen wir wieder elementar ausdriicken, wodurch ; ee 
wir die Formeln = 
1 ; = 
eer = N(N +1) (6 N24 61N2 +2 | 4 
=< 1 180Z (N + 1) ( + 61 N? + 261 N + 239), (41) 5 
1 ; a 
<L > =———N(N41)(N2+7N 4.5 7 
sap FOR + IN +18), (42) 
1 
| =n) > = —N(N+1)(N?2+9N + 20 
| Im|> = 2 NWN + 1) (NP + 9N + 20) (3) 
p 
a erhalten. Wenn wir noch Z aus Gl. (36) einsetzen, erhalten wir mit Hilfe von 
_ GI. (37) sofort die asymptotischen Formeln 
tl 
cy 3 
P = is eee (44) 
: ; Zo ee Jw cy 0,454 Z18 , (45) 
p 4 
é 1 1 
3 eer Lae eS (46) 
i 
Il. Diskussion 


Die Resultate (13), (4) und (15) aus der statistischen Theorie des Atoms 
wollen wir jetzt mit den Ausdriicken (30), (31) und (32) baw. (44), (45) und 


(46) vergleichen. 
Man sieht, dass die Abhangigkeit von der Ordnungszahl in allen Fallen 
die gleiche ist, ein Unterschied tritt nur zwischen den Werten der Koeffizienten, 


welche wir in der Tabelle 1 usegeeypengestellt haben, auf. 


‘ c : le | Acta Phys. Hung. Tom. XIII. Fase. 2. 


230 | A. KONYA 
Tabelle 1 
panies ees | Im 
Thomas—Fermisches Modell 0,262 0,468 0,234 
regelmassige Besetzung 0,393 50% | 0,572 22% 0,286 22% 
Schalene i) se 0. wen 
modell anomale Besetzung 0,248 5% | 0,454 3% 0,228 3% 


Die mit Hilfe des Thomas-Fermischen statistischen Modells gewonnenen 
Koeffizienten liegen alle zwischen den Koeffizienten der beiden wellenmechani- 
schen Schalenmodelle — und zwar bedeutend n&dher zu den Werten, welche 
wir auf Grund der anomalen Besetzung gewonnen haben. Die prozentuellen 
Fehler in der Tabelle 1 geben die relativen Unterscheide zu den Ergebnissen 
des statistischen Modells. Wie man sieht, sind diese Fehler im Falle der anoma- 
len Besetzung nur etwa 1/10 der Fehler der regelmassigen Besetzung. Wir 
kénnen also behaupten, dass das Thomas-Fermische statistische Atommodell 
eine sehr gute Naherung der anomalen Besetzung gibt, wahrend es sich von 
dem Schalenmodell mit regelmissiger Besetzung wesentlich unterscheidet. 

Zusammenfassend kénnen wir also aus unseren Ergebnissen folgern, dass 
das statistische Atommodell fiir grosse Ordnungszahlen im wesentlichen die 
Anomalien in der Besetzung der Einelektronquantenzustande wiedergibt. Der 
Beweis dieser Behauptung, wie er mit der hier vorgelegten Methode gefiihrt 
wurde, entspricht nach unserer Meinung besser dem Charakter des statistischen 
Modells als die Untersuchung des ersten Auftretens einer Nebenquantenzahl 
bei relativ kleinen Ordnungszahlen. Wir haben hier aus dem Verhalten des 
Modells bei grossen Ordnungszahlen Folgerungen gezogen und haben keine 
Gruppierung der Elektronen nach der Nebenquantenzahl verwendet. In dieser 


Hinsicht ist unsere Methode mit der Methode von IVANENKO und LARIN [4] 
Verwandt. 
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UBER DIE KORRELATIONSENERGIE 
UND DAS KORRELATIONSPOTENTIAL 
EINES ELEKTRONENGASES 


Von 


P. GomBAs 


PHYSIKALISCHES INSTITUT DER UNIVERSITAT FUR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 


(Eingegangen 10. V. 1961) 


Fir die Korrelationsenergie eines Elektronengases wird eine fiir den ganzen Dichte- 
bereich giltige Interpolationsformel hergeleitet. An Hand dieser lisst sich die Korrelations- 
wechselwirkung des Elektrons im héchsten besetzten Energiezustand mit den iibrigen Elektro- 
nen durch ein Korrelationspotential darstellen. 


I. Einleitung 


Mit dem Problem der Berechnung der Korrelationsenergie eines freien 
Elektronengases befassen sich besonders in neuerer Zeit viele Arbeiten[1]. Dieses 
Problem, das fiir mehrere Gebiete derQuantenphysik eine wichtige Rolle spielt, 
konnte jedoch bis jetzt wegen mathematischer Schwierigkeiten nicht voll- 
standig gelést werden; eine Lésung konnte nur fiir sehr kleine und sehr grosse 
Elektronendichten und fiir Elektronendichten von der Gréssenordnung der 
Elektronengasdichten in Metallen erzielt werden. Das Ziel der vorliegenden 
Arbeit ist fiir die Korrelationsenergie des freien Elektronengases mit Hilfe der 
vorliegenden Lésungen eine Interpolationsformel herzuleiten, die fiir alle 
Dichten des Elektronengases eine gute Naherung darstellt. 

Kiirzlich wurde von Lewrs[2] eine Interpolationsformel angegeben, die fiir 
sehr kleine Elektronendichten das richtige Verhalten aufweist, bei grossen 
Elektronendichten unterscheidet sie sich jedoch vom tatsichlichen Verlauf 
durch eine Konstante. Diese Interpolationsformel ist demzufolge fiir Elektro- 
nendichten von der Gréssenordnung 9 ~ 1/a, (a, = erster Bohrscher Wasser- 
stoffradius) mit einem bedeutenden Fehler behaftet, der sich auch noch auf 
Elektronendichten von der Gréssenordnung der Dichten des Metallelektronen- 


gases auswirkt. 
2. Herleitung der Interpolationsformel 


Wir befassen uns zundchst mit den drei Ausdriicken fiir die Korrelations- 
energie pro Elektron, w,, auf die sich unserere Interpolationsformel griindet. 
Als ersten ziehen wir den fiir sehr kleine ¢ giiltigen Ausdruck in Betracht, 
der von Wiener [3] hergeleitet und spater von Pines [4] korrigiert wurde. 
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rs = 20g, deh. ot < 0,03/aq, 


wo e die positive Elementarladung bezeichnet, a den ersten Bohrsch: n 
-serstoffradius bedeutet und r, der Radius der 1 Elektron enthaltenden El ne 
tarkugel ist, der mit der Elektronendichte folgendermassen zusammenh 1g 


Q) 


Der Ausdruck (1) gilt fir 9 > 0 exakt. . 
Als zweiten betrachten wir einen von PINES [5] fir Elektronendichten 
von der Gréssenordnung der Dichten des Metallelektronengases hergeleiteten | 
Ausdruck © 7 | 


2 13 si Ts j. e 
w= — g, (a2) = — 0,0155 "In ee Sts = 
e e , 
= 0,0155 — In (918 a.) + 0,06049 “—, (3) 
a be) 


der fiir ; 
18a, <7; < 5,649, d.h. 0,10/a, See << 0,35/a, 
giltig ist. 
Schliesslich als dritten ziehen wir den von GELL-MANN und BrRUECK- : 


NER [6] fiir sehr grosse Elektronendichten hergeleiteten Ausdruck : 
7 { 
e r a 
wi) = — g, (gi/3) = — 0,0311 —_In | S + 0,048 — — | 
% % % ; 
3 ; (4) 
= 0,0311 — In (91/8 a,)+ 0,0628 — ‘ 
a 


0 a 
heran, der fiir 


rs < lay, doh. 91/8 > 0,6/a, 


Giiltigkeit hat. Fiir 9 > oo gilt dieser Ausdruck exakt. 
Die Giiltigkeitsbereiche der verschiedenen Ausdriicke fiir die Korrela- _ 
tionsenergie wurden sehr ausfiihrlich von NozrereEs und Pines [7] untersucht; 


> 
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n iiber die Giiltigkeitsbereiche der einzelnen 

ststellungen. 

_ Wie aichi~< an cee von aRig, 1 oder der Formeln (1), (3) und (4) 
asec gibt keine dieser Formeln im ganzen Bereich von p = 0 bis o= 

brauchbare Naherung, die Formeln werden ausserhalb ihres Giltigkeits- 

bereiches mabrauchbar: ve im ganzen Bereich von Q eine brauchbare | 


a 
“ ev 


Eb 0 : 

ij 0 1 2 oe 4 5 

: ee 

Fig. 1. Der Verlauf von g,, gs, £3, 8 gy und g,; als Funktion von g!?. Die Funktion g, wird bei 
Eo cea 9!/3 ~ 0,02/a, negativ; dies konnte jedoch in der Figur nicht dargestellt werden. 

ie Einheiten: ao 1/a9, Ordinate e?/a. 


_ Naherung zu erhalten, ist es zwackmAssig eine Interpolationsformel zu kon- 
_struieren. Wie sich zeigt, eignet sich fiir diese folgende Form 


Oy 


E 1/3\_ 8 In (1'-- 6. ot 8 
ONT os B,In (1 + Pp0"/*), (5) 


in welcher die Konstanten a,, a,,8, und B, so gewahlt werden, dass w,, fir 

9 = 0 in den dort exakt giiltigen Ausdruck (1), fiir @ = co in den fiir diesen 
Dichtewert ebenfalls exakt giiltigen Ausdruck (4) iibergehe und fiir den Dichte- 

wert 1/3 = 0,15/a,, der in den Giiltigkeitsbereich des Ausdruckes (3) fallt (und 
der approximativ der Randdichte des statistischen Atoms entspricht) mit (3) 
iibereinstimme. Es ergeben sich so folgende Bedingungsgleichungen 


SLs BBs = 0,109, (6) 


As 
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e” 


| 
CRC wiA ca ey (7) | 


a 
e2 
a, + B,ln fe = 0,0628 ae (8) 
0 
a 0,15 9 
me 0.15 + ln (1 + Be". = g0(0,15/aq). (9) 
Uy Ag se 0,15 a . 


Hieraus erhalt man fiir die Konstanten a,, a,,f, und p, die folgenden 


Werte 


e 1 
a, = 0,0357, —, a; = 0,0562,-——, 
ao ay 
(10) 
p, = 0,0311, —, PR Nie Poa 
QQ 


Ks existiert auch noch eine andere Lésung des Gleichungssystems(6) — (9), 
bei der a, einen negativen Wert hat. Mit dieser Lésung zeigt jedoch der Inter- 
polations-Ausdruck (5) praktisch denselben Verlauf wie mit der Lésung (10). 

Mit den Konstanten (10) dominiert in (5) fiir sehr kleine o das erste Glied 
und fiir sehr grosse 9 das zweite Glied. Dieses erste Glied hat die Form eines 
von Wicner [8] angegebenen und spater von PINEs [9] korrigierten Inter- 
polationsausdruckes gy, der fiir 9 > 0 in (1) tibergeht und fiir grosse 9 Werte 
annimmt, die von WIGNER zur Zeit der Herleitung dieses Interpolationsaus- 
druckes festgestellt wurden und die sich nach Bekanntwerden des fiir grosse 


o exakt giiltigen Ausdruckes (4) als ziemlich ungenau erwiesen. Dieser WIGNER- 
sche Ausdruck fiir g lautet 


va 1/3 


Yocr ove 


go 
ow 


(11) 


mit 7; = 0,0564e"/a, und y, = 0,0795/a,. 
Das zweite Glied in (5) hat die Form eines von Lewis [ 


10] angegebenen 
Interpolationsausdruckes 


8i = & In (1 + e018), (12) 
wo €; = 0,031 1e?/a, und e, = 22,80a, ist und der sich fiir sehr grosse 0 — wie | 
weiter oben schon erwahnt wurde — durch eine Konstante von dem durch (4) 


gegebenen exakten Verlauf von g unterscheidet. 


Die dieser entsprechende 
fiir grosse 0 fehlende Konstante wird in unserer It 


aterpolationsformel durch 
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ane “sehr grosse 9 aa ere in diese Cone ; 


< Vergleich i ist der Werleut Von $1, 2, 3 Sowie von g und weiterhin der 
Verlauf von gw und g; als Funktion von e183 in Fig. 1 dargestellt. Wir schatzen, 
der Fehler von g auch in den Interpolationsgebieten, wo der Fehler am 
srdssten ist, 10% nicht iiberschreitet. 

_ Fir die Korrelationsenergie pro Volumeneinheit, d.h. die Dichte der 
Korrelationsenergie erhalt man mit unserem Ausdruck (5) fiir g 


Wk=0 Wm=— 0° a(ol!’). (13) 


. Die ‘Korrelationsenergie Ex des gesamten Elektronengases, z. B. der 
_ Elektronenwolke des Atoms ergibt sich durch eine Integration dieses Aus- 
_ druckes auf den ganzen Raum; man hat also 

x 


oe Ex = — { 0g(o1/*) dv, (14) 
"wo dv das Volumenelement bezeichnet. 
es 3. Das Korrelationspotential 


Zur naherungsweisen Berechnung der exakt sehr schwer zu erfassenden 
Korrelationswechselwirkung der Elektronen lasst sich — wie in vorangehenden 
_ Arbeiten[11] gezeigt wurde — ein Korrelationspotential herleiten. Fur die 
Korrelationswechselwirkung des Elektrons mit der hiéchsten Energie gestaltet 
sich dieses folgendermassen 


7 


= (15) 
e 80 


Mit Riicksicht auf (13) ergibt sich hieraus mit unserem Ausdruck (5) 


4 1/3 
Vi. ia a; 4d = 3018 18 4 fe Is (1 ae Bo els) 4 By Bs Q ai (16) 
ge (a, + @**)? 3e 1+ f,01 


Das Korrelationspotential wird also fiir 9 9 gleich Null und fiir @— oo 
logarithmisch unendlich. Der Verlauf von Vx als Funktion von ¢!/ ist in Fig. 2 


dargestellt. 
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Fig. 2. Verlauf des Korrelationspotentials Vx als Fanktion von @¥/3 
Einheiten: Abszisse 1/ag, Ordinate e/ap. 


Die Korrelationsenergie u;, des Elektrons mit héchster Energie im Atom, 
d. h. eines Valenzelektrons im Atom, die aus der Korrelations- Wechselwirkung 
dieses Elektrons mit den Rumpfelektronen resultiert, ergibt sich mit Hilfe 
von V, folgendermassen 


u,=— J VelvaPede, an 


j 
Wo p die auf 1 normierte Kin-Elektron-Eigenfunktion des Valenzelektrons im 
Atom und dv das Volumenelement bezeichnet; die Integration ist auf den 
ganzen Raum auszudehnen. j 


Auf einige Anwendungen der Ausdriicke (5), (14) bzw. (17) kommen wir 


in folgenden Arbeiten zu sprechen. 
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DIE IMPULSVERTEILUNG 
DER NUKLEONEN IM ATOMKERN 


Von 
= : a 
* we Zs. CSOMA 


Poe a 


_ _PHYSIKALISCHES INSTITUT DER UNIVERSITAT FUR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 


‘ on (Eingegangen: 12. XII. 1960) 


fo 


Die Impulsverteilung der Nukleonen im Atomkern kann ahnlich der Im- 
pulsverteilung der Atomelektronen berechnet werden, da die Nukelonen eben- 
falls der Fermi-Statistik gehorchen. Nach dem statistischen Atommodell von 
GompAs [1] ist die durchschnittliche Nukleonendichte durch eine im allge- 
_ meinen nicht monotone Funktion des vom Kernzentrum gemessenen Abstan- 
des darstellbar. Fiir die Wechselwirkungsenergie soll die Gestalt a 


= 


a Jaasep|=" 


To 


a angenommen werden [2], wo ¢ eine Konstante mit der Dimension einer Ener- 
 gie, jedoch r, die durch 27 dividierte Compton-Wellenlange des z-Mesons ist, 
a ry = 1,355 - 10-1 cm soll im folgenden als Langeneinheit dienen. Misst man 
_ nun die Entfernung mit dieser Einheit, dann nimmt die Nukleonendichte in 
4 
Pat 


_ aweiter Naherung folgende Gestalt an: 


i O° 3 
E peg [ig yet rh 
v 13/2. pg 3 


worin A die Massenzahl 


3 BD” ae 30 
— = ean Po = ie yo ; aa vy, 
22/3 (9) US « A1/3 ) 


4 72 


und c, und y Variationsparameter sind, deren Werte die folgende Tabelle 


enthalt 


A 16 80 200 
| rae 4,73 5,85 5,95 
mn y 0,54 1,4 1,8 
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Den zu einem gegebenen o-Wert gehérenden maximalen Impuls liefert die aus 
der statistischen Theorie des Atoms [3] bekannte Formel 


: WE} 
p=>( -h- oh, 
PEN Gis 


Im Falle von A = 16 sind @ un deshalb auch p monoton abnehmende Funk- 
tionen von r. So kénnen die Nukleonen mit gegebenem Impuls vom Absolut- 
wert p nur in einer solchen Kugel vorkommen, die einen zu diesem p gehéren- 
den Radius r besitzt. Alle Nukleonen, deren absolute Impulswerte zwischen P 


g 
ale 
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i 
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20 


os nr eal ES) a 
0 = 


| a Ss a T a i 
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Fig. 1 


und p + dp fallen, besetzen demzufolge im Impulsraum einen Bereich der 


Grésse 4 xp? dp, im Koordinatenraum jedoch einen solchen der Grésse =o r, 
3 


im Phasenraum fiillen sie daher ein Phasenvolumen der Griésse 


An 
a [r (p)}® 40 p? dp 


aus. Wenn im Falle des 
Groésse h® zwei 


die Zahl der 


tiefsten Energiezustandes sich in jeder Phasenzelle der 
Nukleonen mit entgegengesetztem Spin aufhalten, dann ist 
Nukleonen, deren Impulswerte zwischen p und p + dp fallen [4], 


16 x? 
® (p) dp =2- 
(p) dp = 2 aps POOP: 
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if Im Falle von A = 80 bzw. 200 nehmen 0 und p mit r bis zu einer maximalen 
_ Dichte monoton zu und danach monoton ab, deshalb gehéren in der Nahe 


z des Maximums von p zu einem p-Wert zwei r-Werte: r, und r,. Nehmen wir 


nun an, dass r, >r,, dann ist 
as 3) 72 
D{ pyas— (r5 — 1h) p*, 
37 


worin die Einheit der vom Kernzentrum gemessenen Entfernung r, und die 


Einheit des Impulses Ban ist. 
; 27 To 
Der'Veraluf der drei Verteilungsfunktionen wird durch Fig. 1 wieder- 
gegeben. In den drei Fallen sind die Werte des maximalen und des Impulses, 
in dessen Nahe sich die meisten Nukleonen befinden (»wahrscheinlichster 
Impuls«: p,), in den erwahnten Einheiten die folgenden: 


A Pmax Pe 
e 16 2.2736 1,1827 
80 2,0382 1,4033 
200 1,9702 1,4263 


Zam Schluss méchte ich auch an dieser Stelle Herrn Professor Dr. 
P. GomsAs fiir wertvolle Ratschlage danken. 
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THE INFLUENCE OF EXTERNAL RESISTANCE 
ON THE MOVING STRIATIONS 


- OF THE POSITIVE COLUMN* 


By 
G. LAKATOS and J. Brr6é 


INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 


(Received 10. I. 1961) 


’ 

On the basis of SzIGETI’s previous statement [1] one of the authors [2] 
examined the influence of some internal anodic side parameters of the discharge 
tube on the moving striations in the positive column of a gas discharge of low 
pressure. The influence exercised by the external parameters of the gas discharge 
tube on the moving striations was examined by several authors. According to 
Yosurmoro et al. [3] the velocity of moving striations can be sensitively influ- 
enced by external conditions (ambient temperature, external resistance, etc. . .). 
Also PEKAREK [4] mentions the weak influence exercised by the parameters 
of the external circuit on moving striations. According to NEpospasov et al. [5] 
the external effects have an influence not only on the velocity of the striations, 
but on their wavelength too. 

The authors have examined the dependence of the frequency and other 
parameters of moving striations arising in the gas discharge of low pressure on 
the magnitude and kind of the external limiting element. . 

The experimental tube had a 36 mm internal diameter, 1200 mm 
length, and was filled with argon and mercury vapour of 3 mmHg total 
pressure. The cathode of the tube was an oxide cathode and its anode a 
nickel disk. The discharge tube was placed in a water jacket, whose tempera- 
ture was kept at 25 + 0,1° C. In the course of the experiments no external 
magnetic field was employed. 

The power supply of the discharge tube was a stabilized de electrical 
source; the are current was 100 mA, without the external heating of the 
cathode. In the first part of the experiments a variable ohmic resistance, whose 


inductive resistance was negligible, was used as an external limiting element. 


The external ohmic resistance was so adjusted that for the different values of 


the supply voltage (200, 300, 400 V) the current always remained 100 mA. 
The different parameters of the moving striations were determined with the 


* A report on research conducted under contract with the United Incandescent 


Lamp and Electrical Co, Ltd. 
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measuring method used by DONAHUE et al. [6] and the results of the measure- 

ment are shown in the following Figure 1. Am 
The parameters in Fig. 1 refer, from among the two waves of striations 

of different speed detectable in the discharge, to the wave of greater speed. 


In the second part of the experiments as an external limiting element, - 


beside the ohmic resistance, connected in series, there was also used an insert- 
able or disconnectable inductive resistance, connected similarly in series. 
The magnitude of the inductive resistance was 1,5 H and its ohmic resitance 


70 


Fig. 1 
The dependence of the different parameters of moving striations on the size of the employed 
external ohmic resistance at 100 mA current. 
A — amplitude of the oscillation of the light intensity in arb. units; » — speed of the moving 
striations in 103 cmsec™ units; 4 — wavelength in cm; » — frequency in 10? sec! units 


10 ohm. In case of insertion of the inductive element, so as to keep the result- 
ing ohmic resistance of the external limiting circuit unchanged, the original 
variable resistance was reduced by 10 ohm. The influence of the inductive 


resistance on the frequency of the moving striations at 20 mA are current is 
shown in the following Table 1. 


Table 1 


Inductive resistance 


Disconnected Inserted 


Frequency (sec~ 1) 54] 498 


From the Figure it is clear that in the examined range at constant are 
current the magnitude of the external limiting ohmic resistance influences the 
amplitude (A) of the oscillation of the light intensity of the moving striations 
and similarly its speed (v) and wavelength (A) — as it was also stated by the 
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_ mined only by the internal parameters of the discharge. 

On the other side, from Table 1 it can be seen that under suitable 
_ conditions the frequency of the moving striations is influenced by the presence 
_ of the inductive part of the external limiting element; consequently in this 
case this frequency is determined not only by the internal parameters of the 
_ discharge. 
: The influence of external ohmic resistance on the frequency, light 
intensity and current oscillations will be described in a following paper [7]. 
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LUMINESCENCE OF ADSORBED FLUORESCEIN 


(PRELIMINARY COMMUNICATION) 


By 
E. LENDVAy 


RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, 
BUDAPEST 


(Received 2. II. 1961) 


: It is well known that fluorescein luminesces very intensively in various 
_ polar solvents or in a rigid medium (e. g. in boric acid glass) etc., but our know- 
ledge of its lighting in the adsorbed state is very poor. 

: We examined the behaviour of fluorescein adsorbed on different surfaces 
“and observed that the luminous characteristic of fluorescein, adsorbed on 
~Al,O; hydrogels are-well measurable. 

We prepared the adsorbent by anodic oxydation. The ‘‘adsorbat”’ phos- 
phors were prepared by adsorption of fluorescein on Al,0, films, previously 
treated with basic solutions. The spectra of the emission depended on the 
_ method of chemical treatment. Some characteristic spectra are shown in Fig. 1. 

We can conclude from the connection existing between the conversion 
of the oxyde to hydroxydes (which occurs when oxyde is treated with basic 
reagents) and the spectral energy distribution of the luminescence that the 
emitting molecules are joined to the surface with H-bridges. This supposition 
was provable by chemisorption of methylalcohol, resp. water which was fol- 
lowed by the adsorption of fluorescein. (In the second case twice the number 
of —OH groups were originated from the oxyde, as in the first one, therefore 
the intensity of lighting of the second phosphor was also twice that of the 
first one.) 

As mentioned above the spectra changed with the chemical treatment. 


From this we supposed that the —OH groups on the surface are of different 


natures. All hydroxyl groups, which are of equal acidity, contribute to the same 
elementary band in the spectra. The elementary bands corresponding to diffe- 
rent —OH groups differ from each other chiefly in the wavelength of the 
maximum. 

It can be shown that there are four elementary bands in the spectra, the 
maxima of these lying at 520, 527, 558 and 593 muy. 

The intensity of an elementary band can be calculated theoretically, 
however, only if the centers are identical and the phosphors differ only in their 


9 
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concentrations. If these suppositions are assumed to be valid, it follows that | 
| 
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where N, and N, are the concentrations of the emitting molecules gee | 
on the surface and W,(A) and W,(/) the wavelength dependence of the emitted — 
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Fig 1. Luminescent spectra of Al,O, - xH,O phosphors. The different spectra belong to the 
different surface treatments 


energy. With the above mentioned equation the changes in the spectra can be 
explained. If the rates of generation of the various —OH groups are different, 
the places of maxima and the intensities of the spectra vary, because the intens- 
ity of the elementary bands also varies, as this depends on the chemical 
treatment of the Al,O, film. 

To demonstrate the correctness of the above mentioned conception, we 
examined the behaviour of the Al,O, films, which were exposed to the same 
reagent for various times and in each case fluorescein was adsorbed on them. 
In the mentioned cases the spectra shown in Fig. 2 were obtained. 
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' It can be shown that the changes occurring in Fig. 1 and Fig. 2 are very 
similar. Examining layer phosphors, which were treated by the same method 
and which differed from each other only in the time of adsorption of the 
fluorescein, we found that their spectra are also similar. 

These experiments verify that the surface contains different emitting 


centers, which come into existence because surface —OH groups of different 
characters are present. 


. According to the suppositions mentioned above we are of the opinion 
that the luminescence originates from different centers, and that its intensity 


ny 
S 


intensity in arbitary units. 


80 9050010 20 30 40 50 60 70 80 90 600 Amu 


Fig. 2. The influence of the adsorption time on the shape of the luminescent spectra. The 


intensity of the spectra increases with the duration of adsorption 


under excitation can therefore be represented as a function of wavelength by 
an equation of the type 
| 


n me | cf 
WE (AT) = es eS (2, T) d; (T) =p sai ©) 


where Wri, T;) is the energy distribution of an elementary band, T; the 
“‘temperature”’ of the i-th center, which is defined by the equation of ALENCEV 
[1], T the ambient temperature, ¢; (A, T) the absorption band of the correspond- 
ing center, d(T) a constant, which is independent of A, and c’ the constant of 


Wien’s formula. 
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If we take into consideration what we have said above we can describe: 
quantitatively the change in the emission as function of the hydration of t hes 
Al,0, film because the adsorbing groups originate in a series of reactions fol-: 
lowing each other. . 

Supposing three kinds of adsorbing centers with different acidity (Al,03, 
AIOOH and Al(OH),) the intensity of the first band can be written as a simples 
exponential decay | 

T(t) = Th exp(—k,t), (3) 
where I is the intensity of the adsorbed fluorescein on a clean surface of | 
Al,Q3, t the duration of the chemical treatment and ka the specific rate of the: 
reaction. 

The dependence of the second band on the period of the chemical reaction 


was derived from formula (3). The equation can be expressed in the form 


ose A I, [exp (— kat) — exp (—kpd)], (4) 


B A 
where ky and kp are the specific rates of reactions, C a constant, and t the 


duration of the chemical reaction. The equation for the intensity of the third. 
band takes the form 


fot) =C* 2 = ., {kp [1 — exp (— k,t)|—k, [1 — exp (— kp ts (5) 


where C* a constant. The fourth band appears because of the polifunctional 
character of fluorescein. 

In the case of the same adsorbent and different adsorbing times the change 
of the luminescent intensity can be expressed in a similar way. The increase of 


the luminescent intensity can be represented for these elementary bands in 
the following form: 


Cy [exp (Ak; t) — 1) 


ni 
( D exp (4k; t)—1 (°) 


i (ta 


In the equation (6) Cy is the total concentration of the fluorescein in the solu- 


tion, when ¢ = 0. 4 = C, — N;, where N; is the concentration of the active 
Spots on the surface, and D — 


old vas Equation (6) tends toward the limit Ni. 
when the value of ¢ becomes very large. 

These equations are in good agreement with the experimental data. This 
agreement shows that the assumptions which y 
nature of adsorbat phosphors are justified. 

We hope to return later t 
nation of these phenomena. 


ve made in connection with the 
o the more exact description and detailed expla- 
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Die 12. vollig neubearbeitete Auflage des 


_ »Angerer« ist, so wie es dieses Werk seit seiner 


> 
ry 
Z 


ersten Auflage immer war, ein niitzlicher 


_ Wegweiser fiir die jiingeren und ein sehr wert- 
~ voller Ratgeber fiir die alteren Experimenta- 


toren. 


Seit beinahe 40 Jahren ist der »Angerer« 


ein Standardhilfsbuch von physikalischen 


— 


Laboratorien und Generationen yon Experi- 
mentalphysikern benutzten und benutzen 
auch heute noch fast taglich dieses kleine 
Biichlein in ihrer Laboratoriumsarbeit. 

Die Neuauflage enthalt neben dem stark 
umgearbeiteten alten Stoff als gesonderten 
Abschnitt ein sehr erweitertes Literaturver- 
zeichnis. Ausserdem werden in dem neuen 
Abschnitt IV einige allgemeine Grandprob- 
leme einer gut organisierten Arbeit im Labo- 
ratorium besprochen. 

Obwohl auch in dieser Neuauflage ver- 
schiedene ausgezeichnete Fachwissenschaft- 
ler die einzelnen Teilgebiete bearbeitet haben, 
hat das Buch durch sorgfaltige Redaktion 
seine Einheitlichkeit weiterhin bewahrt. 

Das erste Kapitel behandelt die Werk- 
stoffe und gibt Hinweise auf Kunstgriffe bei 
deren Be- und Verarbeitung. Zuerst werden 
die Metalle, Legierungen und Karbide bespro- 
chen (B. ScHARNow, H. Exsert). Dann fol- 
gen die Nichtmetalle: H. Epert gibt eine 
Zusammenfassung von nichtmetallischen Ele- 
menten und deren Verbindungen und W. 
Grota bespricht die Anreicherung gasfor- 
miger Isotope. Die Kunststoffe werden von 
J. Mout (organische Stoffe), H. LOBER (Glas) 
und H. Espert (keramische Massen) be- 
sprochen. Es folgt weiter ein Abschnitt ge- 
schrieben von J. Mout iiber die Kitt- und 
Klebstoffe und deren praktische Verwendung. 

In der Bearbeitung der Werkstoffe werden 
das Léten und Schweissen (G. LEHNERT), 
die Oberflachenbehandlung sowie Belage und 
Uberziige (H. Eprrt) und die Bearbeitung 
von Glas (H. LéBER) behandelt. 

Der Abschnitt »Verarbeitung« enthalt 
Artikel iiber Metallschichten (H. EBERT, R 
RirscH), diinne Folien (H. Mant), diinne 


g* 


on H. Expert. Friedr. Vieweg & Sohn, Braunschweig, 1959. 
12. Auflage. 464 Seiten, 172 Abbildungen. 


Drahte (H. Esrrt) und feine 
EBERT). 

Das zweite Kapitel wird der Behandlung 
verschiedener wichtiger Verfahren gewidmet. 
J. GrevessEen bespricht das Abdichten und 
den Aufbau von Hochdruckapparateteilen. 
W. Lorrermoser berichtet tiber akustische 
Verfahren. Es folgen die Arbeiten iiber das 
Abschirmen hochfrequenter elektromagne- 
tischer Felde von E. W. He~muotz, tiber das 
Elektromikroskopieren von H. Maut, iiber 
erschiitterungsfreies Aufstellen geschrieben 
von G. TINGWALDT. K. Drexs und R. JAECKEL 
geben eine sehr gute und brauchbare Zusam- 
menstellung tiber das Evakuieren und die 
wichtigsten vakuumtechnischen Verfahren. 
H. Expert behandelt das Fiillen von Spektral- 
rohren und R. OCHSENFELD einige magnetische 
Verfahren. Uber optische Verfahren berichten 
G. Carto, H. Epert und H. Korte, iiber Pho- 
tographie W. Mermincer. Die praktischen 
Probleme der Regelungstechnik werden be- 
sprochen, u. zwar das Regeln der Drehzahlen 
(W. v. MeverREN) des Druckes (J. GIELESSEN), 
der Feuchtigkeit und der Temperatur (H. 
EBERT), der Spannung (E. W. Hetmuoz) und 
Temperatur llein (J. GIELESSEN). H. 
ScHARDIN gibt eine Zusammenfassung tiber 
das Sichtbarmachen von Schlieren und H. 
Expert behandelt endlich Verfahren zur 
Hahandbung verschiedener Gerate. 

Der dritte Teil enthalt Arbeiten tiber 
einige Gerate und Zubehorteile. Hier werden 
akustische Gerate (W. LOTTERMOSER), Elek- 
troden (H. Esert, E. W. Hetmuowz), Elek- 
tronenrohren (E. W. Hetmaorz) besprochen, 
sowie Fenster an Entlandungsréhren (R. 
JancER), Tonenquellen (H. EseErt), loni- 
sationskammern und Zahlrohre (R. JAEGER), 
Hochohmwiderstande, Isolatoren (W. V. 
MEYEREN, Messblenden (R. JAEGER) und 
Nernststifte- und -réhrchen (C. TINGWALDT), 
optische Gerite (H. EBERT, H. Korte, C. 
TInGwALD’), Réntgenréhren fir Weitwinkel- 
aufnahmen und Doppel-Lochkamera-Auf- 
nahmen (R. JAEGER). Uber thermische Gerate 
berichten H. Expert, A. Scauuze, H. MEISSNER 


Faden (H. 
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und W. HEvsE und zwar iiber Temperatur- 
indikatoren, Thermoelemente, tiefe Tempe- 
raturen und Widerstandsthermometer. E. 
RIECKMANN’s Artikel behandelt die Uhren 
und R, JAEGER den Urankompensator zur 
Messung schwacher Ionisationsstréme. 

Die Zahlrohre und die Nebelkammer be- 
schreiben H. FRANZ (GM-Zahler und Wilson- 
sche Nebelkammer) und S. WAGNER (Szintil- 
lationszahler). 

Am Ende des Kapitels berichten E. Fiin- 
FER, W. LEO und H. EBeErt iiber verschie- 
dene Zellen (Kernzellen, Photozellen, usw.). 

Der vierte Teil gibt Ratschlage fiir die 
Einrichtung eines Laboratoriums und behan- 
delt einige Kunstgriffe beim Arbeiten. H. 
EBERT bespricht die Laboratoriumseinrich- 


BUCHBESPRECHUNG 


tung und Gerate, W. KALLENBACH dagegen | 


die Messwagen. Ein wichtiger Artikel ist der 
von H. EBERT und R. JAEGER itiber die Sicher- 
heitsmassnahmen im Laboratorium und end- 
lich folgen niitzliche Ratschlage von H. EBERT 
tiber das Arbeiten im Laboratorium. 


Das Buch hat ein sehr reiches Literatur-_ 
verzeichnis von fast 50 Seiten und enthalt es | 


am Ende ein Gerate-, Sach-, Werkstoff- und 
Bezugsquellenverzeichnis. 
Ein sehr umfangreiches Buch, von der 


ersten bis zur letzten Seite sehr klar und wohl 


lesbar geschrieben. Daneben hat es eine 
schéne Ausstattung und ist als solche eine 
sehr gute typographische Arbeit. 


J. ANTAL 


Printed in Hungary 


A kiaddsért felel az Akadémiai Kiadé igazgatéja 


A kézirat nyomdéba érkezett: 


1961. VI. 14 — Terjedelem: 


Miszaki szerkeszté: Farkas Sandor 
11,50 (A/5) iv, 48 dbra 


1961.53617 


— Akadémiai Nyomda, Budapest 


— Felelés vezeté: Bernat GCyérgy 


MANY-BODY PROPAGATORS 
OF A SELF-COUPLED SPINOR FIELD 
IN EDWARDS—LIEB’S APPROXIMATION 


By 
G. Pécsix 


INSTITUTE FOR THEORETICAL PHY .CS, ROLAND EOTVOS UNIVERSITY, BUDAPEST 


(Presented by K. F. Novobatzky — Received: 10. I. 1961) 


The’ continuous integral representation of the complete, many-body pro 
self-coupled spinor field is deduced and investigated. THUR Utinebtis iategmals Late tee 
by means of Epwarps—L1Iep’s non-perturbative approximation method. In first approxi- 
mation, the physical one-body propagator agrees with the propagator of a free, dressed particle 
and the physical two-body propagator corresponds to the one obtained in the “closed-loop 
chain” approximation of ABRIKOSOV et al. 


§ 1. Introduction 


As is well known, the physical Green’s functions (4, Si) play an import- 
ant role in the quantum field theory, they determine such quantities as the 
self-mass, the scattering amplitudes etc. It is also known that in many cases 
the application of the perturbative approach to problems connected with 
Green’s functions leads to meaningless results. Therefore, it seems to be 
necessary to discuss other methods, too. 

The present work deals with the Green’s functions of the scalar Fermi 
self-coupling. Lately, an exact method (Schwinger’s formalism [1]) was pro- 
posed for the calculation of the Green’s functions of a self-coupled spinor field 
(2, 3]. The fundamental idea of Schwinger’s method is the introduction of 
external spinor sources into the Green’s function. By this means, for the 
Green’s function as a functional of the external sources a functional differential 
equation can be deduced. For example, in our case the one-body propagator 
satisfies an inhomogeneous, non-linear functional differential equation of 
second order [3]. In general, from the Schwinger equation we can arrive at 
the continuous integral representation of the propagator, which can be 
evaluated in simpler cases [4]. 

In the first part of this paper (§ 2) it will be shown that the Schwinger 
equation of the self-coupled Fermi field is integrable, too. (Practically, it is 
simpler to integrate the differential equation of the vacuum functional.) 

In the second part the one- and two-body propagators, respectively, 
are investigated in detail (§ 3 and § 4, resp.). As there is a quartic part in the 
Lagrangian, Epwarps—Lies’s non-perturbative approach [5] (as the only 
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possible one) has to be applied.* We have obtained the following results: the 
physical one-body Green’s function is in first approximation identical with 
the free neutrino propagator supposing that the bare mass vanishes (essentially 


because of the y,; invariance) and it is identical with a free, dressed one-particle . 


propagator in the case of non-vanishing bare mass. The self-mass depending 
on the observed mass contains also the cut-off momentum square. In second 
approximation an unrenormalizable equation is obtained which makes further 
investigations impossible. 

For the physical two-body propagator, in first approxmation an integral 
equation (in momentum space) is deduced which can be exactly solved. It is 
found that the vertex part of our Green’s function can be obtained by sum- 
ming up chains of closed loops. Thus, the approximation used here corresponds 
to the approach of ABRikosoy et al. [6]. On the other hand, the asymptotic 
behaviour of this approximation is not correct [2]. Consequently, in the case 
of the two-body propagator Epwarps—Ligp’s first approximation means a 
rather weak one. This seems to explain the fact why in Lien’s corresponding 
case ghost states appear in the two-body propagator. 


§ 2. Continuous integral representation of the vacuum functional 


In this § we shall show that the Schwinger equations of a self-coupled 
spinor field [3] can be integrated and that there does exist the continuous 
integral representation of the propagators. As we mentioned, it is more 
expedient to integrate the equation written down for the vacuum functional 
= 01S 0, therefore, first of all we must deal with the deduction of the 
equation of <0/S|o>. 

Let us consider the field equation 


(i, —m + 2g H(x) v(x) v(x) + n(x) =0 (2.1) 


characterizing the interaction of the field y with itself and the external sources 
7, 4 and define the source-free Heisenberg picture in which the field p(x) 
(picture of y(x)) and the vacuum |0 > do not contain the sources NH. At 
", 4 = 0 (x) satisfies (2.1); |0 > is the physical vacuum. Then the operator 


S of the interaction of the self-acting Fermi particle and the external sources 
has the form 


S=Texp(i {dx @p +9). (2.2) 


a ; 4 ‘ : F 
Lies has investigated a self-coupled scalar meson field. According to his calculations, 


in first approximation the field energy is always given correctly to within 16%, the second 
approximation, however, yields worse results, 
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Let us consider the expectation value of (2.1) in the Heisenberg vacuum. 
Turning to the source-free Heisenberg picture, we get 


(iy 8, — m) < 0|T (y(x) S)|0 > + 2g < 0| T ((H(x) y(x)) p(x) S)|0 > + 


+(x) <= 0/S|0> =—0. (2.3) 
Using the relations 
6<0|S|0> dee: alte a OS |O > acs 
pielo= =i <0/7(e) )|0>,°<S1EO> — i <o}r()8)I0> 


(2.4) 


1 
and the similar ones following from (2.2), in (2.3) the vacuum expectation 
values can be expressed by the vacuum functional 


3 6 fos 
i Ott) a 28 - 
[ f ita) | = Sala) (Onl@) Onle)) 


+ infe)|-<0|8|0> =o. (2.5) 


Starting from (2.5) we can easily arrive at the desired representation 
of <0 | S | 0>. Because of the linear character of (2.5), <0 | S | 0 > may be 
determined by using the functional Fourier-transform 


<0|S|0> =f opops(y,¥) exp|i j ae (ay + vn]; (2.6) 


_ where s(y, y) means the functional Fourier transform of <0 | S | O>. After 


Marruews and Saam [7] the functional integrals appearing in this work 
are defined as multiple integrals taken over all the expansion coefficients of 
the c-number fermion fields y, . Furthermore, we prescribe the anticom- 
mutation of y and y. It must be noted that this definition is not quite correct, 
it is important, however,that also in the cases which could be investigated 
by the correct definition (bilinear exponentials) other results have not been 
obtained [8]. 

Now, we write down the equation that is satisfied by s(p, p). Substituting 
(2.6) into (2.5) we find 


(iy, 0 — m + 2g B(x) vla)) vle) s(p, #) = — FY). (2.7) 
é p(x) 


The solution of (2.7) can be immediately written down: 


s(ysy) =< N-Yexp fe fae [ple) 7" 8, — m) ve) + 6VC) (HL) v9) WD] 
} (2.8) 
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where N-!is a constant. N-1 must be determined from the boundary condition 
lim <0 |S | 0> = 1 therefore, we may choose 


4n—-0 9 


N = f{ dy dy exp [iI]. .) Aa 


Here I means the action 


I= — § dedy p(x) Sey) vy) + 8 F de We) (GE) v(x) v(x), (2-10) 


SF (%, ¥) = —6(«—y) ('y*, —m). 
(2.6), (2.8) and (2.9) give the continuous integral representation of the vacuum 
functional 


<0|S|0> = ({ dy dp exp [iT])“ { dy dy exp [i + if dx (gy + pn). (2.11) 


(2.11) has an important role. Using (2.11) the physical propagators can be 
obtained by differentiations. For example, in the case of the one-body 
propagator, we get the following representation 


Sy (x, ¥) == — 6 (x — y) (iy “0, — m). 

: ] ee 01 S10 = 
See,9) =| aU | = 
E<O|S|O>  dy(x) dn(y) [5-5 


(2.12) 
= i(f dp dy exp [iT])~ J dp dy (x) p(y) exp [iI]. 


The possibility of representation of the Green’s functions in a form 
similar to (2.12) seems to be a general law of the quantum field theory, express- 
ed by the Feynman principle of the quantum field theory [7]. 


§ 3. One-particle propagator 


It is clear that the parts characterizing the self-action in (2.11) and 


(2.12) have the form exp (ig (dx y(p y)y), therefore, to evaluate our functional 


integrals some kind of approximation method has to be sought. If we expand 
the exponential function mentioned above, the unrenormalizable divergences 
of the perturbation method appear. At present, the only other possibility is 
to use Epwarps and Lirp’s nonperturbative method. In this part after having 


surveyed the general formulation of the method, the one-body propagator 
will be examined in first approximation. 
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4 Now we define the functional V of the sources 7, 7 which represent the 


A vacuum functional in the form 
% a 
4 


— <0/S|0> = exp (i ff dx dy m(x) V(x, ¥) u(y). (3.1) 
Then, first of all from (2.11) and (3.1) follows the property lim V(x, ¥) = 
7-0 


n> 
_ = S(x,y). We assume that the relations concerning the free, many-particle 
_ propagators are valid for both S; and V, for example 


V(xsy) =t f dy dp exp be if dé dlp vy jov dy (x) p(y) - 


exp | = f dé bly vy], 
This means that we assume the conditions 


V+ (x,y) =V(yx) ¥ (V9) = VI *)- (3.2) 

- (For example, S;, and S;', respectively, satisfy (3.2). As it will be seen, V 

. determined by Lirs’s method satisfies (3.2)). Then, in the case of the exponen- 
tials containing also linear expressions, the linear substitution 


y(x) = p(x) + { dy V(x,¥)1(y), Sy’ = oy, 
ie (3.3) 


wx) = p(x) + [ dym(y) Vix), Oy’ = ov 
may be applied, for example 


co =] co 
[av 59 exp | — i ( dedy Vy { dy dy exp ae { dxdy pV + 


+i ( axtaw + n)| = ex | i) dedeijV n| = <0|8|0>, 


After these rearrangements let us consider the equation satisfied by V. 


Writing (2.1 1) as 


=<0\S|0> = |S oven exp [—i { dx dy wy vty exp |i i dx dy y J] p+ 
tig f dx p(py) ol { dpdip exp iS if dxdypVyp+i f dey + Po): 
a = — (3.4) 


“exp E { dxdy yp [Ly + ig f§ dx v(yy) v| 
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where 
( dsV-x,2)V (zy) =d(x,y), LT (x,y) = V4 (x,y) — S#(@—9) 


and expanding the exp [... ] in (3.4) from the first term and the first two _ 
terms, respectively, follows an identity or an equation concerning V (first 
approximation). Namely, substituting (3.3) into the nominator of (3.4) from 
the nominator the vacuum functional and the denominator can be separated. 
Thus, the first approximation means the vanishing of the remainder 


[ dicy dry dee, dx, 7 (1) V (1,2) [i 17) 2,3) + 2¢(V (3,3) — Sp V (3,3)) 3 (3—2) + 


+ig { dv,dx,7 (5) V (5,3) V (3,6) 7 (6) 6 (3—2)] V (3,4) 9 (4) =0. 


Hence we get in first approximation 


i tT (1,2) + 2g6(1—2) (V(1,1) — Sp V (1,1)) + ae 


+ igd(1—2) f dxydx,7(3) V(3,1) V(1A) 1(4) = 0. 


Finally, from the definition of // and (3.5) we get the fundamental equation 
of V in first approximation 


a s —m + 2ig(Sp V(1,1) —V(1,1)) + 
1 


(3.6) 
Hie { dxs dx, 7(3) V(3,1) V(1,4) n(4) | V(1,2) = — 6(1—2). 


As we want to deal with the one-body propagator take (3.6) in the 
limit 7, 4 — 0, 


[iy“0,, — m — 2ig(S(0) — SpS4(0))]Siex — y) = — 6 (x —)). 48-0) 


This gives the one-body Green’s function in Lirp’s first approximation. (3.7) 
is compatible with the first order perturbation equation, in which case S7(0) 
stands instead of S‘,(0) in (3.7). Now, supposing that the bare mass does not 


vanish, S'-(0) is equal to constant x unity matrix which follows from the well- 
known LEHMANN representation [9] 


ee: 
Sys = ome | sah: (21 (m*) m + 09 (m2) (p? — m® + ie)-1. (3.8) 
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@, and Q, are real density functions. Furthermore, 1S‘,(0) is real, namely, inte- 


_grating over Po the relation 


’ 7 1 c a 3 d 

- pop 

Dee 822 fame (Q,m + on) | Saunt (3.9) 
6 0 


~ can be obtained. Therefore, (3.7) can be made finite by mass renormalization. 


The observable mass is defined by the quantity 
Mp =m + dm =m + 2ig( S‘, (0) — Sp Sr (0)) >0. (3.10) 
Thus, in case of m+ 0 S; is identical with the propagator of a free, 


dressed particle, as shown by (3.7), (3.9) and (3.10). The self-action creates 
the quadratically diverging self-mass 


bm = 3i gma (8x4) | d' p(p?—mb + ie) = 3g m,(82)*- 


2 
ae i) 
eR 

where A is the cut-off momentum. 

Comparing these results with the first-order perturbation approximation, 
two differences can be seen: we have not used the fact that the coupling is 
weak and the self-mass depends on the observable mass. 

We have a different case when the bare mass m vanishes. In this case, 
in consequence of the 7; invariance S’-(0) and 6m also vanish, therefore, 
S',(x, y) is identical with the free neutrino propagator.* 

Naturally, the procedure used above can be applied also to the repre- 
sentation (2.12) of S(x,y). The first approximation leads to the same results, 
put in second approximation (which is worse according to its definition) we 


- lim | —mp In 


A> 0 


get an unrenormalizable equation. 


§ 4. Two-particle propagator 
26 ae 
Compare the coefficients of | dx,... dx47,(1) Na(2) Ne(3) n,(4) in (2.11) 


—co 


and (3.1). It follows that the two-body propagator can be expressed as 


Ses (1, 2, 3,4) = — > (S¥re0 (1; 3) S Fac (2,4) + iV pape (1, 25 3, 4)), 


eapo 


+Nevertheless, if we do not use for S‘-(0) the y-invariant form, we have the NAMBU 
solution which leads to the Hilbert spaces corresponding to the solutions m = 0 and 


m + 0 [0]. 
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where 


Vg (1,2) = Sireo (1, 2) + W,, (1,2), 


Wag (1s 2) = § dig dey 7a(3) Vaapy (1s 35 4, 2) Mp (4) 


and » means a suitable antisymmetrization. The first part of the X charac- 
terizes two free particles, V,,,, is responsible for the two-particle scatter- 


2 
ing. V4, will be considered in first order. 


Instead of (3.6) we examine the integral equation 


V(1, 2) =S5(1,2) + § dey Sz (1, 3) |? ig (Sp W (3,3) — W(3,3)) + 
a (4.2) 
+g ij dx, dx, (4) V(4, 3) V(3,5) n()| V(3,2). 


As we want to treat only the two-body propagator, it is quite satisfactory to 
consider the equation 


W(1,2) = { dxy Sé (1,3) [2ig(Sp (3,3) —W(3,3))-+ 


: (4.3) 
+8 J dxy des (4) S-(4,3) Sé(3, 5) 0(5)] S732). 


Substituting (4.1) into (4.3) we get 
Veapo (1, 2, 3,4) = g [ dys (Si, (1,5) Si(5,4))p5 (Sh (2,5) Sh (5, 3))ap + 


co (4,4) 
+ 21g { dxs Sho. (1,5) (d,6 Voapy (5, 2, 3, 5) — Viaga (5, 25 3, 5)) Siz (554) « 


Let us turn to the momentum space. Define VU pisPs.. Bay P4) as 


V (1, %g, Xg,%4) = i) dp, dp, dps dp, v (Pi, P2> Ps Pa) 


exp: [— i(pyx, + P2Xq— PsX3— P4X4)], 
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ee 


“a : Voapa (P1> P2> Ps» Pa) = 8(27)*0(py + Ps — Ps — Pa) (Sr (Pi) Sr (Pa))oc« 


; (S-(P2) Sr(Ps))ag + 2 ig(2z)* a 9 Sieoc (P1) (810 Voapy (> Par Pa» ¥ + Pa — P1) — 
(4.5) 
— Veago (94> Px» Ps 4 + Pa — P1)) Soo (Pa) 


, 
_ can be written, where 


ee ae 
p?— mp + 1é 


Our integral equation is illustrated in Fig. 1. Fig. 1 is reminiscent of the 
approximation of ABRIKOSsOV et al. [6]. 


7 Zz ] Z ] Za 
ag RS iat ew 3 


Fig. I 


My 


It is very important that (4.5) can be solved exactly. By using successive 


approximation we arrive at the series 


Veage (Pir Po» Ps» Pa) = 8(2)* 5 (Py + Ps — Ps — Pa) (Sr (Pa) St (Ps))ap + 
[(S7 (Pi) sie Sr (Pa) )oo 7 gc al; 


(4.6) 


_ where the high-order approximations can be obtained by the substitution 


1+ (2a)t2ig f dq[Sp(S(q)-1- Se (q + Pa + Pi) — 
a? (4.7) 
— Si(q)-1-Se(q + Pa — Pad). 


(4.6) and (4.7) show that the two-body Green’s function contains not only a 
but also graphs of the type drawn in Fig. 2. Now we shall prove 


point scattering, 
f ABRIKoSOY et al. Namely, 


that (4.6) means actually the chain approximation o 
the second integral in (4.7) can be written as 


c in = QAR (x) ; i 
{ dqSz(q)Se(q—p) =(22)* [ae ! a eS ms i 


—oo 


12 
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Accordingly, the part containing a single y" will vanish from the integral. 


Consequently, the series (4.6) can be summed up 


Veasa (P1» Pa» Ps» Pa) = (22)'g5 (py + Ps — Ps — Pa) (Sr (Pa) Sr (Ps))ap» (4.8) 


oo Pai 
(St (p) SeDee]1— 5 AM | Aa SP (SHO) Sea +P P)| 


(4.8) is in accordance with the first-order perturbation theory. 
The scattering characterized by the self-action g y(y y)y in ERwaRDs— 
LieB’s first approximation is a point scattering which is made nonlocal. The 


ed ee5)- 


Fig. 2 


vertex part depending on the relative momentum has been investigated by 
ABRIKOSOV et al. (using a cut-off in momentum space), it is a very important 
circumstance, however, that the asymptotic behaviour of their vertex function 
is not correct [2]. Hence, it is not at all satisfactory to sum only over the 
“most divergent” diagrams, thus, the Epwarps—LieB approximation of 
the two-body propagator is a rather weak one. It seems that this is the reason 
why ghost states have appeared in LieB’s two-body propagator. 
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®YHKUMM PACIMPOCTPAHEHHA MHOrMX TEJI CAMOCBASAHHOrO 
CNMHOPHOrO MOJIA B MPHBJIMDKEHHM 9JIBAPTCA—JIMBCA 


r, MOUHWK 


Pesrome 


' B padore BpiBogqutca HW uccmepyetca HelpepbIBHOe MHTerpasbHOe MpescTaBseHHe MoJI- 
HbIX PyHKUMH pacnpocrpaneHua MHOPHX Tes CaMOCBA3AHHOrO CNMHOpPHOrO Noa. Hempeppip- 
HpIM HHTerpal OMpesesACA HenepTypOMpOBaHHbIM MpHOMKeHHbIM MeTOOM InBapAca— 
JIu6ca. B TePBOM MpHOIMKeHHH (pusnuecKkad PyHKUMA pacpocrpaHeHuA OMHOFO Tea coBMa- 
qaetT C byHkuneli pacnpoctpanenua cBoOosHoli HeoseTOit YaCTHUbI, a PusHyecKan dbyHKUWA 


paciipocTpaHeHus AByx Tes — c dyHKuHeli pacnpoctT i 
a x PpaHeHHA, NOJyYeHHOH B NpHOmM 
(SAMKHYTOH MeTeIbHOH ue» AOpHKocoBa U ap. : 4 ea 
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DIE EINDEUTIGKEIT DER 
MAGNETOHYDRODYNAMISCHEN STROMUNG 
BAROTROPER, LEITENDER MEDIEN 


Von 


J.SzABO und Cs. HARGITAI 


INSTITUT FUR THEORETISCHE PHYSIK DER ROLAND-EOTVOS-UNIVERSITAT, BUDAPEST 


(Vorgelegt von K. F. Novobatzky. — Eingegangen: 1. II. 1961) 


Es wird mit einer direkten Methode die Eindeutigkeit der Lésung der magnetohydro- 
dynamischen Grundgleichungen fir barotrope, leitende Flissigkeiten bei den folgenden 
Voraussetzungen bewiesen: A) Der die Fliissigkeit enthaltende Bereich ist durch eine glatte 
Flache berandet und seine Punkte liegen alle im Endlichen. B) Der Druck hangt eindeutig 
und nur von der Dichte der Fliissigkeit ab. C) Die elektrische Leitfahigkeit und die beiden 
Viskositatskoeffizienten des Mediums sind konstant. D) Die Rand- und Anfangsbedingungen 
sind durch stetige Funktionen vorgegeben. E) Die magnetohydrodynamischen Gréssen haben 
fiir t > 0 stetige partielle Ableitungen, der minimale Wert der Massendichte aber ist in dem 
ganzen Stromungsbereich endlich. 

Nach den neueren theoretischen und experimentellen Ergebnissen kén- 
nen die magnetohydrodynamischen Stosswellen bei der Heizung von Plasmen 
eine wichtige Rolle spielen. Besonders im Hinblick auf die Entstehung von 
Stosswellen mag die Untersuchung der Eindeutigkeit der magnetohydro- 
dynamischen Strémungen Interesse haben. 

In einer vorangehenden Arbeit haben wir die Eindeutigkeit des magneto- 
hydrodynamischen Randwertproblems fiir inkompressible Fliissigkeiten be- 
wiesen [1]. In der vorliegenden Arbeit wird der Beweis auf die magnetohydro- 
dynamischen Strémungen barotroper Fliissigkeiten verallgemeinert. 

Wir betrachten die Bewegung der leitenden Fliissigkeiten in eimem 
Bereich 1, der durch eine glatte Flache F berandet ist, und dessen Punkte 
alle im Endlichen liegen. Es wird vorausgesetzt, dass die Fliissigkeit barotrop 
ist, dh. dass der Druck eindeutig und nur von der Massendichte der Fliissig- 
keit abhangt. Die elektrische Leitfahigkeit und die beiden Reibungskoeffizien- 
ten werden als (positive) Konstanten betrachtet. Die magnetohydrodynami- 
schen Gréssen sind fiir t > 0 auf der Randfliche F, fir t = 0 aber in dem 
ganzen Bereich 1 durch stetige Funktionen vorgegeben. Es wird weiter vor- 
ausgesetzt, dass die magnetohydrodynamischen Gréssen fir t > 0 in dem 
ganzen Bereich 1 stetige partielle Ableitungen besitzen und dass die Massen- 
dichte der Fliissigkeit in keinem Punkt des Bereiches 7 Null ist. 

In barotropen, leitenden Fliissigkeiten geniigen die hydrodynamische 


Geschwindigkeit », die magnetische Feldstarke §, der Druck p und die 
Massendichte 9 den folgenden Gleichungen: 


“ =rot[p X OD] +m AD: (1) 
t 


Acta Phys. Hung. Tom. XIII. Fasc. 3. 


266 J. SZABO und CS. HARGITAI 
div § = 0, (2) 

0 oe (p grad)b = — gradp + wAd + p’ grad div b ~ = [S xX rot], (3) 
“e + div (ev) =0, | (4) 


P=P(e); (5) 


wo p und p’ die beiden Reibungskoeffizienten und »,, der sogenannte mag- 
netische Viskos tatskoeffizient sind. 

Nehmen wir an, dass das magnetohydrodynamische Problem zwei 
Lésungen: §,, 01, Py, 01 bzw. Do, Va, Po» Og hat, die den gleichen Rand- und 
Anfangsbedingungen geniigen. D. E. Doxipse [2] hat bewiesen, dass die 
Kontinuitatsgleichung (4) fiir die Funktion o(t, x, y, z) eine eindeutige Lésung 


tes. 

hat, wenn die Grésse — div (0, 09) in dem ganzen Strémungsbereich beschrankt 
Qo 

ist, WO 0) = Q:—0, und b, = b,—b, sind. Dann folgt aber aus der Ein- 


deutigkeit der Dichte die Eindeutigkeit von p. Es bleibt also noch zu beweisen, 
dass das magnetohydrodynamische Gleichungssystem (1) bis (4) bei den 
erwahnten Voraussetzungen fiir und vp eine eindeutige Lésung hat. 

Setzt man die Gréssen §,, 0), p, 0 bzw. See Deeks 2 in das Gleichungs- 
system (1) bis (3) ein und bildet dann die Differenz der entsprechenden Glei- 
chungen, so bekommt man das folgende Gleichungssystem: 


Do 


=rot[b, X Ho] + rot [9 X He] + %,AQDo> (6) 


div =0, (7) 


) ) 
@ a + Q(0, grad) bo + (dp grad) bg = “Ad + 


(8) 


, 2 1 - ° 
+ pw’ grad div vy — sey [Do X rot H,] — [D2 X rot Ho], 


MA 


WO Do = H2—H, und by = b,—, sind. 
Suerst wollen wir uns mit der Umformung der Gl. (8) beschaftigen. 
Multiplizieren wir diese Gleichung skalar mit Do, so erhalten wir: 


2g + Aero) {(0, grad) 09} + 4m9by {(bp grad) 0} = 4ru0Ab, + (9) 


+ 4acp1vq grad div by — 0, [Hq X rot 91] — 09 [H, x rot ,]: 
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x 


Es ist leicht, die folgende Identitat zu beweisen: 
j ps 1 
00, {(, grad) bo} = = div (ob? »,) — = b2 div (0b,). (10) 


Da aber 0 und »b, der Gl. (4) geniigen, so ist 


: de 
div (9b,) = — —- ll 
(2%) BE (11) 
Mit der Hilfe der Gln. (10) und (11) kénnen wir die Gl. (9) folgendermassen 


umformen: 


: 
ie (ov2) + 2x div (962 b, — 2u’dy div d) + 42rQdp {(9 grad) va} = 
(12) 
= Asp) A 09 — Aor’ (div 09)? — do [Ho X rot Hy] — Ho [H2X ret Ho]. 


Jetzt wollen wir die Gl. (6) umformen. Wenn wir diese Gleichung skalar 
- mit , multiplizieren, bekommen wir die folgende Gleichung: 


eek = Q rot [0, X Do] + Do rot [Vx He] + ¥m Do A Do: (13) 


Integriert man die Summe der Gln. (12) und (13) tiber das Volumen 7, so 
verschwinden die die Operation Divergenz enthaltenden Glieder nach dem 
Satz von Gauss wegen des Verschwindens von 0 und §, auf der Randflache F. 
Wenn wir dann noch die den Laplaceschen Operator A enthaltenden Glieder 
mit der Hilfe des Greenschen Satzes umformen, so erhalten wir aus den Gln. 


(12) und (13): 


2 2 
Act ee z Jac +a = | 400 {(v grad) Dag dr — 
4 


dt 2, 


Tt 


= ij {v9 [Ho X rot H,] + Yo [D2 rot Ho] — Do ret [v1 X Do] — Ho rot [D9 x Hal} dt, 
: (14) 


2 
al dr + dey | (div b,)2dz (15) 


Secs Ari § 8 
poten) S Sgt 3 | 
i=l k=1 \ I 


Ox), 


ist. In der Gl. (15) sind vo; und H,; die rechtwinkligen Komponenten der 
Vektoren 0, und {p, und die Bezeichnung x = %;, ¥ = %», 2 = 3 wurde zur 
Vereinfachung der Schreibweise gebraucht. Es ist wichtig, dass I eine nicht- 


negative Grdésse ist. 
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Wir wollen jetzt die Glieder in dem letzten Integral in der Gl. (14) um- 
formen. Bei der Umformung dieser Glieder brauchen wir ausser der Gl. (7) 
die folgenden Identitaten: 


Gp rot [by X Ho] = [09 X B,] rot Hy — div [5p x [b) x Hel] (16) 


S70t [1 XHo] = o f(y grad) ¥)} — 5 div (Go,) — > Gedivo,. (17) 


Wenn wir noch beriicksichtigen, dass die die Operation Divergenz enthaltenden 
Glieder nach der Integration wiederum verschwinden, so erhalten wir mit 


der Hilfe von (16) und (17) aus der Gl. (14): 


d b2 2 
Ag 5 i = vi dx+TI = | 400 {(0> grad) bt dt — 


‘ Me: (18) 
— |e [Hp X rot H,] dr + | Ho {(Oo grad) b,} dt — sak div b, dt. 


Da im Zeitpunkt t = 0 die Gréssen v, und §, in dem ganzen Bereich 
t verschwinden, so ist das erste Integral auf der linken Seite der Gl. (18) fir 
t = 0 gleich Null. Sein Wert kann aber auf fiir t +0 nicht negativ sein. Es 
gibt also einen endlichen Zeitraum < 0, t) >, wo 


d (ent , 2 
0 \d 
alec (19 


T 


ist. Wenn wir noch beriicksichtigen, dass I > 0 ist, so ergibt sich aus (18) 
die folgende Ungleichung: 


Do 


d (ev) q 
#7 (ee a = i eraftt grad) v.}dr ee 


] 
ae i [GX rot §,] dz 


beer (20) 
sri | { Go {(Hp grad) v,}dr 


1 a 
+ gg | Sbaiv ode 
8a 


pind me partiellen Ableitungen von ¥,, ¥, und §, in 7 stetig, so kann 
man zwei positive Gréssen K und L angeben, so dass 


grade |<K; |gradv,|<K; |divo,|<K; |rot GJS 21) 
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“sind, WO v3; und v2; die rechtwinkligen Komponenten der Vektoren », und 
- i: sind. In diesem pel kénnen wir schreiben: 
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5 {(vo grad) Do} dtj+ oc = (fe {(o grad) bi} dt + male [Do X rot H,]dr | =e 


(22) 


2 div, dr <3K | ovgde a 5 | Se + [vol | Bp [dr 
8a Ax 


Ist die Massendichte 9 in dem ganzen Strémungsbereich endlich, d.h. 


existiert eine positive Grésse M, so dass 


min go = M(4a)!2>0 int 


gilt, so ist 


Pe gee 
_ , firel | Bolde< serge | Velo! | Golde (23) 


t 


Nach der Cauchyschen Ungleichung ist aber 


-1 1 Bol | 1 
v ef! di << — vide + S| 2dr. 24 
{vel ol a rSz {ots Bn Do (24) 

Unter Heranziehung von (22) bis (24) bekommt man aus (20): 

2 “1 ob? 2 
d ((2% 4 Bo de<N| eee, (25) 

dt 82 2 82 

wo 
Nesike (es) 
4aM 


ist. In dem Zeitintervall <0, t) > nimmt also das Integral in (25) nicht 


schneller zu, als in dem Fall der Gleichung 


do ( (2% 2 ip ‘ile Be 8) das (27) 
dt 2 82 
Die Lésung der Gl. (27) ist 
edo ae — Cet, (28) 
Ce Os 


t 
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woraus das identische Verschwinden von by und §, in dem ganzen Bereich 
t folgt, da das Integral in (28) nach der Anfangsbedingung fiir t = 0 ver- 
schwinden muss. 

Die Verfasser danken Herrn Gy. Karvasz fiir wertvolle Diskussionen. 


LITERATUR 


1. Cs. Harciral und J. Szan6, Z. Naturf. 16a, 92, 1961. 
2. J]. E. Honugse, Tpyaer Téunuccxoro Matem. Uucr. 21, 261, 1955. 


EQUHCTBEHHOCTb MAPHMTOrMOPOQMHAMUMYECKOLO TEYEHHA BAPO- 
TPONHONM, NMPOBOQAWEN CPEbI 


M. CABO u ¥. XAPIHTAMN 


Pesrome 


B paOotTe NpAMbIM MeTOOM MOKasbIBaeTCA CAHHCTBEHHOCTb PellleHHA OCHOBHBIX ypaB- 
HeHHM MarHUTOrHApOAMHAaMHKM AIA OapOTPOMHOH, MpOBOAAWeH XXHAKOCTH MPH CeMywOuNx 
yCNOBHAX: 

a) oOnacTb, 3aHATAA KHKOCTbIO, OFpaHHYMBaeTCA KYCOUHO-TaqKOH MJIOCKOCTbIO, 
Bce TOUKM MpefbiqyWleH eKAaT B KOHEYHOH OOaCTH; 

6) WaBsleHve 3aBHCHT HCKINOUHTeJIbHO OT TJIOTHOCTH >KHAKOCTH; 

6) SNeKTPHYeCKaA TIPOBOAHMOCTh H 00a KOIPPMUNEHTA BASKOCTH CpebI NOCTOAHHHI; 

2) rpaHMuHble W HauaJIbHble yCJIOBHA aHbl B BHAe HEMpepbIBHbIX PyHKUMI; 

0) MarHuTOrHAposMHaMNyeckHe BeIHYHHbI AJIn t > O MMeOT HeMpepbIBHbIe YaCTHBIe 


TIPOM3BOAHbIe, OAHAKO, MHHHMAaJIbHOe 3HAYeHHE TIIOTHOCTH MaccbI M10 BCeH OONacTH TeYeHuA 
ABNACTCA KOHEUHbIM, 
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TIME DEPENDENCE OF SOME PARAMETERS OF 
: A.C. DISCHARGES* 


By 
G. LAKATOS and J. Brr6é 


INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 


(Presented by G. Szigeti. — Received 21. II. 1961) 


The time dependence of the various discharge parameters in a hot-cathode a. c. low 
pressure mercury vapour argon discharge was investigated. The authors applied Fagr and 
Koncz’s a.c. probe measurement method based on the LANGMUIR probe theorem. They 
describe the time dependence of the field strength, electron temperature, electron concentration, 
recombination velocity, cathode- and anode-fall. In the experiments the cathode was not 
heated by any external source. 


Introduction 


The plasma of the low pressure, d.c. gas discharge has often been 
examined by means of the Lanemuir probe measuring principle [1] in mercury 
vapour and in a mixture of mercury vapour and argon [2]. Lanemurr’s 
method has been used by some workers also in case of an a. ¢. gas discharge 
(3, 4, 5]. | 

The authors examined the time dependence of some parameters of the 
a.c. gas discharge in a mixture of mercury vapour and argon of 3 mm Hg 
pressure, at an ambient temperature of 22,5—24 °C. In all measurements 
an oxide-coated cathode was used which was heated by the discharge only, 
no external heating being applied. 

From the probe characteristics they obtained the time dependence of 
the axial field strength, the electron temperature, the electron concentration, 
the recombination velocity and the cathode- and anode-fall. 


Measuring method and arrangement 


Lanemuir [1] obtained in case of an increasing probe-potential an 
increasing electron current on the probe, according to the equation: 


y 
i, = 1/4-e-n, eef-exp[— a (1) 


* A report on research conducted under contract with the United Incandescent Lamp 
and Electrical Co. Ltd. 
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where i, is the electron current on the probe, e the electron charge, 
n, the electron concentration in the plasma, v, the mean velocity of the 
electrons in the plasma, f the effective surface of the probe, V the difference 
of the plasma and probe potentials, k the Boltzmann constant and T, the _ 
electron temperature in the plasma, in the probe region. 

Representing the logarithm of the probe current as function of the probe 
potential, the electron current i, is characterized by a straight line. The 
straight line has a break at a certain potential value, this breaking point 
gives the potential in the examined point of the plasma. The electron temper- 
ature T, can be determined from the slope of the straight line: 


2,303 A logi, E 11600 
AV ily 


(2) 


and the electron concentration n, from the equation 
4-4, 


. 
~ > aBE Te ae real ® 
f: e Bea e 


Ne 


+m, 


where m, means the mass of the electron. 

The Fast—Koncz method [4] of the measurement of the a.c. discharge 
based on Lanemurtr probes and applied by the authors consists in the following: 
the probe is held on a constant potential with respect to one of the electrodes 
and the probe current is applied to the vertical input of an oscilloscope. 

Taking photographs of the screen of the oscilloscope at various probe 
potentials and reading off the current values of these photographs belonging 
to one and the same value of the time base, the probe current vs. probe 
potential characteristics can be plotted with the time value as parameter. 

The examined gas discharge tube was of the hot-cathode type, with 
an internal diameter of 38 mm, and an electrode spacing of 1130 mm, filled 
with a mixture of mercury and argon of 3 mm Hg pressure. The hot cathode 
was not heated by any external source. 

The internal wall of the tube was coated with a luminescent phosphor. 
The cathodes were of the oxide-cathode type, made of the oxides of alkaline- 
earth metals. In the gas discharge tube there were three probes: one in the 
middle of the positive column and from this at a distance of 400 mm one probe 
towards the one end and another probe towards the other end of the positive 
column. 

The probes reached into the axis of the discharge tube. Their length 
were 2 mm and their diameters 0.2 mm, each. The feed of the tube happened 
from an a.c. network of 50 cycles/sec frequency, with a discharge current 


I, of 430 mA. The measurements were carried out in an ambient temperature 
of 22,5—24 °C. 
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The scheme of the device used for the measurement is shown in Fig. 1. 


~In order to avoid too high electron currents, the potential of the probe was 


kept at a lower value than that of one of the electrodes. 

In the half period in which the electrode in question is negative, only 
an ion current passes through the probe, the intensity of which compared 
to the electron current can be neglected. 


50 cps 


Fig. 1. Block diagram of the device used in the probe measurement of the a. c. discharge tube. 

P,, P,, P; = probes; St = starter; O = oscilloscope, Vp = probe voltage; V; = tube voltage: 

I, = discharge current; R, = measuring resistance of the probe current; D —d.c. voltage 
source 


In the other half period when the electrode is positive, an electron 
current flows, which depends on the d.c. voltage applied to the probe. The 
intensity of the current could be measured by means of the voltage taken 
from the resistance R, on one of the vertical inputs of a double ray oscilloscope, 
while the horizontal input was fed by a sweep frequency of 50 cycles/sec, 
corresponding to the a. c. to be measured. To the other vertical input a voltage 
proportional to the current of the discharge tube was applied in order to 
make the phase relations identical. The oscillogram taken of the time depend- 
ence of the probe current can be seen in Fig. 2, it relates to the probe nearest 


to the cathode. 
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t=20 msec 


Fig. 2. Probe current vs. time 


Measuring results 


The calculated values of the electron temperature of the a.c. gas 
discharge as a function of the phase angle of the a.c. are shown in Fig. 3. 
In the region c—d of the phase angle the Figure shows no values as the oscillo- 


x10 °K 


08 


06 


04 


0,2 


t 
0 ab cd 90°e f S160 eee 
10 msec 


Fig. 3. Electron temperature vs. time 


grams in this region could not be well evaluated. The region c—d is visible 
also in Fig. 4, which represents the time dependence of the tube voltage. From 
this it can be seen that the region in question coincides with that of the voltage 
breakdown. From Fig. 3 it can be seen that the electron temperature within 
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_ Fig. 5. Electron concentration vs. time 


co 


ning of the half period is still the highest in the phase before the breakdown 
and it decreases gradually till the middle phase of the half period, where 
there is a minimum in the neighbourhood of the phase angle e. The slope 


6 
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of the curve in the region a—c, where presumably there is as yet no ionization, 
gives the recombination velocity 


The time dependence of the recombination velocity v, in the region a—c 
calculated from the data of Fig.5 is shown in Fig. 6. It can bee seen that the 


x10" 
cm?sec! 
9) 


>= 


03345 : 1560 msec 
C t 


Q 
IS 


Fig. 6. Recombination velocity vs. time; points a, b and c see in Fig. 5 


recombination velocity decreases with the time similarly to the electron 
concentration. The region a—c of the curve plotted in Fig. 5 can be described 
by the following empirical formula: 


Me = Meg exp (Bt), (5) 


where my means the electron concentration belonging to the phase point a 

i > 
t the time and £ = f(t), the value of which at the phase b amounts to 
766 sec~1 and at the phase point c to 1425 sec—1. 


Applying the equations (4) and (5) the recombination velocity v, in 
the region a—c can be given by the following equation: 


See = Bn.9 exp (— ft). (6) 
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From the relations of the recombination occurring in the region a—c, 
i.e. equs. (5) and (6), and the equation of the volume recombination [6] 


dn, _ ; 
var = Q¢ Mes (7) 


in which 9, is the coefficient of the volume recombination, the surface recom- 
bination can be determined, if o, is known. 


06 
04 


02 


10 msec is 


Die oh “cd! 90°6 f ‘180° 


Fig. 7. Electric field strength vs. time 


In this way information can be obtained concerning the relation between 
the tube diameter and the surface recombination which — as is known [7] — 
influences the value of the gradient. Some further experiments are still required 
to clear this point. 

By determining the value of the plasma potential in the above-mentioned 
way around more probes the gradient of the positive column could be deter- 
mined from the potential difference between the plasma points and the dis- 
tances between them. The calculated values of this for the examined region 
a—f are shown in Fig. 7, from which it is apparent that the time dependence 
of the gradient is similar to that of the voltage of the gas discharge tube 


(Fig. 4). 
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Finally, from the time dependence of the plasma potential measured . 
at all the three probes in the way known from the literature [8] also the time 
dependence of the anode- and cathode-fall could be determined. For go | 
determination it was necessary to measure the extension of the cathode dark 
space in the direction of the axis of the discharge tube. The time: dependenes 
of the cathode- and anode-fall can be seen in Fig. 8, from which it is evident 


10msec t 


180° 
Fig. 8. Time dependence of the cathode- and anode-fall 


that the anode-fall in the examined regions changes to a smaller degree and 
is of a lower value than the cathode-fall. 


The measurements described above and their further extensions to the 
surface recombination can contribute to the widening of our knowledge con- 
cerning the physical processes occurring in a.c. discharges. 
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FISSION PRODUCT PRECIPITATION FROM THE 
_ ATMOSPHERE IN DEBRECEN, HUNGARY, BETWEEN 
1958 AND 1960 


By 
A. SZALAY and A. KovAcu 


INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN, HUNGARY 
(Received 27. II. 1961) 


Obsetvations concerning the atmospherical precipitation of fission products were 
continued during 1958—1960. 

The cessation of nuclear test explosions since Nov. 1958 made it possible to approxi- 
mately measure the clean up rate of fission products in the atmosphere. A mean residence 
time of 0,45 years and a clean up half period of 0,3 years were observed. Owing to this, a 
reduction of fission product contamination of the atmosphere to one hundredth of its original 
value can be expected within two years. 

The clean up therefore is much quicker, and the rate of mixing between stratosphere 
and troposphere seems to be more intense than anticipated. The fission product contamination 
decreases to 10% of its original value within one year. In this reduction the effect of the 
mixing between the air masses of the stratosphere and troposphere and the radioactive decay 
are included. The mixing rate of the air masses of the stratosphere (or at least that of the 
lower layers of it) is about 75% per year. 


The atmospheric precipitation has been observed without interruption 
and by the same methods at this Institute since 1952 [1], [2], [3]. [4]. [5]- 
The measurements we are dealing with in this paper were made between 
1958 and 1960 and indicate a very rapid decrease of contamination since 
the cessation of nuclear test explosions in November 1958. 

The atmospheric precipitation has been collected each morning, whenever 
there was any precipitation in an ombrometer with a PVC funnel 40 cm in 
diameter. We suppose — in agreement with other authors [6] — that by 
such a sampling method practically the total fallout can be gathered. Most 
of the fallout is brought down by rain and snow. Dust fallout deposited on 
the funnel is mostly washed into the bottle by the next rain. The total water 
sample containing the dust and soot particles is removed from the bottle 
and concentrated by evaporation in a porcelain dish, then carried into a 
sample measuring glass cup of 25 mm inner diameter and 8 mm high. (For 
detailed description of methodics see Ref. [4].) 

The sample is measured about 48 hours after collection by an end- 
window GM counter 25 mm in diameter with an aluminium window thickness 
of 0,1 mm. 

The quantity of water and the measured activity is then reduced so 
as to refer to the dimensions of a normal meteorological ombrometer, i. €. 
to a surface of 1/50 m®. In the earliest measurements (in 1952) a normal 
meteorological ombrometer was used, but later experience warranted a 
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change over to the collection method described above. In the earlier measure- | 
ments (1952—53) activity was partly adsorbed by the zinc funnel of the 
meteorological ombrometer and the quantity of water was often too low 
because of the small amount of precipitation. 

The GM counter was calibrated with an uranium oxide standard placed — 
in the same type of glass measuring cup and in the same geometrical arran- _ 
gement. No corrections were made either for the standards or for the atmo- — 
spheric precipitation samples for the absorption in the Al-window of the GM 
counter tube. 

Fig. 1 represents the measured activities as the function of calendar 
time. Black lines denote the measured activities. The ordinate shows the 
activity in actual counts/min., but reduced to a 1/50 m* ombrometer surface. 
On the right side of the ordinate the activity is denoted by 10~™ Curie units. 
Considering that during the year 1958, like in preceding years, activity was 
sometimes so high that the height of the black lines could not be represented 
proportionally, these were not drawn fully and the activity was presented 
in counts/min. above them. Empty downward lines represent the quantity 
of collected precipitation in mm and in volume, respectively, reduced to a 
normal ombrometer surface of 1/50 m?. The type of meteorological precipitation 
is marked by the usual meteorological key. 

Known atomic bomb tests are marked on the calendar time abscissae 
as precisely as possible, but owing to the fact that information concerning 
atomic bomb tests has been scanty, accuracy and fullness of the records 
cannot be guaranteed. 

If the activity of the years 1959 and 1960 is compared with earlier 
measurements at this Institute, a very large decrease can be observed since 
the middle of 1959. The cessation of the tests, dating from November 1958, 
has led to a quicker decontamination of the atmosphere than was anti- 
cipated [7], [8], [9]. 

It is well known that in an atomic bomb explosion in the air the fission 
products are distributed between the troposphere and the stratosphere, and 
the distribution quotient depends upon the energy and height of the explosion, 
etc. The fission products of the troposphere are carried down within about 
one month by the atmospheric precipitation [6], [10]. Smoke particles of 
nuclear explosions (in diameter less than some tenths of a micron) may float 
in the stratosphere for many years, as they are not markedly influenced by 
gravitation. Since there is no water and precipitation in the stratosphere, 
the only process which carries down the activity from the stratosphere is the 
mixing of the air masses between the stratosphere and troposphere. It was 
assumed [7], [8] that this mixing process is very slow and that it would take 


10 or at least 4 years for the fission products of the stratosphere to come down 
to the surface of the Earth. 


Acta Phys. Hung. Tom. XIII. Fasc. 3. 


vaie posodxe 

u Aq ynq Ajreoul] UMOYs Jou O18 SdT}IAI}OB 
yohryou10e3 oY} 1OF pey9e1100 
dread yonpoad worst *T B1 


QUIT] IBpUETeD :Bsslosqy “UIUT UT “][eyuTeI s Avp 9U() *2J9] ‘SprBMUMOP OJBUIPIO *gt 0s/T Jo 
UB UOJ P9ZI9[[OO BUINTOA SB possoidxe yeyarest s Aep sug a Bo ‘spapBMuMOp a7BUIpIO saya Renate phage tobe 7 Pus Ble 
eSrey AraA “oOBJANS JOJOULOIqUIO ~Ul oc/T 03 psonpear uido ur ‘pearosqo AVIA Yy £3591 sprem n 97eUIpIgQ 4 Papacy 
*‘sormm’) 1-01 ul “paAresqo AVATIOV 234311 ‘spremdn oTBUIPIO *096T puke gcél T99MIIq AxreSunyy uso9a1qoqy Ut o190q 1 1 | '} I I 


‘IWIM A ‘WUOLSTIVH VY WaOLSUSONNHL 2 ‘MJMOHS 4 ‘904¢ ‘NIVYae? :GaSN Asay AVDIDO TONOALAW 


096r 


y 


vir. ii A j , 

‘ eee WT eee toy ial. Re ter ae eee 4 he 
sili fle) UMM We i te Don Wl ss l_ | (ia dil ibaa de eat ifn im i lal ___. 
‘O3Aa | AON 190 | 1daS: ‘ONV | AINC ANNC | AVW | ddv “HOUVW: 


eae ae 


tT 


AME we-yt 4 pal Be q al 


OF vs 


‘dusy 


Bang ,,_Or x 


66) 


wo | win 
= 0S 


; 00s +sz 
- if | 5 
ies J Shan ‘ oe ae 
Ali; is cll. ; dhe al [sal ah Eas ilas = ii dail gl, 
7 ‘03a =. AON: 190 : idas | ONV | ATNC ANNC | AVW “ddv “(HOUVW das | NVC 
Seer retical if] : , : I a : — 070 
' Or 
S 
1 («Ae Aft int | J myst a 
| m mit f ! I — 
ZCe hz Hey OO ZK 292 SO CSC Pry ONG ZSE ZZe ls oe Tze 209 OVE ihe 
try 787 227 
@C6r = 
oo0r-+os 
e ¥ m6 
w----—----}||------------------ $$ $___A 7 
ad oo +-sz 
i f ° t $ . : j | 
hom fee a 8 bls of illi ae | : L: 1 i ; | lliz allan hie i on 7 onl ff | : | is cee , ahh se $n > allt ‘Ri : mile 
‘O3qd = AON | L930 | Ldas “On? | ATNL ANAC | AVW ' adv ‘HOUVW f-\- Cee ‘NVC | T 
H | | i \ ' H ) hy 1 \ ' oto 
| 
| OF 
| ¢ 
! Vay ; us | ) R! corx 1° usue 
Al f(a i 1 (foul acaliar = 
“3e 92e EFS Ge S¥7 6% 62 tz ICY £Sv es Ize 19 eve 762 LOE 2% We 72S C22 


eS ee 


hos a 


FF 


: ~ A 
m if , 
0 ! ‘ 
we - de ws 


“ 


FISSION PRODUCT PRECIPITATION FROM THE ATMOSPHERE 283 


Ss 


Considering that the last nuclear test explosions took place in October 
1958, it can be assumed that all measurements since the end of 1958 have 
‘actually concerned fission products coming down from the stratosphere. 

In contradiction to all expectations, activity decreased rather quickly 
in the second half of 1959. A further marked decrease was observable during 
1960, and at present activity is nearly negligible. 

As it is well known, the cessation of nuclear test explosions was inter- 

_ rupted in 1960 by 3 French bomb tests carried out in the Sahara. These tests 


1952 1953 1954 1955 1956 1957 1958 1959 1960 


Fig. 2. Total yearly fallout of fission products in Debrecen, Hungary. Ordinate: Total yearly 
fallout, not corrected for radioactive decay, in millicuries/km?. Abscissa: Calendar time. 
(Note the rapid decrease in 1959 and 1960, since the cessation of nuclear test explosions.) 


did not remarkably affect the contamination of the atmosphere, at least 
not above Debrecen. 

Fig. 2 shows the total yearly fallout calculated from our measurements, 
in millicurie/km? units, since 1952. The decrease of atmospheric contamination 
since the cessation of nuclear test explosions seems to have been very quick. 
If we assume that the total fallout of 1959 and 1960 came from the strato- 
sphere, we can calculate a decontamination half period (T;)2) of the stratosphere 
as well as the “mean residence time” (t) of the involved fission products. 
This half period is defined as the time necessary for the stratosphere to loose 
half of its fission product contamination. 

For this calculation the following assumptions are to be made: 

a) At the end of 1958, the fission products were uniformly distributed 
in the air masses of the stratosphere. 

b) By the same time, the fission products of the troposphere originating 
immediately from explosion tests (so-called ‘tropospheric fallout’’) had already 
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been cleaned up by atmospheric precipitation, thus the activities measured - | 
in 1959 and 1960 came entirely from the stratosphere. 
c) The mixing of the air masses of the stratosphere and troposphere 
in the years 1959 and 1960 was not exceptional. We assume that it was of | 
about the usual extent, and each year about the same fraction of the air 


masses is being mixed. 

d) Activities produced by the French atomic tests are neglected. 

According to these assumptions, the total measured fallout of the year 
1959, denoted by A,, is proportional to the fission product content of the 
stratosphere for that year, A, for 1960 and so on. With assumption c) we 
can expect A,/A, = A,/A, = A,/A, etc. for the subsequent years. 

Let us denote by (M) the total air mass of the stratosphere, by (A) its 
total activity (supposed to be uniformly distributed) and by (dM) and (dA), 
respectively, their fraction carried down into the troposphere during the time 
interval (dt). We can define a constant (t), the ‘“‘mean residence time”, of the 
activity in the stratosphere, so that the following equation is valid according 
to the assumptions made above: 


dM dA dt 


M A 7 


The solution of this equation is 


t 

A = A,e'*, where Ay is the total activity at time t = 0, and A is the 
same at time ft. 

The observed yearly total fallout was A, = 261 mC/km? during the 

year 1959 and A, = 27,7 mC/km? during 1960 (Fig. 2) with an interval of 


one year (t = 1), in between, thus 


Ay 
—=e Ut and He =—I1/t. 
A, A, 


Inserting the numerical values for A, and A,, t = 0,45 years is obtained for 
the ‘‘mean residence time” of the activity in the stratosphere. The activity 
of the stratosphere decreases by a factor e during this time interval, that is 
to 37% of its previous value. Similarly, the time necessary for a decrease to 
one half (T,). or to one tenth (Ty)19) can be computed: 


T,/. = 0,3 year and Ty 49 = 1,0 year. 


The total fission product contamination of the atmosphere is reduced 


Within, one year to one tenth and within two years to one hundredth of its 
original value. 
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These observations show that the clean up rate of the fission products. 
of the whole atmosphere is quicker than supposed, the mixing between the 
troposphere and stratosphere being more intense than anticipated. 

In the calculations above, no corrections have been made for the radio- 
active decay of fission products, hence the clean up rate of the atmosphere 
determined above includes also the effect of radioactive decay of the products. 
This is not objectionable from the point of view of public health, but perhaps 
it would be so if from it we tried to determine the mixing rate of the tropo- 
sphere and atmosphere. From the calculations above, the mixing rate of the 
stratosphere and troposphere would be about 90% per year, at least in the 
lower layets of the stratosphere. This value is probably higher than the real 
one, because the radioactive decay of fission products has the effect of a 
seemingly larger mixing rate. This error could be avoided by selecting long- 

lived fission products (e. g. Sr—90, Cs—137) from the total fallout. Unfor- 

tunately, this possibility has been neglected and the quantity of samples 
collected was not sufficient for this purpose. 
The effect of radioactive decay can be taken into consideration by apply- 
. ing for correction the Way—WIGNER formula, which describes the collective 
decay of fission product as follows: 
tes 
where t denotes the time, which has elapsed since the nuclear explosion, 
A(t) is the activity at the time f, and A(1) the activity at the first unit of time 
after the bomb test. 

By a simplifying approximation, we can consider the activity of the 
stratosphere in the years after the cessation of atomic bomb tests as if it 
had been produced by a single hypothetical nuclear explosion in the year 
1958. This simplification is justified by the fact that the preceding calculation 
indicates a rather high mixing rate between the stratosphere and the tropo- 
sphere, so that fission products from explosions earlier than 1958 represent 
only a small percentage of the fallout of the years 1959 and 1960. 

Now taking one year for the unit of time, the total activity of the 
stratosphere (without mixing and fallout) one year after the hypothetical 
single explosion, that is in 1959, would be A (1) and in 1959 it would be A (2). 
According to the WAY— WIGNER formula 


A(2) = 9-12 — 0,435 = 1/2,3. 
A(1) 


On this assumption, the amount of fission products must have decayed 
from 1959 to 1960 (within one year, two years after the hypothetical explosion) 
to 43,5%. Therefore, if we want to correct the value of A, for radioactive 
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decay, we must multiply it by the factor 2,3. In computing the real mixing | 
rate between the air masses of the stratosphere and the troposphere, we must 
use this corrected value for A,. The corrected values for this calculation are 
A, = 261,5 mC/km? (as before) and A, = 2,3 - 27,7 = 63,71 mC/km*. Now 
by a calculation similar to the above, we can calculate the ‘“‘mean residence 
time” (z’) of the air mass M in the stratosphere, with the result 


¢ = 0,71. years, 
and consequently T; 5 = 0,49 years. This means, that the mixing rate between 


the stratosphere and troposphere is about 50% in half a year, and about 
75% in one year. 


mC/krt 243.1 
150 [J 
Z: 
100 
50 


Lr Seeaiad = 
1952 1953 1954 1955 1956 1957 1958 1959 1960 


Fig. 3. Total fallout above Debrecen, Hungary, in quarterly distribution. Ordinate: Total 
fallout, not corrected for radioactive decay, in millicuries/km®. Abscissa: Calendar time. 
(Note the relative maximum of fallout in the Spring of each year.) 


Fig. 3 represents the fallout in quarterly distribution. As stated by 
STEWART and others [11], [12] it can be seen that the rate of mixing between 


stratosphere and troposphere is the most intense in the second quarter of the 
year. 
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OCAXHKQEHWVE MPOQYKTOB EJIEHHS U3 ATMOC®EPHI B I. JEBPELEH 
B BEHIPHH B 1958—1960 I. I. 


A. CAJIAM u A. KOBAU 


Pesiome 


' 

HaOsmogeHuaA aTMochepHbIxX OCaAKOB M0 OTHOLWICHHIO TIPOAYKTOB AeueHHA MOcueqOBa- 
TesbHO MpoBoszMMch U B 1958—1960 r. r. 

IIpekpalenve OMbITHDIX ATOMHBIX B3PbIBOB B HOAOpe 1958 roffa Aas0 BO3MO)KHOCTb 
JIA NpHOWKeHHOH OLeHKM CKOPOCTH YMeHbUIeHHA MpOAyKTOB AeeHHA B aTMocdepe. [1A 
cpeHero BpeMeHH cOXpaHeHHA MpOAyKTOB B cTpaTochepe Opuwio MosmyueHO 0,45 roga, a ANA 
BpeMeHH NMONOBHHHOTO OUMUeHHA — 0,3 roja. 

CormacHo STOMY MO>KHO OKMAaTb, YTO 3arpsxsHeHHe aTMOChepbl pakHOaKTHBHbIMH Mpo- 
TyKTaMu 3a (Ba Tosa yMeHbUaeTCA HO OAHOH coTOH WOM ero NepBOHAYaIbHOrO 3HaYeHHA. 

Tosromy O4McTKa MpoHcXOAMT HaMHOrO OBICTpee HM CMeWIMBaHHe MedKiy CIIOAMM TPOTO- 
cepbl M cTpaTochepbl MNpOMcxogUT B OOMbUIMX MacuITaOax, Kak 3TO MpeANOMaraoch PaHbile. 

SarpasHeHHe MposyKTaMH [eseHuA 3a OAH TOM yMeHbIlaeTCA 10 10% ero nepBonayalib- 
HOro 3Ha4ueHUA. B AaHHOii OUMCTKe MrpaloT POsIb Kak U pafMOaKTHBHbIM pacnag, Tak H CMeLIM- 
BaHHe MeXKAY BOSLYWHEIMH CIOAMM TpoMocheppl cTpaToceppl. wie 

Mepa o6Mena BosqyUIHEIX Cl0eB Tponochephl 4 cTpaTocepbl (10 KpaliHeli Mepe, ee HH3- 
WIMX cyl0eB) COCTaBJIAeT TIpHMepHO 75% eKeroqHo. 
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(Presented by G. Szigeti. — Received: 2. III. 1961) 


' 

; The sodium fluorescein adsorption of oxide layers formed on aluminium surfaces 
gives layer phosphors emitting green light under the excitation of high-pressure mercury 
vapour lamps. The intensity and energy distribution of the light depends on the physical 
and chemical structure of the layer. It has been established that the activation of the oxide 
hydrate layers happens by chemosorption and that there is a relation between the hydration 
of the oxide surface and the energy distribution of the emission. 


: § 1. Introduction 


There are many organic compounds showing an intense luminescence 
sn solution. Not so often, an effect of similar intensity appears also in case 
of solid solutions or on molecules adsorbed on solid bodies [i—9]. 

Several of the above-mentioned systems, containing practically only 
the solid phase, are called ‘organophosphors”’. The properties of these organo- 
phosphors arising by adsorption are determined chiefly by the surface properties 
of the adsorbent. The relation between surface phenomena and luminescent 
light emission justifies to distinguish these phosphors by the name of “‘adsor- 
bate phosphors”. 

The so-called two-dimensional phosphors belong to the adsorbate 
phosphors. They can be prepared by means of organic compounds adsorbed 
on thin layers or films. CHOMSE et al. dealed with the properties of these 
phosphors. 

The authors referred to above, examined the luminescence of 1-oxi-2: 
naphtonic acid, therephtalic acid, salicylic acid and trypaflavine on aluminium, 
magnesium and zinc oxide, resp. hydroxide layers. In the course of their 
experiments they established that luminescent lighting appears only under 
certain conditions. This fact shows that not every adsorption process leads 
to the formation of layer phosphors, therefore all adsorption processes produc- 
ing a luminescent system will further be called active adsorption. 

The extraordinary low intensity of the lighting of the CHOMSE phosphors 
(the original publication does not contain data concerning either the intensity 
or the energy distribution) necessitated — by means of the choice of an 
adequate activator — the preparation of such a layer phosphor the spectral 
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examination of which can be effectuated. Such an activator is e. g. the fluor- 
escein ion having in solution a well-known luminescence, but the data con- 
cerning its adsorbed state are very deficient. 

In the following we report our experiments made on aluminium oxi- 
hydrate layers where we have used the above-mentioned activator. 


§ 2. Preparation of adsorbent layers 


The oxide films on aluminium were prepared chemically or by means 
of the known methods of anodic oxidation [11—15]. The natural oxide film 
and the thin layers made by chemical and thermic methods proved to be 
unsuited to the preparation of layer phosphors. A fluorescent effect could 


Kes 220V 
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water in 


air 


water out | 
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Fig. 1. A simple sketch of the apparatus for the electrolytic oxidation. A-ampermeter, V-volt- 
meter, D-glass-cooling coil, F-mixer, C-thermometer, E-aluminium samples 


be demonstrated only in the latter case, however, the emitted green light 
was of such a low intensity that the spectral examination of the system did 
not succeed. 

A similar observation was made by CHoMsE, who made a comparison 
between the normal boron phosphor and his layer phosphors. According to 
his statement concerning chemically-formed thin layers, when oxinaphthonic 
acre and terephthalic acid were used as activators, only 0.7—3% of the 
luminescent intensity of the boron phosphor made with the saute, activator 


could be detected [10] 


. 
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The layers made by anodic oxidation showed more favourable properties, 
_ therefore we used them for the preparation of the layer phosphors. The samples 
to be oxidized were made of 99,9°% pure aluminium sheets in the form of 
squares. Their surface was 100 cm? large of which 60 cm? was oxidized. Their 
cleaning before the oxidation happened by washing with solvent (CCl,) and 
etching. The etching took place either with 5% NaOH at 35 °C during two 
minutes or with a mixture of sulfuric acid — phosphoric acid — water at 100° C 
- for one minute [16]. For the oxidation we used as electrolyte either 5% sul- 
 furic acid or 7% oxalic acid. The grade of the used chemicals was reagent. 
The water-used for washing the samples, preparing the electrolyte ete. was 
purified by ion exchange resin. In the majority of cases the oxidation happened 
by a. c. in the arrangement shown in Fig. 1 with a constant voltage value. 
The voltage switched on the cell was 18, resp. 40 V and depended on whether 
the oxidation happened in sulphuric acid or in an oxalic acid bath. The initial 
density of the current passing through the aluminium electrodes put into 
the glass tub was about 25 mA/cm?. The constant temperature of the electrolyte 
. was assured by a glass cooling coil and by a mixer by means of which the 
_ system could be held at 20° C during the period of the oxidation. The supply 
source was a TR 100 transformer. The time of oxidation was between 15 and 
60 minutes according to the thickness of the layer. The formed layers were 
slightly coloured, their thickness was between 5 and 20 wu. 


§ 3. Preparation of layer phosphors 


The oxide layers made in the manner described above were washed 
thoroughly with cold ion-exchanged water and dried at 110° C. The oxide 
films obtained in this way — although they behaved favourably from the 
point of view of the adsorption, — in their active adsorption hardly surpassed 
the properties of the chemically produced thin layers. The hydrothermal 
after-treatment of the layers described by CHomsE et al. [10] advanced the 
active adsorption but the order of magnitude of the emission hardly exceeded 
the lower limit of the intensity necessary for spectral examination. After the 
chemical treatment of the oxide films a satisfying result was obtained. The 
layers arising in the course of the treatment of the oxide films with alcaline 
solutions showed after the activation and under the influence of a 3650 A 
ultraviolet excitation a uniform lighting of the same order of magnitude as 
that of the solutions, resp. exceeded it. 

For after-treatment purposes a 0.1—5% soda solution seemed to be 
the most appropriate. The treatment took place during periods lasting from 
1 to 60 minutes in a temperature interval between 20 and 80° C, without 
any pressure. When in a cold or warm soda solution for a longer ane the 
layers first lost their yellowish colour and then under a stronger action, the 
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originally intensively reflecting surface became dull. The deterioration of 
the reflection properties did not influence the adsorption capacity of the 
layers to any considerable degree. After the treatment the elution of the 
electrolyte was followed by drying at 100° C. 

Also with ammonium hydroxide and borax solutions suitable adsorbents 
could be produced, but the light emitted after the activation was considerably 
fainter than in the first case. 

The activation of the aluminium hydroxide films prepared in the way 
described happened by adsorption from the absolute methanol-, resp. ethyl- 
alcoholic solution of sodium fluorescein. The adsorption took place on closed 
vessels on vertically placed plates, at equal initial dye concentration and 
equal adsorbent oxide surfaces. The initial concentration of the activator 
solution was 1,0 -10~% mol/l sodium fluorescein. The adsorption took place 
in every case at room temperature and lasted from 30 minutes to 24 hours. 
After the adsorption and removal of the excess fluorescein by washing, the 
plates were dried at 110° C. The ready plates, according to the prepared 
adsorbent layer and the circumstances of the adsorption, were colourless, or 
became greyish, yellow or orange. 


§ 4. Measurement of the emission of layer phosphors 


The emission spectrum of the produced layer phosphors has been studied 
by means of an automatic spectrometer built in our Institute [17]; its construc- 
tion can be seen in Fig. 2. The exciting light source was a Philips Black Light 
high pressure mercury vapour lamp (1), which illuminated through a UG—11 
filter (2) the sample placed in the sample holder (3). In order to calibrate the 
energy distribution, the light of a normal lamp of determined colour tempera- 
ture could be inserted in the way of the light by means of a prism (9). 

The light passed through the optical system of a Zeiss monochromator 
and fell on a multiplier (5). Between the entrance gap and the sample there 
was a synchron motor-driven sector of a circle (6) with an auxiliary lamp (7) 
and a CdSe cell (8) on it, producing a sign synchronous with the interrupter 
period of the sector for the phase-sensitive rectifier. 

In Fig. 3 the block scheme of the electric sensing element of the instru- 
ment can be seen. The sign given by the multiplier came through a_ high 
frequency noise suppression integrating filter to an indexing chain serving 
for the extension of the measuring limit. This was followed by a two-stage 
amplifier, then by a continuous sensitivity regulator. After another two-stage 
amplification the sign reached the measuring circuit of the phase-sensitive 
detector. A self-running multivibrator was controlled by the secondary mark 
of the CdSe cell, through a phase shift quadripole, after a one-stage amplifi- 
cation. After further amplification this sign controlled the switching circuit 
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Fig. 3. The block scheme of the electric sensing element of the instrument 
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of the phase detector which was a four-diode system and rendered possible — 
producing a 0.5 Hz bandwidth. 

The reading part of the device consisted of a system made of a series- 
connected, mirror-scale precision instrument and an EKM six-point recording — 
instrument. 

The samples used for the emission measurement were 25 < 25 mm? 
aluminium plates, on the surfaces of which was placed the layer phosphor 
to be measured. 


§ 5. Emission properties of layer phosphors 


According to the chemical treatment of the Al,O, -H,O layers we 
obtained spectra of various characters. Also in case of using activator solutions 
of the same concentration and working with samé adsorption time, a 
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Fig. 4. The spectra of the layer phosphors which were prepared with water 


Curve 1: CHomse’s phosphor. Curves 2—3: Spectra of the layers which were treated with 
boiling water before the adsorption 


deviation arose on the one hand in the intensity of the emitted light of 
one and the same frequency and on the other hand in the ratios of the 
measured intensities belonging to the various frequencies. 

The layer phosphors obtained by the application of the CHomsE hydro- 
thermal after-treatment (in this case in\a sealed glass-tube at 250° C b 
heating with water) emitted light of a very small intensity. Their smite 
spectra can be seen in Fig. 4. The colouration of the plates after the adsorption 
was only slight. The maximum intensity did not surpass 20—25°% of that 
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of the phosphors to be discussed later. A similar result was obtained also by 
_ the simple watery boiling. 

4 Before the adsorption of the fluorescein, boiling the aluminium oxide 
layers in distilled water for an hour, we obtained after the adsorption of the 
dye layer phosphors of the same emission peaks and of similar intensity. 
(See Fig. 4, curve 2.) The above statement concerns aluminium plates formed 
in a vitriolic electrolyte. From the watery boiling of layers formed in oxalic 
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Fig. 5. Spectra of layers which were treated with 1% soda solution at 25° C 
before the adsorption 


acid a phosphor arose lighting much more faintly, the spectrum of which 
can also be seen in Fig. 4 (curve 3). The maxima of all the three spectra fell 
to 521 my. 

The lighting capacity of the layers rose considerably, when the oxide 
films were treated with alcaline solutions instead of receiving an aqueous 
treatment. Staying in a 25° C soda solution for 15 minutes, the adsorption 
capacity of the plates increased. After removal of the electrolytes by washing 
with boiling water, the emission of the layer phosphors after the adsorption 
grew about four times. Their emission spectra can be seen in Fig. 5. The plates 
did not change their colours during the adsorption but lost their original 
specular reflection. The maximum of the emission band — similarly to the 


formed cases — was at 521 muy. 
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We succeeded to observe the long wave displacement of the emission _ 
band under a stronger alcaline influence. At 50° C during 10 minutes a treat- | 
ment with 1% soda solution and then a washing with boiling water gave 
such aluminium oxide layers after the activation of which the peak of the _ 
emission band of the phosphor fell to 525 my. During the adsorption the — 
layers took on a slightly yellowish colour. Their emission bands are shown | 
in Fig. 6. The figure shows the spectra of layer phosphors prepared from — 
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Fig. 6. Spectra of layer phosphors, which were treated with 1% Na,CO, solution at 50° C 
before the adsorption. The different curves belong to the different oxidizing times 


plates formed during various times. As can be seen, the thickness of the layer 
influences the emission to a small degree. The slight growth of the intensity 
is probably the result of the increase of the specific surface. 

The treatment of the oxide film with boiling soda solution called forth 
the further increase of the intensity and the long wave displacement. Under 
the influence of a 80° C warm, 1% soda solution the maximum of the emission 
band migrated to 531 mu. The plates became orange coloured after the 
adsorption. The spectra of layer phosphors formed during 40, 50 and 60 
minutes are shown in Fig. 7. 

The treatment with other alcaline.chemicals was less effective. When 
the aluminium oxide film was softly heated with ammonium hydroxide 
solution (40—50° C), only a small increase of the intensity could be observed 
compared to the watery treatment. The maximum of the emission band 
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"was — similarly to the other layer phosphors — at 521 my. The colour of 
_ the plate after the adsorption was slightly yellow, the light of the surface 
being very uniform. The spectrum is shown in Fig. 8. 
From the enumerated examples it can be seen that the original oxide 
film after a stronger influence behaves more favourably from the point of 
view of producing layer phospors. 
Increasing the temperature of the soda solution treatment the intensity 
measured on the maximum of the emission of the layer phosphor increased 
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Fig. 7. Spectra of layers, which were treat- Fig. 8. The energy distribution of the layer 
ed with 1% soda solution at 80° C, be- phosphor which was treated with 1% am- 


monia solution at 40—50° C before the 


fore the adsorption. The different curves 
adsorption 


belong to the different oxidizing times 


emperature of the reagents 


gradually. The increase of the concentration resp. t 
r became, under a stronger 


was limited by the fact that the emission of the laye 
influence inhomogeneous and the layer was very much corroded by the 
solution. For similar reasons the KOH and NaOH were also unsuitable. In 
case of the latter reagents the corrosion of the oxide layers was considerable 
already in case of a low concentration and temperature. Beside the above- 
mentioned reasons, because of the inhomogeneity of the lighting of the surface 
obtained after the activation, we did not use the latter reagents. 

In all the cases described the adsorption time was 24 hours. In the 


following section we will discuss the case when the adsorbing time changes. 
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§ 6. Adsorption time dependence of the luminescence of adsorbed fluorescein | 


After the experiments described in the previous paragraphs we exa- 
mined the connection between the adsorption time and the luminescent 
intensity. By the spectral emission measurements it could be ascertained - 
that the luminescence originating from the layer phosphors does not only 
depend on the hydration of the Al,O, film, but under identical conditions 
of preparation on the duration of the adsorption too. : 

The adsorbent was prepared in the same way as in the previous section. 
The reagent used was 1% solution of Na,CO, at 25° C and the adsorption 


Intensity in arbitrary units 


Mm 
80 500 20 40 60 80 600 


Fig. 9. The dependence of the spectra on the adsorbing time. Curve 1:1 hour, Curve 2: 2 hours, 
Curve 3: 3 hours, Curve 4: 6 hours, Curve 5: 48 hours 


took place in the way described in the foregoing section, from the solution 
of Na-fluorescein, in absolute methylalcohol as the solvent. For the measure- 
ment of the luminescence of the layer phosphors, prepared during different 
adsorbing times the instrument which was described previously was used. 
The spectra are shown in Fig. 9. From Fig. 9 it can be seen that both the 
form of the emission band and the wavelength of the maximum depend on 
the duration of adsorption. The wavelength of the maximum shifts to the 
longer wavelengths simultaneously with the adsorbing time and changes 
from 518 my up to 524 mu. 

It can be shown that together with the shifting of the spectra the 
luminescent intensity strongly increases. The intensity tends toward a satur- 
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ation value, and after 30—40 hours generally does no longer change. Since 
the absorption equilibrium sets in slowly, we assumed, that there is a chemi- 


sorption, i. e. the amount of the adsorbat irreversibly adsorbed increases 
(up to a limit) with the time of contact allowed before desorption is com- 
menced. 

As it has been shown in Fig. 9, the form of the spectra depends on the 
adsorption time. The change of the energy distribution as function of the 
adsorbing time is rather complicated. This made the evaluation more difficult. 
In Fig. 10 the change of the intensities as the function of the duration of the 
adsorption at some selected wavelength can be seen. 

The'curves, which correspond each to one particular wavelength, are 
built up from some steep and some nearly horizontal sections. It can be seen 
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Fig. 10. The change of the intensities as the function of the duration of the adsorption 
at some selected wavelengths 


that the character of the change is similar to that established by GoopmaNn [19] 
in the case of the adsorption of water on ferric oxide. Similar results were 
obtained by the above-mentioned author and Grece and STEPHENS with 
silicagel, stannic oxide gel and caolin [20]. 

The form of the curves, belonging to the lower wavelengths are similar 
and might be characterized by the curve belonging to 500 my. In Fig. 10 
we can see that in the previously mentioned range of the wavelengths the 
change of the luminescent intensity is, after 6—7 hours, practically negligible. 
At the longer wavelengths the luminescent intensity reaches saturation only 
after 35—40 hours. 

From this phenomenon it can be concluded that the adsorption takes 
place in several steps. The reaction, which takes place in the first step 1s 
pretty fast, viz. its reaction time is only 1—2 hours. 
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The rate of the following reactions is slower because their influence on | 
the spectra appears only after a suitable period. These phenomena, especially _ 
the fact that the adsorption takes place in several, well distinguishable sec- 
tions, verifies our supposition that in the case of the layer phosphors mentioned 
in the foregoing section, there are several kinds of centres of different characters 
on the surface termed ‘‘active sites”’. ; 

Supposing that the rate of the fluorescein’s adsorption, viz. the specific 
rate of reactions, on the different centres is different, we can simply interpret 
the change of the form of spectra as the function of the adsorbing time. It is 
evident that the adsorption is most rapid on those centres which possess the 
larger specific rate of reaction. If we pay attention to what was said previously, 
it becomes obvious that after a short adsorbing time the light originates 
chiefly from such luminescent. centres which were formed in the first step. 
In this section the intensity of the luminescence increases rapidly. When 
the rate of adsorption in the first step decreases and tends towards zero, the 
increase of the intensity becomes slower, because the rate of the second and 
the third adsorption processes is less than that of the first one. Only after 
a suitable period appears the change belonging to the second resp. the third 
step in the spectra. 

According to the suppositions mentioned above, the changes of inten- 


sities and the shift of the maximum in the spectra can thus be explained 
by the differences in the reaction velocities. 


§ 7. Conclusions 


On the basis of the experimental material reported it can be concluded 
that the light of the adsorbate phosphors differs from the light of the so-called 
‘discrete centres’’. 

The deviation is caused by the interaction of the lighting centre and the 
basic material (in this case Al,O,; -H,O). The fluorescein ion alone cannot 
be considered as the medium of the lighting. The fact that the adsorption 
of the dehydrated layers is inactive from the luminescent point of view shows 
that, in respect of the lighting centre, the interaction of the adsorbent and 
of the adsorbed molecule is of decisive importance. This makes the above- 
mentioned systems to some degree similar to the crystal phosphors. On that 
account the examination of the layer phosphors cannot be confined only to 
the organic activator, the whole adsorbatum must be treated as a uniform 
physical system, this similarity does not, however, mean complete analogy 
with the crystal phosphors. The hypothesis of CHomsE al., according to which 
the organic molecule becomes during the treatment incorporated into the 
inorganic lattice, contradicts the experimental facts. The statement of the 
above-mentioned authors that the appearance of the light is closely connected 
with such an activator, analogous to the crystal phosphors, turned out to be 
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wrong. The exact examination of the lattice parameters renders in this case 
‘even the possibility of such an incorporation doubtful. 
The incorporation into the crystal lattice would mean intensive per- 
‘turbation of the electron system of the organic molecule because of the ionic 
character of the lattice. Naturally, this would result in a considerable change 
of the emission spectrum, but according to the measurement this does not 
occur. 
. From the wavelength displacement of the spectra one can conclude 
that the energy of the interaction is greater than in case of the solutions or 
the physically adsorbed molecules, but that it is considerably smaller than 
in the crystal phosphors. This proves the transient character of the examined 
systems between the discrete centres and the light of the crystal phosphors. 
The fact that also without pressure lighting layers are obtainable with 
after-activation shows not the incorporation into the lattice but the adsorption 
to be the condition of the appearance of light. The adsorption from an alcoholic 
solution of the plates prepared without any chemical treatment can be com- 
“pared to that of chemically treated oxide layers which are practically inactive; 
this shows that light is connected only with certain definite forms of the 
adsorption. A striking parallel can be observed between the hydration of the 
oxide film and the intensity of the light. The light of the oxide hydrate layers 
arising under the influence of a strong alcaline action is considerably more 
intensive than that of the layer phosphors made by hydrothermal treatment; 
besides, the process of the activation takes up much time. These two facts 
show that a chemosorption is taking place. From the wavelength displacement 
of the spectra it is evident that the energy of the adsorption influences to a 
high degree the emission of the layer phosphor. The intensity increase of 
the emission can be brought into connection with the change of the number 
of the centres and the wavelength displacement of the maximum with the 
_ change of the quality of the adsorption centres. It is obvious that the OH- 
groups of the adsorbent surface play an important part through the forming 
of hydrogen bridges. Taking into consideration that the aluminium oxide 
hydrate structure can contain hydroxil groups arising from both, hydrar- 
gillite, resp. boehmit their adsorptions must be different. Further consi- 
dering that the fluoresceine contains also many functional groups, the dif- 
ference in the emission peaks of the various layer phosphors becomes ex- 


plainable. 
Acknowledgements 
The author expresses his thanks to Academician G. Szicett, the Director 


of the Institute, and to Dr. TH. MILLNER for reading the manuscript before 
publication. He also wishes to thank Mr. J. Scuanpa and Mr. J. WEISZBURe 


for carrying out the spectroscopic measurements. 


Acta Phys. Hung. Tom. XIII. Fasc. 3. 


302 ; E, LENDVAY i 


REFERENCES 


O. ScumipT, Ber. dtsch. chem. Ges., 74, 987, 1941. :| 

. L. Fuexser, L. P. Hammer and A. DINGWALL, J. Am. Chem. Soc., 57, 2103, 1935. 

. F. Banvow, Z. Physik. Chem. (B), 34, 323, 1936. 

. J. Nasu, J. Phys. Chem., 62, 1575, 1958. : | 

_ G. N. Lewis and M. Kasua, J. Am. Chem. Soc., 66, 2100, 1944, : | 

. H. Caomse and G. Hernricu, Naturw., 34, 122, 1947. ; 

. L. Gompay, Kolloid Z., 101, 157, 1942. 

. G. N. Lewis, D. Lipxin and Ta. T. Macet, J. Am. Chem. Soc., 63, 3005, 1941. 

. R. Tomascuex, Ann. Physik, 67, 624, 1922. 

. H. Cuomse, W. Horrmann, Z. Anorg. Chem., 296, 20, 1958. 

. J. Scuenx, Werkstoff Aluminium und seine anodische Oxidation, A. Francke A. G. Verlag, 

Bern, 1948. 

12. A. W. Smirn, Can. J. Phys., 37, 591. 1959. 

13. M.S. Hunter, P. Fow.e, J. Electrochem. Soc., 101, 514, 1954. 

14. N. P. Feporyev and I. Késa-Somoey1, Journ. Prikl. Chimii, XX XI., 497, 1958. 

15. G. Exssner, Aluminium Oberflichenschutz durch elektrolytische Oxydation, Akad. 
Verlag, Leipzig, 1943. 

16. W. J. TEcarT, The Electrolytic and Chemical Polishing of Metals, The Pergamon Press 
Ltd., London, 1956. 

17. J. Scuanpa, II. Tschechoslowakischer Spektrographischer Kongress, Tatranska Lomnica, 
1959. 

18. W. E. Garner, Chemisorption, Butterworths Sci. Publ., London, 1957; p. 59. 

19. J. F. Goopmann, Thesis, London University, 1955. 

20. S. J. Grecc, and M. J. SrepHens, Clay Min. Bull., 1, 228, 1952. 


SSO OAANEWNe 


a 


JIIOMMHECHEHUMA ATCOPBMPOBAHHOrO HA Al,0;-xH,0 IWJIEHKAX 
®JIYOPECHEHHA 


9. JJEHD BAU 
Pesrome 


Ha mienkax Al,O,, oOpaOoTaHHbIx LieNOUHbIMH pacTBOpaMH, Cc afcopOuHMeH Mmyopec- 
Ie€HHa ya/lOCb IIPHPOTOBHTb TaKHe COM, KOTOpHIe Mp BOs0yKAeCHHH YJIbTpapvoeTOBbIM 
CBETOM XOPOLIO JIOMMHeECLMpytor. 

Jina BOJIHbI MaKCHMyMa MOJIOCbI CBeE4Y€HUA 3ABMCHT OT MeTOAa XHMHMYeCKOH OOpaboTKH 
OKCHAHOH MIeHKH. Ha OCHOBaHHH MepeqBMOKeHHA MAKCHMYMOB MO)KHO CeslaTb BbIBOA, 4TO 
MbI HMeeM jesI0 C XeMOCOpOUHeli HM YTO JHOMUHECICHTHbIe CBOMCTBA afcopOupoBaHHOrO sryo- 
ae ONpefesALOTCA, TyIaBHbIM OOpasoM, XHMHYeCKOH NpHposOH MOBepXHOCTU acop- 
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a Thorough investigations have shown that the °J7 state belonging to the 3J7;—°L~ trans- 
ition of the PH molecule does not closely follow the known triplet formula. The deviation 
consists in that the middle component of the *// state — taken as a function of the rotational 
quantum number — lies in a different position from what would be expected on the basis 
of the triplet formula. By taking into account simultaneously the perturbation of the '// terms 
transmitted by the spin-orbit interaction and the spin-spin interaction, the observed pheno- 
menon can be interpreted well. 

1. Introduction. The rotational fine structure of the 0—O0 band of the 

- 3[],—8S— band system of the PH molecule lying in the region of 4 = 3400 A 

‘ was first analysed by PEarseE [1]. At that time there was no explicit formula 
known for the 3J] term, which would have held for all values of the multiplet 
splitting constant and the rotational quantum number, that is to say, there 
had been simple formulas for Hund’s cases a) and b) but none for the inter- 
mediate case. For this reason PEARSE was not able to determine the constants 
of the initial state. A few years later, much at the same time, Bupéo [2] and 
GitBerT [3] examined theoretically the behaviour of the *// terms, and Bupé 
gave explicit formulas for all the three components of the 3/7 term, which 
hold for all the values of both the coupling constant and (apart from a few 
lowest values) the rotational quantum number. Bupéo [4], on the basis of the 
triplet formula established by him, has compared the observed and calculated 
combination differences in the v’ = 0 state of the 3/7 term of the PH molecule 
and has, in addition, determined the coupling constant. Subsequently, IsHAQue 
and Pearse [5], [6] published two papers on the transitions referred to of 
the PH and PD molecules, respectively, and, on the basis of GILBERT’s formula, 
they determined the coupling constant once again. Quite recently Lecay [7] 
has photographed and analysed the 1—0 band of the same band system 
lying near 2 = 3200 A. 

The detailed investigations have resulted in the observation of deviations 
from the triplet formula in both states, viz. v’ = 0 and v’ = 1, of the 37] term 
of the PH molecule. This is most conspicuous in Bup6’s work [4], where a 
systematic deviation of the order of about 0,3 cm~! is shown here and there 


* A report of this work was given at the VI. European Congress on Molecular Spectroscopy, 
Amsterdam, Netherlands, 2 June, 1961. 
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between the observed and calculated values of the combination differences 
A, F,(J) (Fig. la and 1b). Lecay suggests that the multiple splitting constant | 
determined on the basis of GiLBERT’s formula “changes” with the rotational _ 
quantum number. All these phenomena are of nearly the same character as | 
the deviations found by Nevin in the case of the 4/],, term of the OF molecule | 
[8] and by Dixon in that of the A4%// term of the NH molecule [9], respectively. | 
Essentially, these deviations consist in that the two middle components of the © 
4]] term in the the first case and the middle component of the °/] term in the 
second, taken as a function of the rotational quantum number, behave dif- 
ferently from what would be expected on the basis of the quartet and triplet 
formulas, respectively. These differing behaviours can easily be interpreted if 
the spin-spin interaction and, at the same time, the intercombination per- 
turbation of other [7 terms of lower multiplicity [10], [11], [12] transmitted 
by the spin-orbit interaction, respectively, are taken into account. It is thus 
shown by these experiences that the interactions mentioned (above all the 
spin-spin interaction) play an important part not only in the interpretation 
of the rotational fine structure of the multiplet X terms but, that in certain 
cases, they cannot be ignored for J] term either. 

From the present work it will be seen that the deviations observed 
on the 3/7 term of the PH molecule can be easily interpreted also by taking 
into account simultaneously the spin-spin interaction and the perturbations 
of the 1J] terms. 

2. Theoretical results. In an earlier work [12] we have shown that taking 
into account the spin-spin interaction as well as the perturbations of the 
I terms the perturbed term values will be of the following form: 


iy ee 
Be 2g ee 2 \ 
2 a + BS? ,, (1) 
Fi F,— £4.68 | 
3 3 3 + BS? ji1> 
where . 
V2(J?—1) Y=2 V2e oat 
Si j- = = aS, S = SS. S = a ) 2 
i yc, J) mane MEP VC; (J) is 


and for invert 3J7 terms 
€,J)=J-)Y)JV+2Y(Y¥—4 432074 )D7-)NIU+), 
C.J) =Y(¥—4)+4I(F+)), (3) 
€,Y)=JV+)Y(Y¥—4) +227 +)IU+)0 +2), 
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_ and Y = A/B, where A and B mean the multiplet splitting constant and the 
. rotational constant, respectively. 8 = a — 3e, where a is related in a simple 
_ way to the perturbation matrix element between the °J] and 1/7 terms, « being 

the constant of the spin-spin interaction. 


Bupo [2] gives the following expressions for the combination differences 
(taking also into account the terms associated with the rotational constant D): 


fiz 1 : 4A 4,(J) + 24(J) 
cP (5) = 4B (7 a] we ory Z,(F 1) |; 


cee hea be 


Ay PF (J) = 4B + steas 3 a ere ral 


8D | J Sy ieesal +\.9 
: Pal Wasa lal 


AF, (J) = 4B [J 4 alee pee r eee 
+8D [+ 5) t3b+5 3] +444} +2}. 


Z,(J) = ¥(¥ —4) +2 + 4ST + Von Se I-A + 1). 
(5) 


For the difference between the perturbed combination differences computed 
from (1) and the unpertubed ones calculated from (4) we have the following: 


eee et a (J +1) —S¥yaJ—D), 
A, F3(J)—4 = 6[S3, (J+ 1) — Si ,(J— YI, (6) 
A, F3 (J) — 7 Fy ae B[Si, yor (J + 1) > Si (Ji))]- 


For the determination of the coupling constant the following relation 


is obtained from Bup6’s formulas: 
2 ites : co 
L_\r,—¥) -s0[{9—3) +30 - 5] mae a \ 


=(¥- 4 +4 +9). 
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If the spin-spin interaction and the perturbations of the 1]] terms are 
taken into account, the left side of (7) is modified on the basis of (1) as fol- 


lows: 
Ne SF a= BS? ys — 8 )—sp|(y—+}'+3/7-3] + 
4B? 3 1 Loar 1, J-1 9 9 
1 2 8 
+4[7——] +a al Cleats Ciaeaearetuat tag i}; 


where F3 and F', denote the perturbed term values. 
To what extent the middle component, i.e. the *J/, term, deviates from 


its original position, taken as a function of the rotational quantum number, | 


is best seen if the differences of the perturbed and the unperturbed distances 
of the neighbouring components are considered. We obtain for this from (1): 


(Fin F)— (F,—F) =6 (Sia Sh): | a 
(Fe Fj) — (Fe Fe) = 8 (Sh — See 


3. Application to the I]; state of the PH molecule. The anomalies found 
in the case of the vibrational states v’ = 0 and v’ = | of the *J//]; term of the 
PH molecule can be interpreted fully by the application of the formulas (6), 
(8) and (9) given in the previous paragraph, if the theoretically calculated 
perturbed term values in these formulas are compared with those observed, 
and the unperturbed term values with those calculated in the usual way. 

Thus, in Figs. 1/a and 1/b the circles and the curves drawn in full indicate 
the differences between the observed and calculated, the perturbed and the 
unperturbed combination differences, respectively, for all the three components 
in the vibrational states v’ = 0 and v’ = 1. It can be seen that there is con- 
siderable deviation mainly for the case of the middle */], component; the 
deviations can be interpreted fairly well if in the formula (6) A(v’ = 0) = 
= — 2.0 cm~! and f(v’ = 1) = — 2.40 cm“? is taken. 

Lecay [7] indicates that in the state v’ = 1 the multiplet splitting 
constant on the basis of the GiLBERT formula ‘“‘changes”’ with the rotational 
quantum number, and this deviation he tries to interpret by taking into 
account the interaction between rotation and spin. On the basis of (8), however, 
the multiplet splitting constant computed with the values of f given before 
indicates no change whatsoever for J > 3 with the change of the rotational 
quantum number, as can be clearly seen in Fig. 2 (for J < 3 Bupd’s formula 
is valid only approximatively). 

If the differences between the observed and calculated distances of the 
neighbouring components are taken as the function of the rotational quantum 
number, we obtain for v’ = 0 and v’ = | the circles in Fig. 3a and 3b, re- 
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Figs. 1/a and 1/b. Here the differences of the observed and calculated combination differences 
are plotted on the basis of (6), starting from the upper part und proceeding downwards, as 
follows: A, F’5, — A, Fy, = BIS, (J + p= Si (J—1)], 42F yo — Ag Fy. = BLSi,j-1 (J+1)— 
— Sij-1(J—))), 42. F 20 — A, F 3. = PISS941 (J 4-1) — Si,j+1(J—1)] where for vo = 0 B 


—2.00 em-! and for v’ = 1 By = — 2.40 cm™? ae 


Alv'=0) 
~115,50 


—175,00 nue A a a 
: 5 10 


Fig. 2. In this Figure the value of the multiplet splitting constant is plotted for v’ = 0 and 
v’ =1 on the basis of (8) for all available values of J 
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spectively. If on the basis of (9) the differences of the perturbed and unper- 
turbed distances of the neighbouring components are calculated, we obtain 


_ with the values of 8 given above the curves drawn in full. It can be seen that 


theory and experiment are in good agreement. 


As mentioned already, LeEcay claims that it is possible to interpret 


_ the change of the multiplet splitting constant with the rotational quantum 


number by taking into account the interaction between rotation and spin. 
It has been shown, however, in the foregoing that, on the one hand, such 
a change does not exist, and, on the other hand, the deviations observed in 
the combination differences as well as those found between the differences 
of the observed and calculated distances of the neighbouring components 
can in no way be interpreted by means of the interaction between rotation 
and spin. For the °//, component this interaction supplies a constant term 
which drops out in the term differences, and for the observed and calculated 
differences of the neighbouring components deviations increasing with the 
rotational quantum number are obtained as against the observed decreasing 
deviations (see Fig. 3). It may be possible to assume that besides the spin- 
spin interaction and the perturbation of the ‘// term the interaction between 


‘ rotation and spin occurs as well, analogous to the case of the NH molecule. 


This would be true, provided some kind of deviation were to be found between 
the circles and the curves drawn in full in Fig. 3a and 3b, respectively, and 
this deviation were to vanish only on taking into account the interaction 
between rotation and spin. Since, however, there is no deviation to be observed, 
the latter interaction is not relevant to this issue. 

Summarizing, it can be concluded that the deviations found in both 
the states v’ = 0 and v’ = 1 of the 3J]; term of the PH molecule can, in good 
agreement with the measuring results, be easily interpreted by taking into 
account simultaneously the spin-spin interaction and the intercombinatcion 
perturbation of the 1/7 term transmitted by the spin-orbit interaction. Formula 
(1) for the *J7 and similar formulas for the “/] terms [10], [11]indicate a charac- 
ter which is completely analogous to the formulas obtained for the multiplet 
terms [13], [14], [15], [16]. The only difference is that in the latter cases 
the explicit form of the transformation matrix element is far simpler, as the 
terms belong always to Hund’s case b). If the IT terms belonged to Hund’s 
cease 5) as well, the form of the transformation matrix element S would likewise 
be simple. If the similar phenomena observed on the A3J/] term of the NH 
and on the 4/] term of the O; molecule are added to the example of the PH 
molecule, it can be concluded that the interactions dealt with in the present 
paper are of far greater importance than has been thought earlier, not only 
for the interpretation of the fine structure of the multiplet X terms but also 
for that of the multiplet /] terms. 
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MCCJIEMOBAHHE 2-COCTOAHUA PH-MOJIERYJIbI 
HW. KOBAU 
Pestome 


TlogpoOuple MccesqoBaHHA NoKasasiM, uTo *J7-cocTrosHHe, OTHOCAUIeeca K 217; — 32 ne- 
pexony PH-moslekysIbl, He COOTBETCTByeT TOUHO H3BeCTHOH TpuMeTHOH dopmMyse. PacxooK- 
feHHe 3aksu0uaeTCA B TOM, YTO CpeqHAA KOMMOHEeHTA *JJ-TepMa, paccMaTpuBacA ee B PyYHKUMH 
PpOTAL|MOHHOrO KBaHTOBOrO YHCIa, pacMOsaraeTcA HE TaM, F€ ITO MOKHO OO9KHaTb Ha OCHOBE 
TPHMAeTHOH POpMyJIbI. DTO ABMeHHe MpOCTO OObACHAETCA, ECM OMHOBPeMeHHO MPHHUMalwTcA 
BO BHHMaHve BO3MyeHHe ‘H-TepMos, OOyCNOBJICHHOe CNMH-OpOHTaIbHbIM B3aNMOselicTBHeM, 
M CMHH-CMMHOBOe B3aHMOselicTBHe, 
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a : 

In this paper the time dependence of the so-called thermodynamic “forced” (non-spon- 
taneous) processes is examined in homogeneous systems, when in case of t — co nota static 
equilibrium results, but a stationary process determined by external forces. The ‘‘equations 
of motion” are given for an arbitrary number of variables and an arbitrary generation G(t) 
of the extensive quantities. In case of two variables we write down the differential equations 
holding for the components and for a constant Gy we give also the solutions. As an application 

me, A ; : AP 
we examine in Kundsen gas the time dependence of the quotient AT of the thermonuclear 
pressure and the temperature difference. Finally, the analogy between mechanics and thermo- 
dynamics is studied taking the generation into consideration. 


Introduction 


The description of the approach to equilibrium in time in homogeneous 
systems near the equilibrium, has been given by I. FENyEs [1]. By integrating 
the equations of motion a more exact picture of the process of the approach 
to equilibrium could be obtained. So, e. g. it could be established that because 
of the matrix gL = A being off-diagonal the forces X; can change their signs 
during the decay. The relation between the reversal of signs and the initial 
conditions in case of two variables has in general been examined by G. FAy 
and G. TAsort [2], while in [3] we have studied the approach to the equili- 
brium in Knudsen gas by means of two parameters of the conduction matrix. 
As a further application, we gave the thermodynamic formulation of the 
recombination in semi-conductors [4], on the basis of the theory of SHocKLEY— 
READ. 

The equations of motion given in [1] describe such processes in which, 
supposing an arbitrary initial state, the final state will be the static equili- 
brium. But, from both the theoretical and the practical point of view, the case 
seems to be interesting, when for t + co not necessarily the static equilibrium 
sets in, but a stationary process ensues determined by the external forced 
conditions. 

In this paper the thermodynamic equations of motion describing the 
forced processes near the equilibrium in case of an arbitrary number of variables 
and an arbitrary generation G(t) of the extensive quantities are given by 
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means of the formalism applied in [1]. The general equations obtained in 
this way are applied to the case of two variables: we write down the differential 
equations concerning the quantities a;, X;, J; and in case of constant generation 
we give also the solutions. 

Using the results of [3] we then examine the approach to the stationary 
state in Knudsen gas and determine the time dependence of the quotient 


AP 
AT 


of the thermonuclear pressure difference and the temperature difference. 


Finally, we study the analogy between the equations of motion of 
thermodynamics and mechanics, with a more convenient choice of the signs 
of the forces and currents. : 


§ 1. Description of general forced (non-spontaneous) processes 


Before the discussion of the forced processes we call to mind the 
equations referring to the spontaneous processes [1], which are obtainable 
from the following relations: 


T= (1) 
X = —ga, (2) 
PEN a (3) 


where I means the column vector formed from the currents, L the symme- 
trical conduction matrix, X the column vector of the general forces, a the 
column vector formed out of the deviations of the extensive quantities from 
the equilibrium values and g the symmetrical matrix derived from the entropy 
S(a,, @,...), the elements of which are 


G'S (ay, Gases) 


0a; Oa, 


Sik a 


The equations of motion (and their solutions) will be as follows: 
X+gLX=0; (X=e#tX,), 
a+ Lga =0; (c= ea) (4) 
DL Lgl = 0 aT ag ee 
where Xo, ao, I) are the column vectors formed from the initial values. 
In forced processes each extensive quantity has its source. This fact 


is taken into consideration by a vector G(t), the elements of which give the 


sources of the single a;-s. Supposing further also homogeneity in space, instead 
of (3) the relation 


a =I — Git) (5) 
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Se 


‘is assumed. It is evident that the equs. (1), (2) and (5) lead to the following 
“equations of motion: 


X 4 ghX = eC, 
a+ Lga = — Git), (6) 
dS Lel= TC). 


The solutions of these inhomogeneous matrix-differential equations can be 
_ given explicitly 
i] 


ef, t t 
X =e 8! [ ef pC(t) dr + XJ; a=e [ { e 48 (— G(z)) dr +- a]. 
0 0 


(7) 

i 

I =e" flere LgG(z) dr + I,]- 
0 


The equs. (6) mean the equations of motion describing the forced processes 
in case of an arbitrary number of variables and of an arbitrary generation. 
_After what has been said above, it can be more precisely defined, what is 
“ment by spontaneous and forced processes. If G(t) = 0, we speak of spon- 
‘taneous processes while we regard the case G(t) #0 as a forced process, i.e. 
also the processes leading to a static equilibrium are forced ones, if the condition 


G(t) £0 is fulfilled. 


§ 2. Forced (non-spontaneous) processes of two variables 


The general examination of the equs. (6) and (7) is complicated. Therefore, 
instead of this, in case of two variables we write down the differential equations 
holding for the components in case of an arbitrary G(t). After the separation 
the following equations are obtained. 

For the components of X: 


X, + T(A)X, + D(A)Xs = mh(t) + Aoam(t) — Aron(t), 6B 
X, + T(A)X, + D(A)X2 = W(t) + Ay n(t) — 4a m()» 


where T(A), resp. D(A) mean the trace, resp. the determinant of the matrix 
A = gL, and 


a = 811 Gy(t) + Biz A(t)» (9) 


n(t) = Bo Gy(t) + 822 Gat) - 
For the components of a: 
di, + T(B) a + D(B)y, = — Bu) + BuGl)— G4)» 49) 
S50. T(B) dy + D(B)a, = — By, 62(t) + B,, G,(t) — G2(¢) » 
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where T(B), D(B) is the trace, resp. the determinant of the matrix B = Lg. 


For the components of the current I: | 
I, + T(B) 1, + D(B) L, = D(B)G,() + 00), it | 
I, + T(B) 1, + D(B) I, = D(B)GAt) + wt)» | 


where the following notations have been introduced: 


v(t) = B,, G,(t) + By G,(t), 


(12) 
w(t) = Bs G,(t) + Byy G,(t). 

The above inhomogeneous differential equations of the second order with 

constant coefficients in case of a given G,(t), G,(t) can generally be solved. 

Further, we examine the special case, when G(t) = Gy is constant. Then, as 

can easily be seen, the solutions will be as follows: 


X, = A,et + Bret + M, 


at it Ua) 
Ag = Ajo" + Boe ** EN, 
where A, and A, are the two roots of the characteristic equations 
2? — T(A) A+ D(A) =0 
and 
ep A x My — Aj. No Bre Ree Ay, My) — Ag, My (14) 
D(A) D(A) 
and mo, resp. ny mean the equ. (9) in case of Gy,, Gop. 
For the components of a we obtain: 
Crea evil 75 b, ent +. By Gos ss Boy Cor ' 
D(B) 
15 
Ag = ay e—nit 4. ba ental ve By Cn es By Cos ( 
D(B) 
and the solutions concerning the currents I ;: 
Tyger dye: Gar 
(16) 


I, = ce + dye—"st + Gyo, 


where y, and y, are the two roots of the equation (evidently A; = y;): 
y* — T(B)y + D(B) = 0. 
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The constants A,, B,, A,, B, etc. figuring in the solutions must be determined 
on the basis of the initial conditions. The equ. (13), (15) and (16) give the 
time dependence of the forced processes. In case of t > co the quantities do 
not disappear, but tend to a constant value. On the basis of the equs. (13), 
(16) and (1), in case of t + co we obtain 

Gy =LyM+L,N, (17 
Gog = Ly, M+ Ly N. ! 
From the equ. (17) we can get the value of the necessary generations for 
fixed M and N and reversely, when Gy, and Go, are given, we can calculate 
the forces belonging to the final state. 

It is to be noted that the forces M and N can be expressed also by the 
elements of the matrices g and A, on the basis of the equ. (14). 

The processes described by the equ. (17) can be considered ‘general 
stationary forced processes”. Among these figures also the “stationary state” 
satisfying Pricocine’s principle of the minimal entropy production [5]. E.g. 

- at a fixed N we obtain a minimal entropy production, if Gy, = 0. Naturally, 

_ during the approach to the stationary state, temporarily also the current J; 
arises, but in case of t > oo, as if Gy, = 0, this current disappears. The setting 
in of a stationary state in the usual meaning will be discussed in the next 
paragraph. 


§ 3. Application to Knudsen gas 


One of the realizations of the processes examined above can be seen 
in Fig. 1. The reservoir I of finite extent is connected by the capillary ¢ with 
the reservoir II of infinite extent.* In I we begin to generate with a constant 


Fig. 1 


G,** and examine the time-dependence of the process. This process is described 
by the equs. (13), (15) and (16). 

In case of Knudsen gas we are generating e. g. energy. Then, in the 
stationary final state there will be only an energy current I, while the mass 


* It is to be noted that it is not important that c is a capillary. It may be another 


connection, e.g. a semipermeable membrane, etc. ve et 
** The connection c determines the degree of the generation in I, so that the stationary 
state can set in, i.e. that the generated extensive quantity should not accumulate infinitely. 
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current I, arises only temporarily. The forms of the solutions for the forces | 
X,, and X,, are on the basis of (13): | 
X= Aen + Bet LM, 

X,= Ave Die +N. 


Xm and X,, can be expressed by means of the temperature difference AT and | 
the pressure difference AP (see e.g. [6]): 


AP AT: 
X,,= —v—+h : 
Y TT 
ee aa 
T2 
re 5 kT e 
where v means the specific volume, h = 2 Mm the specific enthalpy. The 


constants A, B,, A,, B, must be determined from the initial conditions. 
Taking into consideration that Xn) = 0, Xyjo = 0 and on the basis of (6) 
X mo = SmuGow Xuo = Suu Cou (a8 Gom = 0), we obtain the following equations 
for the determination of the constants: 


A ae Re ee 
A; Ay “ Ha Ay = == 8mu Gon? (20) 


while for the constants figuring in X,,: 


A,+ B,=—N, 


A, > By = Bau: (21) 
Forming the quotient —” we obtain 
Ab M 
T—h= rite 
AT, N He) 


Am a(t) +1 
M e—*t _ @—Aet 
f@® = ———-—————3 a(t) = (22) 
4S (t) il 1 ae eat 
Nn ee 
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a praking into consideration the value of h and that —- = ——™ = — st 
ea 1b My 


“(see e.g. [6]), we get 


AP 1 7% }er2k 
= Sea 4 a 
AT 2 Muy ( f() 


A r(t). (23) 


0 
3 The examination of the function r(t) can easily be carried out. If t > ©, 
_ then f(t) — 1 and thus, as has been expected, 

; AP 1k 

me AT 2 My 


_ while in case of t > 0 we may write 


ALB; Anh, t+ Br de N (Mh = 3 


lim f(t) = 24) 
1-0 eet Ae Ba Me. Ca (24) 
1 2M 
.. namely on the basis of [3 ee 8 0 
i e basis of [3] 8m mee 5 


Thus we obtain 


lim AP 
too AT Mv 


It is easy to see that f(t) (and so r(t) too) is a monotonic function of time.* 
In Fig. 2 the function r(t) is plotted. It can be seen that the quotient 


changes by a factor of 2, until it attains its value valid for the stationary 


r(t) 


Fig. 2 


state. On the basis of [3] and of what has been said above, both AT(t) and 
AP(t) can of course be determined. 


* It is enough to remark that f(t) has no extreme value, because the condition f® == (I) 


means the equation a(t) sail La a = (0 which for a positive t is not possible on the basis 


M 
of the equs. (20), (21), (22) and (24). 
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§ 4, Analogy of the equations of motion of mechanics and 
thermodynamics 


Before coming to the discussion of the analogy we make some remarks | 
concerning the convention of the sign of the forces and currents. In the deter- | 
mination of the signs of the equs. (2) and (3) there is some liberty, as only 
the sign of the product is fixed. (See e.g. [6], Introduction, equs. (3)—(6)). — 
In the introduction of the generation as well as in the discussion of the analogy 
the following choice of the signs seems to be more convenient: 


X= — X = ga’, (25) 
V’=—I=-—-d, (26) 
a’ =a. (27) 
Naturally, the form of the conduction equation remains further 
} hs oes (28) 


The advantage of the introduction of the primed quantities is that G(t) can 
be considered as positive, when the extensive quantities are increased. Namely, 
in this case the equ. (5) passes into 


ee ey genta a (29) 


while instead of (6) we obtain: 


X’ + gLX' = gG(t), 
a’ + Lga’ = Git), (30) 
I’ + Lgl’ = LgG(t). 
The above choice of the signs is found to be useful also in the discussion 
of the analogy between mechanics and irreversible thermodynamics (see [7]). 
Supposing that there is as yet no generation, then the analogy given in [7] 


is obtained for the primed quantities introduced above with the difference 


Gat . . . . . 
that now +X’ corresponds to the force ¥, ie. considering a point motion 
in a viscous medium we obtain: 


a’—>tr; (LgL)-1+m; 
X'>3; Lo+x (31) 
and the equation of motion is 
(el) 8 | Le (32) 


If there is also generation, then the form of the equation of motion becomes 


yee Rye: Sis ae 
(Legh) a + Ea SS Me [(LgL)*G()]>mi+xi=p. (33) 
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2 

_ The analogy remains if we examine the rotation of a rigid body. Thus, the 
_ mechanical model of irreversible thermodynamics is the rotation of the rigid 
- body around a point in an anisotropic viscous medium, if there is no gene- 
ration, while in case of generation the suitable model is the rotation of the 
rigid body around a point in an anisotropic viscous medium, if the impulse 


- momentum has a source. 
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4) nN Newnwe 


O BPEMEHHCH 3ABHCMMOCTH HEOBPATMMbIxX ITIPOLIECCOB 
ip. WATAKH 
Pesrome 


B padore Obili0 HcCiefOBAHO BPeMeHHOe MpOTeKaHHe, Tak HasbIBaeMbIX, TEPMOAHHAMH- 
YeCKHX BbIHY)KCHHBIX (HECMOHTAHHEIX) Mpoleccos, Korfa MpH { co focTuraeTcA He CTaTH- 
yecKoe PaBHOBeCHe, a CTal[MOHAPHbIit Mpouecc, onpeseseHHbI BHEWHHMH yCJIOBHAMH. 

Bp (aHbl (ypaBHeHHA JBYKeHMA» Tp MpOH3BOJIbHOM HHCJIe TlepeMeHHBbIX MH MpH Mpo- 
H3BONbHOM reHepaunu G(t) 9KCTeEH3HBHbIX MepeMCHHbIXx. B ciyyae AByX MepeMeHHbIx HallH- 
caHbl WuppepenuMabHble ypaBHeHHA JIA KOMIMOHEHTOB HM IIpH TOCTOAHHOH TreHepallHuH Go 
M jlaHbl COOTBETCTByIOUIMe pelleHia. B KayecTBe Mpumepa IIpHMeHeHHA Oplvia HCCesoOBaHa 


BpeMecHHaA 3aBHCHUMOCTb OTHOMEHUA Tin TeEPMOMOJICKY JIA PHbIX pasHoctelt flaBneHivAl HW TeM- 


mepatypbl. Hakouell, Oblia MccueqOBaHa aHaJIOrMA MeKy MeXaHUKOli HW TepMOAHHAaMHKOH, 
TIpHHHMax BO BHUMaHHe HM TeHepall{ulo. 
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By 
A. FRENKEL 
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: W. K. B. phase-shift formulae for the scattering of high-energy electrons on heavy 
nuclei are obtained and a brief discussion of the range of their validity is given. 


Introduction 


Semi-classical methods are widely used in high-energy physics to describe 
_ scattering phenomena. In 1955, R. W. WiLtiams [1] applied a semi-classical 
approach to calculate the reaction cross section of neutrons scattered on 
nuclei at 1,4 BeV and at cosmic-ray energies. On the other hand, in the past 
few years R. HorstapTER and coworkers have investigated in detail the 
elastic scattering of high-energy electrons on protons and on different nuclei [2]. 
The analysis of the scattering pattern allowed to determine the mean para- 


meters of the charge distribution of the target particles. 
1 
For the proton and for light elements Zé@<1l(h=c=1, e = 37 


throughout), so that Born’s approximation could be applied in the analysis 
of HorsTADTER’s results. For heavy nuclei, however, Ze2 ~ 1, and the Born 
series converge badly. Looking for other methods, YENNIE et al. [3] calculated 
the differential cross section by means of the partial wave expansion. They 
obtained the phases by a numerical integration of the radial Dirac equations. 
This method allows calculation of the cross section with accuracy, but tedious 
numerical computations are needed. 

In 1954, E. Barancer and recently E. Prepazzi [4] attempted to 
solve the problem with the help of the semi-classical W. K. B. approach. 
They represented the charge distribution of the nucleus by the so-called shell 
model (o(r) = const.6(r—R)) and obtained the phases in good agreement 
with YENNIE’s numerical results for the same model. This shows that,. in 
principle, the W. K. B. method can be used. However, as shown by YENNIE 
et al. in [3b], the shell model, while simple to deal with, reproduces the 
experimental results very poorly. For more realistic models the W. K. B. 
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integrals cannot be calculated in closed form without introducing new approxi- | 
mations in the analytic expressions of the integrands and it is an open 
question whether these inevitable new approximations do allow the applications | 
of the semi-classical W. K. B. approach. 

In the present paper we investigate the problem of the applicability 
of the W. K. B. method to a physically plausible charge-distribution model — 
of heavy nuclei. We obtain the analytic expression for the phase shift and 
find an upper limit for the errors, introduced by our approximations when 
calculating the W. K. B. phases.* Finally, we discuss in which angular region 
our formulae are valid, if we require the relative error of the calculated dif- 
ferential cross section to be less than a given value e. 


I. Derivation of the W. K. B. phase shift formulae 


The well-known W. K. B. phases can be written as follows [5]: 


Oi 


r| a 


; 2 
f a =| — Pro +0, — p)dr, (1) 


where 


1)2)42 
P; = he — U(r)P — m? | 3 | (2) 


In (1) and (2) the following notations are used: 


n, p, E; = mass, momentum and total energy 
of the incoming particle, 
1 = angular momentum quantum number, 


t) = turning point: pry) = 0, 
U(r) = ev(r) = potential energy. 


* We must point out here that, in addition to the errors mentioned in the text, our 
phase shifts deviate from the true quantummechanical phase shifts because of the approxi- 
mation inherent in the W. K. B. method. PRepazzi [4], comparing his exact shell model 
W.K. B. phase shifts with YENNIE’s quantummechanical results obtained this second deviation 
in a pure form. Observing that PREDAzzI finds | 4d, | ~ 0,001, while our errors turn out to 
be 0,005, and that for our charge distribution model the general condition of the applicability 
of the W. K. B. method Baap 1}i isfied b 

ae) ade < ) 1s Satisfied better than for the shell model, we neglect 


the influence of this second deviation. 


Acta Phys. Hung. Tom. XIII. Fasc. 3. 


—_— 


| SEMI-CLASSICAL DESCRIPTION OF ELECTRON SCATTERING 323 


4 Our next task is to calculate the electrostatic potential v(r) from the 
_charge distribution of the target nucleus. 
ie, HoFsTADTER’s results indicate [1] that for heavy nuclei the following 


spherically symmetric charge distribution can be used: 


o(r) a Qo u(r), 


‘{u(r) =1 for 0<r<e——t 
A ir—c\ 3 (r—c ul ] 1 (3) 
fi) = 2 F id ES 1, 
‘ alee 5 for c ee me 
= i) 
u(r) = 0 for Tse are 


(see Fig. 1). 
*2 The physical meaning of the parameters cand t’ is obvious: 0(¢) = opu(e) = 
= 0,/2, i. e. ¢ is the ‘“thalf-density parameter”, while t’ is the “100%—0% 


To 845 67 8 8 Worf ta) 


Fig. 1. The charge distribution of heavy nuclei 


fall-off parameter’’. In HorsTaDTER’s review [2] the heavy nuclei are charac- 
terized by ¢ and t, the 90%—10% parameter. It is easy to see that in our 


t 
case t’ = 0.6084” Taking the values ¢ and ¢ from [2] (for gold, e. g.. ¢= 
= 6,38-10-8 cm, t = 2,35-10- cm,) (3) gives the desired charge distri- 
bution for heavy nuclei. 


Introducing now dimensionless units = for length and, accordingly, 
Et' for energy, we solve the Poisson equation Av(r) = 4x0(r) with (3) and 
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324 
obtain for the potential v(r) = 4279,W(r) the expression (see Fig. 2): 
1 a 
rer ota for 0< r<e¢—-—,}) 
Wi ss Sere an 9 | 
1 171 g b 1 & ea Oaert bi 
w= =(e—9 Gseale 2) sales] giles 
I} a. -b bes 3} | 3 | 4) 
~||——+-le +—-|——ele +-| +—le+—| |+ ( 
+[e+5]| otra a] ‘5 9 
a |b 5 1 
1 as aA er? — 72], 
cs esis stig: Mas 
aos 
=—_— +—c — 2¢3, 
er as 
for e——<r<e+= 
b=62 —~ or ig es 9” 
is eee (ore ee 
ten 3 20) r 2 
Ze 5 bes 
and 9, = ——_— from 42 | o(r) r?dr = Ze. 
4s(c¥/3 +- €/o9) 
wi) 
15 
10 
05 oJ rm r 
(in dimensionless 
units) 
Fig. 2. The electrostatic potential of heavy nuclei 
For attractive Coulomb forces the potential energy can be written now 
as follows: 
U(r) ne B Wir), (5) 
where 


Ze (6) 


See 3/5 + C/o 
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- Introducing (5) in the phase-shift formula (1), we see that we have to calculate 
_ the integral 


: f is =) 
p, dr = p? + 2E, BW (r) + B[W(r)]? — -—3— dr (7) 


» (the limit r—> 8 will be considered later). 
_- With the W(r) given in (4) the integral can be calculated in closed form 


only if rj >e¢ + a In the interval | 0, ¢ 5! we have to approximate 


W(r) and [W(r)}? by some such functions which make the integral analytically 
calculable. From several possible procedures the following turned out to be 
satisfactory: 


1 1 
In the interval ; are e+ = we put 
B 
Wir) ~ _ ae _ C=W'(r) 
r 


Tr 


and, independently, 


AB 
[Winky +—4+ C=". 
T T 


We fit the approximating functions to W(r) and [W(r)} at r= ¢ — pilot c 
1 , 
and r=c+ ia Then the coefficients A, B, C turn out to be with W,= 


= we}: W,= We), m= Wle+—| 
1 
A=2(2—1]|m,[e+3|—2Me + me—>]] 
1 1 \? 
nmefmp 2p af meets al 


1 ne 
e=2[m[e+3|-ame+m(-3]| 


A’ B’C’ can be obtained from a similar set of equations. 
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In the interval lo. c— “a only [W(r)]? has to be approximated. We put rl 
[W(r))? + D’ 4+ F7?. 


i 
Fitting the curves at r = 0 and r = c — se we obtain 


i al 
c¢—_—— 
pens 2 eRe 


The maximum deviations 6W max and 6W>,,x can be found for any heavy 
element. For gold (c = 1,65 in dimensionless units) we obtain in the interval 


1 
; = > SOs | by numerical calculation 
|6 Wax | 9,005, |6W%..|- 0,024, (8a) 
1 
while in the interval ° C— | we find exactly 


1 \4 
a 
—— = 0,012. (8b ) 


6W=0, |6W2,x|= 


Numerical values of the functions W(r) and [W(r)]?, calculated from the exact 
formula (4), and for comparison the approximative functions W’(r) and 
W'’(r) are presented in the following Table. 


1 
: es 1,4 e = 1,652 1,9 bp = 
Wr) 1,1689 1,0644 0,9407 0,8341 0,7370 
W'(r) 1,1689 1,0593 0,9407 0,8332 0,7370 
[wie | 13661 1,1330 0,8849 0,6957 0,5432 
Wr) 1,3661 1,1094 0,8849 0,7002 0,5432 


For other heavy elements similar results can be obtained. 


With the help of these approximations, (7) transforms into a sum of 


- dx 
[leat + 2.x +4 "ors integrals, which can be calculated in closed 


form. 


Acta Phys. Hung. Tom. XIII. Fasc. 3. 


A 
i 


<) 


a SEMI-CLASSICAL DESCRIPTION OF ELECTRON SCATTERING 327 
a If in (7) the upper limit of the integration, r, tends to + co, we get 
a term lim pr which is compensated by the term — (i pdr of the phase-shift 


a fae Ty 

formula (1), and a second divergent term, which reflects the well-known 
logarithmic divergence of the Coulomb phases. This divergence can be 
_ eliminated by subtracting from each phase a term lim In 2pr [6]. 


I> 


The results of the outlined calculations are given in the Appendix. 


11. The upper boundary of the deviation of the phases 


from the exact W. K. B. value* 
s 


YENnNIE et al. [3a] elaborated a successful method for summing the 
_partial-wave series to obtain the cross section from the phase shifts. Instead 
of reproducing here their considerations, we turn to the evaluation of the 
errors incurred by our approximations. 

We have to consider the variation of the integral 


z c+i 
2 


a) 


| V5 + 2E, B W(r) + B[W(r) PP — m 


To 


induced by the independent variations of W(r) and [W(r)}?, according to our 
approximation procedure. ro is the point where the integrand vanishes, so 
that r, should be varied too. It is easy to see, however, that this variation 
yields a second-order correction only, which can be neglected. 


1 
Next we observe that in the interval & aap 4 (see (3) and Fig. 2). 


1 . . 
[B W(r)\ min = BW [e ah al now a straightforward calculation gives 


1 
= Ey B|8 Woax| + > O18 Winn 


143,\=[8{1-- ari < Fe +5| 


\(Er + BW)? — m 


| 
> 


To 
for all 1 <n, where n is chosen so that 1 > n belongs to the pure Coulomb 


1 
phases, with r > + iy 


We note for future use that, for a given target nucleus, n is propor- 
tional to the momentum p of the bombarding particle. Taking into account 


* See footnote on p. 322. 
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that for gold with our charge distribution model ny = 9, when py = 236 MeV = 
= 1,18-10—18 cm“, we obtain: 


abe (10) 


III. The relative error of the differential cross section 


YENNIE et al. have shown [3a] that an error 46, in the I-th phase shift 
leads to the following relative error in the differential cross section: 
A,do/d2Q 2 Ad, | 


es <= . 1l 
do /dQ2 p(da/dQ)!? Om 


In our case the individual errors in the calculation of the phase-shifts are not 
independent, as they originate from the same approximations to W(r) and 
[W(r)}? in each phase. Let us consider the worst case, when the full individual 
errors are summed: 


Ado/dQ 2 244 
do/dQ ~ p(do/dQ)12° 


(12) 


We require the relative error in the differential cross section to be less than e. 


Then (9), (10) and (12) give that this requirement is satisfied, if 
do \12_ 18 
Fs pg ey i (13) 


dQ} ~ epy 


As an example we evaluate the scattering angles at which our W. K. B. 
phases can be used for electrons of 183 MeV energy scattered by gold, if we 
require the relative error of the differential cross section to be less than 10%,. 

From (8) and (9) we obtain A = 0,0047, and from (13) with « = 0,1 


we find 


d 
5 > 0,52. 10-26 cm?, (14) 


Taking into account the experimental values of the differential cross section 
at 183 MeV [7], we find that (14) holds in the 0° <@ < 40° scattering angle 
region. t 

We notice that for electrons our formulae cannot be extended to energies 


> 1 BeV, because of the increasing weight of the ine 


strahlung) lastic processes (brems- 


with increasing energy. For li-mesons, however, this limitation 
ceases and spore conclude that the W. K. B. approach can be used in analysing 
the scattering of electrons up to 1 BeV and of u-mesons for Ey; >1 BeV too. 
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The author expresses his thanks to Mr. G. Domoxos for valuable dis- 


eae and to Miss G. Sziics, who performed the tedious numerical cal- 
_ culations. 


a Appendix 


1 
For those values J, which lead to ry > ¢ — rs 


( a,fe— 3] + b, 
— — arc sin ———_ "| — 


ears) 
| 4 | 5 


| sftp 
; 1\|a 7 2 2 
= ae —-+are sin 
| 2 1)? 1\2 
rafts] 3) 
+ Wem + 2b,x + d,+ janes + by + Vag Vag x? + 2byx + A) 
a 


b, x + d, ae 


/b3 — Gy. d.% x=c—5 
ale + 3] +b. 
2b dy te z ==+ 
= Wafers] tts eer. Vas 
1 
+)ofe+ 5} +2[e+5]4+4]+ 


bale+5| + as | 


Bs 
arc sin Vez — a, d, — arc sim — 


pa Taal 


=e Ae +f} + OS = 8}. 


= _ d,are sin 


+ V—ds 


Acta Phys. Hung. Tom. XIII. Fasc. 3. 


330 A, FRENKEL ; 
| 
({3$ has a different form, if d; 
for 1 = 0 and Z = 64). 
ih 1 
For those values I, which lead to ¢ — es Se or Ge 


Ml 


1)\2 
Ze — (! + 5 >0. This happens only 


eet 
era eae gO rca 


a, 


1 
For the pure Coulomb phases [ro =aet+ = 


1 
Oeeell 
1 Aber 


b, Va, : b 3 
In — + )—d s ésin 
Jas 02 — a;d, alee Ses ae 2 


the coefficients, a, b, c are related to the parameters used in the text in the 
following way: 


1 
i) Ries re ee 


1 1 
SF pe kD Be 


ee ait 

a, = p*+ 2E,BC + PC’, | 

by = Ep B+ — PB’ 

d, = 28, PAL fie +], 


=—- 2 
57 ——F es 
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Se Az 


KBA3HRJIACCHYUECKOE OMMCAHHE PACCEAHHA SJIEKTPOHOB 
BOJIBIUMX SHEPPYM HA THKEJIBIX ADPAX| 


A. ®PEHKEJIb 


Pesiome 


BpiBogzatca MOpMy Jb KBASHKIMACCHYeCKUX (Pas paCCeAHHA BIeCKTPOHOB OOMbUINX SHEp- 
vii Ha TADKEMbIX AWpax. PaccMaTpuBaeTcA BOMpOc O Mpesesax MpHMeHHMOCTH MeTOAA. 
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_ THE ROLE OF SURFACE HYDROXILS OF Al,0,-xH,0 


4 IN THE LUMINESCENCE OF ADSORBED 
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RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


(Presented by G. Szigeti. — Received 18. IV. 1961) 


, Producing various surface hydroxil concentrations on Al,O, films by surface reactions 
it was found that there is a distinct relation between the emission and the adsorbed fluorescein 
and the number of —OH groups. The fact that the intensity of emission is growing with the 
surface hydroxil concentration indicates that the emitting centres are bound to the surface 
by hydrogen bonds. 


§ 1. Introduction 


.2 


: It is known that the molecules and ions in the adsorbed state change 

‘their adsorption and emission spectra because of the adsorbing interaction 
[1—7]. In the case of simple physical adsorption the energy of interaction 
is not enough to cause any considerable shift or broadening of bands, but in 
chemisportion the change in the electron structure of the adsorbed ion or 
molecule appears in the absorption and emission spectra in a measurable 
manner. 

There are many data in the literature concerning the inter-, and intra- 
molecular hydrogen bonds and their influence upon the spectra of the examined 
materials [7—13]. 

Similar effects are observed in the case of layer phosphors activated 
by fluorescein showing that the activator molecules are bound to the surface 
by chemisorption, in their majority by hydrogen bonds [14]. 

Hydrogels were obtained by means of chemical treatment of aluminium 
oxide films, prepared by anodic oxidation, as they offer a possibility to study 
the phenomenon mentioned above. It is easy to follow in such a system the 
relation between the hydration state of the surface and the emission of 
fluorescein ions adsorbed on the hydrogels. It was found that by changing 
the quality of the surface not only the intensity of emission changes, but the 
peaks of emission shift too, It is possible to attribute these changes to the 
changes in the acidity of the surface of the adsorbent and the number of 
adsorbing centres. 

In a previous paper [14] it was examined how under the same adsorbing 
conditions the emission spectrum of fluorescein ions adsorbed by different 


Al,O, - xH,O hydrogels changes. It is obvious that during the chemical 
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treatment not only the surface of the layer is changing but that there are” 
also substantial changes in the lower layers, therefore the data given in a> 
previous paper [14] are not conclusive as regards the role of the surface 
groups. To decide how important a role the surface plays in luminescence, 
we need some experiments concerning the state of the surface. As the result 
of treatment with alcalic reagents (described in the publication quoted) is 
a function of different parameters, it is necessary to use reactions of other 
types. The present paper is dealing with the further examination of the problem | 
of layer phosphors and with the role of surface —OH groups of Al,O, hydrogels. 


§ 2. Relation between the number of surface —OH groups 
and the intensity of luminescence 


As is known, the structure of the upper layer of anodic oxide films 
examined by means of X-rays and electron diffraction patterns is amorphous 
or a y-Al,O, [15—21]. The transitional layer between the upper layer of the 
film and the metal has a boehmit-type structure [22—24]. 

The structure of the mentioned oxide layer is suitable for a hydrogel 
the water content of which is a function of the conditions existing at the 
time of formation of the layer. Because of this, the surface —OH concentration 
is very low and if the thickness of the oxide film is adequate, it may be 
described by structure I. 


O O 
aries AS RSH 
lV \o% \o 


x 


[Tt is known that alumina as well as silica (quartz, dehydrated silicagel, 
microporous glass and so on) are able to bind water or methylalcohol by 


irreversible chemisorption [25—28]. These surface reactions may be represented 
in the following way: 


£6 OH HO 
on A x 
Aly Al—.-.-+H,O0 —> —Al Al— 
0 = pee 
II 
—Al Al—--.+CH,0H —-+ ---—Al Al— 
O AES ra) sen 
Il 
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‘3 
ss 


ay The above formulas demonstrate that the structure II contains two 
_hydroxils, while the structure III (the so-called ‘‘alkylated surface’’) contains 
-only one —OH group. The chemisorption process mentioned above was used 
to investigate whether there is a direct connection between the number of 
: surface —OH groups and the luminescence. It is quite clear that under identical 
- conditions 
ong?) gio a) 
J (where aoy is the concentration of —OH groups on the surface) and so, by 
" means of adsorbents prepared in these two ways the question can be decided. 
The preparation of the aluminium oxide films, the measurements of 
emission spectra and the adsorption of fluorescein were described in a recent 
paper [14]. 

The oxidized aluminium plates after thorough washing were dried at 
120° C for 5 hours before the chemisorption of water or methylalcohol took 
place. The chemisorption was carried out at higher temperatures in a suitable 
liquid. Some samples were treated below the boiling point of water or methyl- 

~ alcohol, others at the boiling point of the corresponding liquid for 4—8 hours. 
The surface of each sample was originally covered by a 15—18 w thick oxide 
film. The dimensions of the samples were identical. There was a shift in the 
wavelength in the spectral energy distribution of the luminescent emission 
of fluorescein adsorbed on the oxide layers treated under pressure above 
the boiling point, therefore these were unsuitable for comparison. Transform- 
ing the layer at lower temperature (at boiling point or below it) the spectra 
were similar to each other. 

In the previous paper [14] the close connection between the emission 
of the fluorescein and the quality of the adsorbing surface, more exactly the 
type of the adsorbing bond was pointed out. 

With regard to the fact that the reaction is rather sensitive it was 
supposed that the emission spectra of the same type (same intensity maximum 
etc.) belong to the same type of luminescent centres. 

Comparing the layer phosphors of identical spectral energy distributions 
prepared by treatment in water resp. methylalcohol it was possible to state 
that the water treatment gave higher intensity than the alcoholic one. Fig. 1 
shows the spectra of two different layer phosphors. 

The intensity of the emission of a layer phosphor after treatment with 
water is twice that of a phosphor treated with alcohol as Fig. 1 shows. If we 
suppose that the active adsorption of fluorescein [14] is accompanied by the 
development of hydrogen bonds, then it is evident that under identical con- 
ditions the surface treated with water contains more luminescent centres 
than the surface treated with alcohol. As the adsorbed fluorescein exists on 
the surface in a monomolecular distribution and the molecules are far enough 
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from each other, the quantum efficiency may be supposed to be indore aa | 
of the surface concentration of the activator. For similar gat the correction | | 
of the spectra due to the self-absorption is also negligible. a case theg | 
intensity of emitted light is the function of the surface concentration, supposing _ 
identical adsorbing bonds. ae | 

Many experiments show that in solution in the case of organic molecules | 
the redistribution of vibrational energy takes place among the different — 


degrees of freedom. This process is extremely quick, its order of magnitude 


S 


15 


/In arbitrary units 


60 500 20 40 60 80 600 


Fig. 1, Characteristic spectra of the two kinds of layer phosphors. 
a — the lighting of fluorescein on Al,O,-xH,O, which was prepared with a watery treatment. 
b — luminescence of fluorescein on Al,O, x(H,0, CH;) (B was prepared with methylalcohol) 


is 10~1°—_]0~ sec. i. e. essentially smaller than the average lifetime of the 
excited state [29]. In practice this means that an equilibrium distribution of 
vibrational energy develops in the excited state too. The whole process depends 
on the temperature of the medium. 

As in the case examined there is a much greater interaction between 
the activator and the adsorbent than in solutions between the solvent and 
the solute, we may suppose that the above thermal-energy equilibrium sets in. 
In this case the radiation due to the frequency » of the emission is [29—30] 


Wo) = n*hy { 0*(Ef) A(EX, ») dEX, (2) 


where n* is the average number of molecules in the excited state, A(Ep, v) 
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} 


_ the probability of spontaneous transition from the energy level Ep to a lower 
_ level Ep, while the system emits hy photons, and o(ER) the energy distribution 
function of the excited states. This energy distribution function is given by 


ER 
KT 


o*(E) = Cg*(EX) exp e (3) 


where g (Ep) is the statistical weight of the level Ee. 

_ The equation (2) is of general validity, (3) is valid only if thermal 
equilibrium exists between the excited molecules and their environment. 

The examination of equations (2) and (3) shows that in the case of 

identical exciting and thermal conditions and in the case of identical samples 
g (Ep) and A(EpR, v) are also identical. This means that there is a difference 
between the layer phosphors, produced with a treatment in water resp. alcohol 
only in the value of n, that is 


c W ol nz 
H120( ) Oo sO A (4) 


iB 
W eu,0n(”) NéH,0H 


where NCH,OH and Die are the number of excited molecules on a surface 
of alcylated resp. hydrated samples of equal dimensions under the same 
exciting conditions. If we consider that the value of n* under the conditions 
mentioned above is unique function of the number of adsorbed fluorescein 
molecules, then it is clear that 


LE 
WN) Sta Nu,0 (5) 


je 
Wu,0H(”) NCH,0H Ncu,0H 


and thus the value of n depends only on the number of active points, of 
course, if identical conditions for the adsorption of fluorescein are ensured. 

According to (5) the intensity of emission changes proportionally with 
the surface concentration of adsorbing centres (N). If these adsorbing centres 
are surface hydroxil groups, then don determines the intensity relations of 
adsorbate phosphors of the same type. 

In the examined case the different __OH concentrations on the surface 
were ensured in advance (because of chemisorption of water resp. alcohol). 
Representing the quotient of intensities of emission of the different layer 
phosphors at a given frequency as a function of wavelength a straight line 
was obtained. 

It can be supposed that the distortion of the straight line at the edges 
of the band is due to the inaccuracy of measurement at low intensities. The 
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510 520 530 540 550 560 570 580 590 


Fig. 2. The dependence of the ratio of IH,0 and Icu,ou on the wavelength 


value of the quotient Ty,0/ZcH,onin the major part of the examined region 
is 1.8—2.0 which is in good agreement with structure II—III. 


§ 3. Discussion 


Comparing the emission spectra of two layer phosphors prepared and 
examined under identical conditions and varying only the liquid, we have 
an efficient method to study the bond of the activator. It was found that 
—OH groups of the adsorbing surface play an important role in the formation 
of layer phosphors. The relation between the surface —OH concentration 
and the luminescent emission makes it clear that the development of lumines- 
cent centres is connected with the formation of hydrogen bridges. The chemi- 
sorption of water resp. methylalcohol is a typical surface reaction and so 
these measurements mean a new experimental refutation of CHoMSE’s sup- 
position that the change of the crystal structure of an Al, 0, film is the primary 
cause of emission, thereby neglecting the chemical change of the surface [32]. 

As the eq. (5) shows, the quotient of intensities belonging to a given 
wavelength depends on the quotient of concentrations of the surface hydroxil 
groups. This is true of course only in the case of molecules adsorbed on —OH 
groups of identical acidity. In case of different Spectra we cannot make such 
comparisons for the A(Ep, v) are not identical, because of the change of the 
electron structure of the molecules. 

If the acceptor molecules are identical, experimental facts show that 
in case of hydrogen bridges the intensity of fluorescence alters with the type 
of donor [33]. This is in close connection with the fact that the electron density 


Acta Phys, Hung. Tom. XIII. Fasc. 3. 


4 THE ROLE OF SURFACE HYDROXILS 339: 
changes on the binding atom of the acceptor. As has been mentioned, the atom 
is in most cases a hetero-atom which has auxochrom or chromophor character, 
this effect plays an important role in the formation of the physical properties 
_ of the molecule. As in view of luminescence the hetero-atom is very important 
Z to loosen the z electrons of the molecule, it is obvious that the character of 
_ the donor will influence the emission of molecules. If we pay attention to the 
_ fact that the growth or decrease of the interaction mentioned above will change 
_ the probability of radiationless transitions, it is obvious that the analysis 
_ of intensity ratios is performable only for samples being in identical surface 


bonds. 


In the present case, having emission spectra of the same type there is 


5 ' ° 
no hindrance to compare the experimental results, which are in good agreement 
with the intensity ratio 2: 1, expected from structure II and III. 
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POJIb MOBEPXHOCTHbIX FHYPOCHJIbHbIX PYM Al,0;-H,O B THOHIMHEC- 
WEHUMM AJICOPBHPOBAHHOrO ®JIYOPECLIEMHA : 


| 
3. JEHBAH . 


PeswmMe 


Mob! usroToBusH XeMocopOlHeil MeTaHOsIa UH BOAbI ToBepxHOcTH Al,O;, rugpaTusH- 
poBaHHble B pasiMuHOM Mepe. BBuyzy Toro, ¥TO BCeACTBHe XapakTepa peaKUMH BO3HHKJIN — 
ANCOPOMUMOHHbIe WeHTPE! HACHTHYHOFO CBOHCTBa, Mbl HMeJIM BO3MO)KHOCTb CPpaBHHTb MOBepx- 
HOCTHbIe POCHOPHI, MH3TOTOBJIEHHbIe FByMA afcopOeHTaMM M AKTHBHPOBaHHble PPyopeclleHHoM. | 
OnbitTbl CorsiacHO TeOpeTHYeCKHM MIpeANON0KEHHAM T0Ka3aIM, YTO B Cilyyae XemMOocopouHu 
BOAbI HHTCHCHBHOCTb JIOMHHeECHeHUMH yaABauBaetca. Hamu cfenaHo 3aKsl0ueHHe U3 Mapa- 
JI€sIbHOrO H3MCHEHHA MHTeCHCHBHOCTH JIOMMHECHeCHUMH UW MOBepXHOcTHOH — OH KOHWeHTpauMn, © 
UTO JIOMHMHECHEHTHI€ LeHTpbl ypaHHHa, yuacTBy!OlWHe B IMUCCHM, CBA3AHbI BOJOPOHbIM 
MOCTOM C MOBeEPXHOCTbIO. 
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ON THE K-MESONIC INTERACTION OF MUONS 


By 
P. VERTES 


CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST* 


(Received 26. XI. 1960) 


It is known that the large mass of the muon is a serious problem in the 
field-theoretical interpretation of the origin of the mass of elementary particles. 
As far as we know the muon is subject to electromagnetic and weak interac- 
tions only. In the field-theoretical interpretation of the particle masses, how- 
ever, the muon is assumed to interact also with some other field than that of 
_ the photon though this interaction has only slight effects on other processes 
for which it gives only small corrections. 
Several attempts have been made to clarify this problem [1]. The most 
obvious is to assume K-mesonic interaction [2 ] in the form of K-meson-nucleon 


interaction according to Gyéreyt’s [3] formula 


| ares oie = 
H= y Bur HPs (8; — 8;) Ps 


where is the operator of the muon, @ the operator of the K-meson, g the 
coupling constant if we assume that gM? = 1, where M is the mass of the 
K-meson and f = 1, 2 is the isospinor index. This interaction is not renormaliz- 
able, the cut-off parameter 2, however, can be calculated from the correction 
for the muon’s self-mass. 

If we take into consideration the electromagnetic interaction too the 
anomalous magnetic moment of the muon can also be calculated. Finally, 
even the correction for the self-mass of the K-meson can be calculated. The 
estimation of these corrections is given in paper [4]. Here it is attempted to 
give more exact calculations. 

Fig. 1 gives the correction for the self-mass of muons in the first order 


approximation : 


(gM?)? 


12. (27)! pe 


* This work was carried out in the Institute for Theoretical Physics of the Roland 


Estvis University, Budapest. 
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R22 
Here z= we? ™ is the mass of the muon and 


Q(z) = (32)? log—z — (22)? log 2z — 2(2z + 1)? log(2z + 1) + 
+ 2(2 + 1)*log(z + 1) + (2 + 2)? log(z + 2) — 4 log 2. 


ss om 
i we be ihe pe t to h —-~l and it is 
Asymptotically Q(z) ~ 1,52? if z > 1. We want to have Be, 
apparent that z = 115, and 4 = 10,7 M is a good value for the cut-off para- 


meter. 


17 
: 
2 ie ae. | H 
oF ——— ES EE eS eee 

— ane ae set E o~ ee =2 

~Weaas K 

Fig. 1 Fig. 2 
K 
Fig. 3 


Fig. 2 gives the correction for the anomalous Magnetic moment : 


6 « = 10~5 (gM?*)? P(z) muon magneton, 
where 
Bish so log Bas ae MME IG SG Cia ae ~wezlog2, ifz=>1. 


For z = 115 we obtain 6u = 8 - 10-4 which is not too ee and may be con- 
sistent with the experimental facts [5]. 
Fig. 3 gives the correction for the self-mass of the K-meson 


6M \? 
——]| = —1,5- 10-4 (2M)? R (z), 
ia (gM2PR () 


where 
R (z) = [2 (Vz + 2)8 log (/z + 2) — (2)? log Vz — (22 + |/z)? log (22 + 
4 Pi1+s-| + (22 + 1) log (22 + 1) — 2 (2 + 1)8log (z +1) + 


+ 7=[02)log3: + 2 log z — 2 (22)8 log 2 2]. 
z 
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“CONFIGURATION INTERACTION FOR WAVE FUNCTIONS 
CONSTRUCTED FROM ORTHOGONAL MANY-ELECTRON 
GROUP ORBITALS 


Se 


By 
Z ; E. Kapruy 


RESEARCH GROUP FOR THEORETICAL PHYSICS, HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 


(Received 2. I. 1961) 


As Has been shown in [1, 2] the two-electron orbitals orthogonal in the 
strong sense can be derived from coupled nonlinear integro-differential equa- 
tions, which highly resemble the Hartree-Fock equations. Now we shall show 
that the results can be easily generalized for wave functions built up of mixed 
one-, two-, three- and many-electron orbitals (group orbitals). 

We assume that the system consists of loosely coupled 1, 2,...1I,...M 

© electron groups, each containing N,, N,,... Ny... . Nyelectrons (N, + N, + 
+...+N,;+... Nu = N; N is the hee of electrons). If the group 
orbitals are 
antisymmetrical in the space-spin variables of the electrons 


Wey dyee tN) — — (2, 1,3,....N7) = = (3, 2,1,... Ni) = gelarit dl, 


normalized 
§ vd, 2,...N;) yi(1, 2,..-.N;)d(1) a2)... (N7) = 1, (2) 
for every I, 
and orthogonal in the strong sense 
f pt, 2,:-- N)) p, (1, 2’,... Ni) d(1) = 0, (3) 
for each pair I, J, if J # I, 


the normalized complete wave function satisfying the Pauli principle is of 


the form 


= N,! N.!. 5 . Ny! 2 —1) Py, (1 .. Ny) g(Ny +1, ...Ni + No) --- 
a N! 


x yu (N — Nut Tec N). 


Here P means the permutations exchanging the electrons between the 


group orbitals, p is the parity of the permutations. 
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Expanding the Hamilton operator in the usual manner 


N fe oa 
a pe A Phe 


tap Top | 


and taking (1), (2) and (3) into account the following expression is obtained — 
for the energy (see also [3, 4, 5]) 


N,;\ 1 
6 it of ees 4 
E = H(0)+ X{ v¥0L2...No| Ni Ha) +| 5") (4) 
<7 (1, 2--N,)d(1)d(2)...d(N,) + Ny J d(1) d(2)...d(N;) d(x) d()...d(«) 
J#l 


l= ; , , , 
x | F] wt 2 V8) vil, Ne) 99 Os. 0°) (6 Is). 
Tiy 


Instead of (2) let us introduce the following auxiliary conditions 


D,, =f vt(,2,-. N 1) P¥ (#4... ©) py (%, 2,... Nz) p,(1, 4,... @) 
x d(1)d(2)... d(N,) d(x) d(A)... d(). (5) 


If all D;; = 0, (3) and (5) are entirely equivalent. Varying the y,’s in 
the energy expression (4) and taking the auxiliary conditions (2) and (5) 
into account we obtain with the Lagrange multipliers —E! and —E™ the 
following system of equations 


Ny N, 1 N, 1—P 
| SHa)+ + —+>¥ dn, Ae) A)... do) | = 


fa=1 1l=a<6 Tog o=1 J¥I Tax 


« p9(x", 1’,...0°) pj (x, i.) MHL ely be! + 


Ny 
> SEY | dee (A)... d(w) P., ph (x’, W,....0’) pj (%,A,... °) 9; (Lovie 
a=1 JAI 


T= 1 2c ae (6) 


We get similar equations for the complex conjugate 7's. 

If we require that the values of the D,;’s should be exactly zero, the 
values of the integrals on the right-hand side of equations (6) will also be 
exactly zero and the variation problem has probably no solution at all. Instead, 
we require that the values of the D,,’s are small positive numbers D,, <1, 
so that the integrals Syr(1, 2,...N,) pj(1, 2’,....N)d(1) in ‘the energy 
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expression can be neglected and assume that the system of equations is correct 
_ even in the case if D;;—> 0 for each pair I, J (J #1). In other words when 
4 D,;—> 0 and yj(1, 2, ... )y1 ( (1, 2... - Ni)d(1) > 0 then | EY | co so that 


RI Cu Se 


y 


E' { pi, 4, --. 0) py (1, 2,.....N))d (1) > 4(4,...0 | 2,....Ni) 


2 T ° . . 
and the ¢”’s are “well-behaved” functions satisfying the following condition: 


t 


fp, 2,... Ng) F4 (Ay. @|2,-...N7)y, (1, 4...) d() d(A)... d(o) = 0 if KAJ. 
(7) 


By means of the & 'J°s the system of equations (6) can be written in the 
following form 


N, Nya ol Ny; 
eo) + > — + > sees! d(x) d(A)... d(@) 


1=a<p Tog EET: a 


1 — P,, 2 97 , 
| rer .. 0) p(x, A,. 0) vi(12, se NN) ee (1,2, N7) 


Ny 
Bes > (— yet | d(2)..dlo) 8 fee ell a= 1,24 1... Nj) ¥ (aA), 
ITa=1 v 
o ere My (6’) 


The solutions 7,9) Yoo +--+ VYio--- PYmo belonging to the lowest E?°, 
Pew. Me sed E”® values and antisymmetrical in the electron co-ordinates, 
which satisfy the auxiliary conditions (2) and (5), give the group orbitals 
corresponding to the ground state of the system. If N, = N,=..-Ni= 
—...Ny=1, Nis an even number and the part of the orbitals py; depending 
on the space coordinates is identical by pairs, the equations (6’) go over 
into the well-known Hartree-Fock equations of the one-electron orbitals. 
In this case the Lagrange multipliers '! do not depend on the co-ordinates, 
they are bare numbers. 

Keeping the yyo’s of the ground state in the bracketed expression on 
the right and left-hand side of equations (6) fixed we may assume that the 


system of equations 


N; 
H'y;,(1,2,...N1) = |B" See Ps fav dA). .  d(o0) Pay Po (2% ++’) 
a=1 


J#1 
x Vo (sb 0) Yui (ln2s-» No) (8) 
Ny Nr; |] Ni oer 
Ht! =| 5 0) + See N, S fate)... dle] | 
x=1 1=a<8 Top #1 a=1, Tan 


dij 
x holds « « -”) yo (29 Ay. ) (F=1,2,... M), 
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has besides the y,,.’s further antisymmetrical solutions 7; (tae ms -) | 
too (these can be regarded as the excited states of the electron groups), which, © 
with the new Lagrangian multipliers E" and E"®, satisfy the auxiliary con- 


ditions | 
f vi, 2,... Ny) yr(1,2,-.-.N,)d(1)d(2)... d(N;) =1, (§ = 1,2,3,...) (9) 
and 
Sv, 2,... Ni) yy; (1,24... Nj) dl) =0, if TF J, (i,j =1,2,3,...). (10) 
In addition, taking (7) into account we obtain 
f vtv(1, 2,... Ny) yr(1, 25 .. N,)d(1) d(2)... d(N;) =0, if vi, (11) 
as well as 
J pte(1, 2,....N,) H' y,(1, 2,....N,)d(1)d(2)... d(N;) = E"6;,. (12) 
S vid], 2,...N7)y,(1,2’,....N%)(d(1) = 0, if 14 J, and both i> 0andj>0, 


(13) 


is, however, not necessarily true in general. 
The solutions of the equations (8) form the following set of functions 


Yio Yi Yio» Yig.-+- 


Ct Tae in at Ya Te WN re MW Ve Yr a enc Weer ee 


wl, os Ee ee (14) 


0.6, 90) 8) 00 'e) a ale Mier e 66. oe) ey @ er eye) eule eae es 


Ymo Ymp--- YMm:--- YMm’'s:-> 


Owing to the strong restrictions (10) this set of functions is not complete 
thus in general the exact wave function cannot be expanded in terms of it. 
(If we dropped the auxiliary conditions (10) each row of the set of functions (14). 
would be a complete set.) It is reasonable, however, to assume that the wave 
function of a system which consists of loosely coupled electron groups can 
be expressed to a good approximation as the superposition of configurations 
constructed from the group orbitals (14), even if the system is subject to 
small external perturbation. Each configuration from each row of’the system 
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4 (14) contains one group orbital, i.e. it can be characterized uniquely by the 
Zz second index of the group orbitals occurring in it. It should be noted that the 
_ ground state and the excited states of the same electron group are orthogonal 
in the usual sense 


j 


§ vo(L, 2... Nj) vn(l,2,..-N,) d(l) d(2)... d(N,) =0, if i, 
and not in the strong sense 
§ pil, 2, Se N;) yri(1, 2’, rreys N}) d(1) a 0, if v + i, 


as assumed by McWEEny [4, 5]. 

To solve equations (8) exactly, i. e. to determine the system (14) is as yet 
a hopeless task. Recently, it has been proved [6] that for given two-electron 
orbitals y)(1,2) (I =1,2,...N) mutually orthogonal in the strong sense 
there exists a complete set of one-electron spin-orbitals u,(1) which can be 
partitioned into N subsets 


Uy41>5 Uyo, Uyg-- - 3 -.-U74; U ya, Uig0- - +3 . 2+ Un, UNI UNZ>- + +9 


such that each of the y,(1, 2) can be expanded in terms Of UWy;, Wig, Wigs ==» 
only 


p7(1, 2) = a Uji(1) wi9(2) - 


i512 


This theorem can be generalized, in an analogous manner, to the case 
of many electron group orbitals:' 

hie mii. N7) (f= 1, .2,..-M) are antisymmetrical and mutually 
orthogonal in the strong sense then there exists a complete set of one-electron 
spin-orbitals u,(1) which can be partitioned into M subsets 


U41> U495 U43>- exe's see Un Uj2> Uj30* °° -- Unis U yy429 Un30° °° 3 


such that each of the y/(1, 2,...N7)’s can be expanded in terms of wy, Wigs 


Ujg,-. + only 


y(1, 2, boo N;) re De ee u;,(1) Uji2(2) sueie Uliy, (N;), 


isig---iny 


i.e. the full space can be decomposed into mutually perpendicular M sub- 


1 Note added in proof (15th October, 1961). A theorem, somewhat more general 
than this, has been proved by P..O. LOwpIn in J. Chem. Phys., 35, 78, 1961. 
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spaces in such a way that each of the group orbitals y;(1, 2,...- N,) is localized — 
to the corresponding subspace I. . 
The above theorem can serve as a basis to obtain approximate group — 
orbitals y,(1, 2,...N,) like the case of two-electron orbitals [2, 7, 8]: . | 
1) Orthonormalized one-electron spin orbitals v, (1) are divided up — 
into M groups so that none of them occurs in two or more groups: 


V419 Vig.+ + Vinjs UN» Vigo++* Vin,3++-> Umi? Uue2-** Vyny: 


(Of course, it is required that n; > N, for every I.) 
2) Then, we build up determinants from the spin orbitals by groups, 
the order of which is equal to the number of electrons in the corresponding 


group. In the group I altogether | ra different determinants D;, can be 


formed. The approximate group orbitals gy, are of the following form: 
Pee Sy ef D,, : 
@ 


3) We substitute the group orbitals y,; into the energy expression (4) 
and vary the coefficients taking into account the auxiliary condtions (2), 
with the Langragian multipliers — ¥’. (The auxiliary conditions (3) are autom- 
atically satisfied.) So we obtain a system of equations for the coefficients 
Bo which can be solved by iteration. For each group we obtain ~ 
I 
&" and the same number of different sets of coeffcients of which the cs 
belonging to the lowest &'°’s are the approximations to the ground state, the 
other es are the approximations to the excited states. The orbitals 9,; so 
obtained conform to (9), (10), (11), (12), and besides the conditions (13) are 
also fulfilled. 
Of course the results depend on the decomposition of the set v,(1). 
We can subject the v;,(1) decomposed preliminarily to an unknown unitary 


transformation which has to be determined as to give the best approximate 
group orbitals. 


| roots 


From the ¢;;’s obtained by the above approximation procedure 


M \ 
ii\n) 
rai Ny, 
various configurations ®, can be formed. It is easily seen that the configura- 


tions are normalized and orthogonal to each other. The matrix elements of 


the operator H differ from zero for only two such configurations which differ 
at most in two group orbitals. 


Introdiicing the following notations (for simplicity indicating in the 
configurations ®,, ©, only those two indices which can be different): 
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i, mk 

i Hi =F oiv,.gp = \ORHG, de =) O* i HO yy. 


iS Nr Ny; 
hy = [on ,2,-..ND] SHo+ =| (1.2,--- Nid) aQ).. aN) 


=a<p Tap 
N,N, 
2 


I, 


ii jj" — 


faa) d(2)... d(N,) d(x) d(A)... d(w) [nav areca ING) 
Tix 
X P7i(1, 25... Nz) pf’, M,.- - ©) D7;(%, A,» +O) 


: Hy = { ph(l.2s.-- Ny) H!py(l,2,-+- Np) ad)... dV), (15) 
the matrix elements of the Hamilton operator different from zero can be 


easily written down. There are three different cases: 
1) for identical configurations (diagonal elements) 


Hx =H i..ij... = HO) + Shit 2 Tigi iS) 
JA 
Z 2) for configurations which differ in one group orbital 
Lf PAC Ae 8 igh: 
Biya =. ae. irs. Pie te Ac 3 Ti Ai; (17) 
J#¥1 


3) for configurations which differ in two group orbitals 


yu Leos eS, I 
A ie aw Ee (18) 
The remaining matrix elements are all zero. 

Varying the coefficients Cx in the energy expression calculated with 


the linear combination of the configurations YC, x subject to the auxiliary 


galas 


, condition 


we get the system of equation 


> Hy Cy — EC, = 0, (K = 0,1,2,.--) (19) 
L 


which can be solved by well-known methods [4, 5, 9]. From the system of 
equations (19) we may obtain by iteration the Rayleigh—Schrédinger series 
for the energy up to second order in the form [4, 5, 10] 


= Hy + = | Hox |? 
R>0 Ho — Axx 
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' 


Hp is identical with the energy expression (4). The second term can be divided | 


| 
| 

} 

into two parts . 


7 \2 
[Hoc lt See yoni dee 
Kr>90 Hoy — IRE K">0 Hog — Ax’ Ke" 


(20) 


K’ and K” label the configurations containing one or two excited group 
orbitals, respectively. Other configurations do not appear, as the corresponding 
matrix elements are zero. With the notations (15), (16), (17), and (18), (20) 
takes the form 
v > | Ha? +>> 2 | Toi; | 
*T_i50 ERE igen gaat eee ie 
J#Tj>9 


(21) 


The first term is the polarization energy, the second is London’s dispersion 
energy. In our case the first term vanishes, as the group orbitals ~,; are, in 
the sense of the variation method, approximate eigenfunctions of the 
operator H’. 
It should be noted that the results agree with those of McWEENy [4, 5], 


which can be explained by the fact that in the calculation of the matrix 
elements he applies instead of 


(pt Slee. N}) 9, (4, 27.5 N atl) = 0, at a es, 


tacitly the usual orthogonality 


| vty (1, 2,. 0. Np) gy (2s oN) dll) dla ctv ee i’ i. 
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j FARBUNG VON NATRIUMCHLORIDPULVER DURCH 
ze 


L. Mauicsk6 und Z. Moruin* 


INSTITUT FUR EXPERIMENTALPHYSIK DER TECHNISCHEN HOCHSCHULE FUR BAUINDUSTRIE 
UND VERKEHRSWESEN, BUDAPEST 


(Eingegangen: 10. I. 1961) 


Es ist eine in der Literatur oft beschriebene Erscheinung, dass sich 
farblose Alkalihalogenidkristalle durch verschiedenartige Aussere Einfliisse 
_ verfarben. Als aussere Einfliisse werden dabei Bestrahlung durch Réntgen- 
strahlen bzw. radioaktive Strahlen [1], Erhitzen in Na- bzw. K-Dampf [1] 
sowie Pressen bei hohen Temperaturen [2, 3] erwahnt. Als gemeinsame Folge 
dieser fusseren Einwirkungen gelangen, innerhalb der verbotenen Zone, 
> Elektronen in Elektronenfallen, wodurch die sogenannten Farbzentren zustande- 
kommen, deren Existenz makroskopisch durch die Anderung der elektri- 
schen Leitfahigkeit, des Absorptionskoeffizienten usw. bewiesen werden kann. 
Anderseits ist es bekannt, dass kaltbearbeitete Metalloberflachen Elek- 
tronen ausstrahlen. In der Literatur sind mehrere Versuche beschrieben worden, 
bei denen kaltbearbeitetes, gewalztes Aluminium Photoplatten bei Berthrung 
mit diesen schwarzte [4]. Solche Aluminiumplatten lassen Spitzenzahler 
ansprechen. Mit Spitzenzahlern durchgefiihrte Messungen bewiesen, dass 
gewalzte Aluminiumplatten, in 10 Minuten auf 350° C erwarmt, ahnlich dem 
Verlauf der Aufheizungskurven bei Thermolumineszenzmessungen, Elektronen 
ausstrahlen [5]. Die Zahl der so emittierten Elektronen kann durch voran- 
gehende ultraviolette Bestrahlung des Aluminiums erhéht werden. 

Von diesen Befunden ausgehend versuchten wir Natriumchloridkristalle 
durch Exoelektronen zu farben. Zu den Versuchen beniitzten wir 99,98 prozen- 
tige Aluminiumplattchen aus denen, zur Sicherung der guten Beriihrung 
zwischen Al und NaCl kleine Hiilsen verfertigt wurden, die wir dann mit 
0,5—1 g NaCl Pulver fiillten. Die Hiilsen wurden danach in einem elektrischen 
Ofen mit 35° C/Min. Heizgeschwindigkeit bis 350° C aufgeheizt und dann aus 
dem Ofen genommen und auf kalten Eisenplatten schnell abgekiihlt. In 
jedem Fall entstanden gelblich-braune Pulver, die unter einem Druck von 
10,000 kp/cm? zusammengepresst durchsichtige, gelbe Pastillen ergaben. 
Wenn wir das Aluminiumplattchen vorher bei 550° C einer thermischen 


* Forschungslaboratorium fiir Chemische Strukturen der Ungarischen Akademie der 
Wissenschaften, Budapest. 
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Behandlung unterwarfen und danach langsam, in ae Stunden, auf pet 
temperatur abkiihlten, enstand keine F arbung. Bei einer solchen Higais buntgy | 
lésen sich die bei der Kaltbearbeitung enstandenen Spannungen, wodurch | 
das Metall nachher keine Exoelektronen mehr abgibt. : 

Die auf diese Weise gefarbten Proben wurden mit i Ze1s3-benes | 
Spiegelmonochromator im sichtbaren Bereich gemessen. Als Lichtquelle diente | 


b 


S DS = 
R S & S 


S 
iS) 


Absorptionskonstante in willkdrlichen Einheiten 


400 500 600 700 Lr] 
Wellenlange 


Abb. 1. Absorptionsspektrum einer aus natiirlichen NaCl hergestellten und mit Réntgen- 
strahlen gefarbten Pastille (k,,,, = 0,48 mm) 


eine mit 12 V, 90 W Akkumulator gespeiste Tungsram Projektionsgliihlampe. 
Die Messungen wurden mit einem durch Anodenbatterien betriebenen RCA 
A931 Elektronenvervielfacher und einem Lichtzeigergalvanometer mit 
5,6-10~® A/s maximaler Empfindlichkeit und 5000 Ohm innerem Wider- 
stand durchgefiihrt. Bei 900 V Betriebsspannung war das Galvanometer 
sehr stabil und sein Dunkelstrom betrug nicht mehr als 1,6-10~8 A. 

Ausser uns hat noch HErs# an durchsichtigen Alkalihalogenidpastillen 
Absorptionsmessungen durchgefiihrt [6]. Sowohl unsere als auch seine Ver- 
suche beweisen, dass die Absorption der entsprechend hergestellten Pastillen 
gut messbar ist. Zuerst nahmen wir die Absorptionsspektren von réntge- 
nisierten, sowie mit Kathodstrahlen bestrahlen NaCl auf. Das typische Ergeb- 
nis dieser Messungen wird durch Abb. 1 veranschaulicht. Das F-Zentrum 
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eebt sich scharf heraus, der Absolutwert der Absorption ist im allgemeinen 
grosser als bei Einkristallen. Sonst verlaufen die Absorptionskurven denen 
der F-Zentren enthaltenden Einkristallen ahnlich. 

7 Das evheorptipasrp kirin der nach der angegebenen Methode gefarbten 
Proben wird durch Abb. 2, Kurve a wiedergegeben. Die Pastille zeigt bei 
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Abb. 2. Absorptionsspektren von aus NaCl-Pulver p. a. hergestellten und mit Exoelektronen 
gefarbten Pastillen 
Kurve a: gemessen sofort nach der Herstellung, Maxima bei 440 (kmax = 2,89 mm?) und 
590 mu 
Kurve b: gemessen nach 5-stiindiger Bestrahlung mit blauem Licht, Maxima bei 450 (kmax = 
= 3,05 mm!) und 590 mys 
Kurve c: gemessen nach 2-stindiger Bestrahlung mit orangem Licht, Maxima bei 440 
(kmax = 3,07 mm~?) und 590 mu 


440 und 590 mp Maxima, bei 540 my ein Minimum. Infolge einer 5-stiindigen 
Bestrahlung mit einer Projektionsgliihlampe von 250 W durch einen Methyl- 
blaufilter (durchlassig fiir = 500 mp) vergrossert sich das Minimum bei 
540 mp und gleichzeitig auch das Maximum bei 590 my zu einem gut messbaren 
Wert, wahrend das Maximum bei 440 mu nach 450 my wandert (Kurve b). 
Nach einer 2-stiindigen Bestrahlung bei vorgeschobenem Orangefilter vermin- 
dert sich das Minimum bei 540 my um 40% und, bei gleichzeitiger Verschie- 
bung nach 600 mu vermindert sich auch das Maximum bei 590 my (Kurve ¢). 

Die untersuchten farbigen Pastillen kénnen am besten mit dem natur- 
lichen blauen Steinsalz bzw. mit dem elektrolytisch oder additive gefarbten 
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NaCl verglichen werden. Es ist bekannt, dass sich die additiv oder elektroly- 
tisch gelbgefarbten Kristalle durch entsprechende thermische Behandlung 
blau farben lassen (Blauumschlag). Dieser Blauumschlag ist ein Zwischen- 
zustand bei der Umwandlung der urspriinglich einfachen F-Zentren in andere 
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Abb. 3. Absorptionsspektren eines aus NaCl p. a. hergestellten und elektrolytisch blaugefarbten 
Kinkristalls und der daraus verfertigten Pastillen 
Kurve a: nach der Blaufarbung des Einkristalls gemessen, Maximum bei 590 mu (k 
= 2,29 mm~?*) ; 
Kurve b: nach Zerpulvern und Pastillierten des Einkristalls gemessen, Maxima bei 460, 590 
(kmax = 1,35 mm— =) und 630 mu 


max = 


komplexe Zentren und Na-Kolloide. Nach der Deutung von Przrpram stehen 
wir bei diesen Erscheinungen im Falle von natiirlichen Verfarbungen F—> M > 
~> R Ubergingen gegeniiber. Bei unseren Versuchen handelt es sich vermutlich 
um die gleichen Vorginge [7]. 

Das Maximum bei 590—600 mu mag mit dem F-Zentrum im Zusam- 
menhang stehen. Darauf verweist der Versuch, wonach ein elektrolytisch 
gefarbter Einkristall, dessen Maximum bei 590 mu lag (Abb. 3. Kurve a), 
nach Pulverisierung und Pastillieren neben einem gegentiber dem Einkristall- 
zustand verminderten Maximum bei 590 my ein F-Zentrum aufwies (Kurve b), 
das_ sich bei Bestrahlung mit F-Licht abbaute, wobei sich das Maximum 
bei 540 mu — geradeso wie im Falle der mit Exoelektronen gefarbten Pastillen — 
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AN ANALYTICAL EXPRESSION 
FOR THE POTENTIAL ENERGY FUNCTION 
OF DIATOMIC MOLECULES 


a By 
2 T. Tietz 


DEPARTMENT OF THEORETICAL PHYICS, UNIVERSITY LODZ, LODZ, POLAND 
¢ (Received 10. I. 1961) 


As known, the correct analytical representation of the potential energy 
function of diatomic molecules is of fundamental importance, e. g. for the 
determination of vibrational and relation levels, as also for many other import- 
ant problems. Because of the importance of the above-mentioned problems 
many authors have given closed formulas of a potential energy function U for 
diatomic molecules. The best known analytical formulas for U are given by 

Morse [1], HutpurtT—HirscHFeLveEr [2], Rosen—MorsE [3], RypBeEre [4], 
Manninc—Rosen—Newine [5], Péscuor—Te.ier [6], Davipson Val 
Macxe—SvuTHErRLAnp [8], Linnet [9], Wu—Yane [10], Pupps [11], Lipprn- 
cott [12] and also by Frost—Muvsutin [13]. The properties and accuracy of 
the above-mentioned functions U have been described extensively by YATEN- 
DRA Pat VaRSHNI [14]. 

Only some of the above U functions are convenient to solve the 
wave equation by the perturbation method. The purpose of this note is to give 
a new potential energy function for diatomic molecules. We write this function 
in the following form: 


; Ui= il a aon | ©) 


' where D, is the dissociation energy, and A. B and C are three constants, which 
are to be determined. We require U(r) to fulfil the following necessary condi- 
tions: 

1. It should reach asymptotically a finite value as r tends to infinity. 

9. It should have a minimum at r= Tre, where r, is the internuclear 
distance at equilibrium. 

3. It should become infinite at r = 0. 

Besides these conditions (1), (2) and (3), we require additionally the 
following conditions to be fulfilled: 


Ue.) = U (oo) — 2, (2) 
Be —0 and eae rly (3) 


dr r=f,; re /T=le 


Acta Phys. Hung. Tom, XIII. Fasc. 3. 


360 T. TIETZ 


The first condition of eq. (2) is equivalent to the necessary condition 
formulated above. The remaining conditions given by eq. (2) and (3) are addi 
tional conditions. The symbol k, appearing in eq. (3) denotes the fourth constant : 
By means of the physical constants r,, D, and k, we can calculate our constants 
A, B and C appearing in eq. (1). We see that U(r) given by eq. (1) fulfils t hes 
necessary conditions (1) and (3). In order to fulfil the remaining conditions w 
substitute eq. (1) into eq. (2) and (3). From eq. (2) follows that 


Pec aes 4B 
re ek ee, 
2A 2 | A A 


Substituting eq. (1) into the first term of eq. (3) we obtain 


(5) ) 


As formulas (4) and (5) must be fulfilled simultaneously, we obtain the follow- 


ing relations: 


C=1+2Ar, and B= Ar. - {& 


The last formula shows that C and B depend on the constant A which we deter- 
mine using the last term of eq. (3). 


Substituting eq. (1) into the last term of eq. (2) we obtain 


oe 
re (1+ Ar,)® 


[B + 3ABr, + 3.42 Br? — C A273). (7) 


Taking into consideration the relation given by eq. (6) we may write eq. (7) 
as follows 


2D A 
— bs 1+2Ar,+ A? : 8 
rhea bee to} AS] (8) 
or in another form 
2 D,A 9 
r.(l+ Ar) ~ “ 


As for many diatomic molecules the physical constants r,, D,., k, are well 
known, our constant is also known because it is possible to solve exactly the 
algebraic equation of the first degree. Substituting the obtained constant A 
into formula (6) we can calculate the remaining constants C and B. Thus we. 
have shown that our formula for U given by eq. (1) fulfils all the required 
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“necessary conditions given by eq. (2) and (3). This we cannot say about all 
functions U(r) mentioned above [14]. 

Besides our simple formula has the merit that one can apply the pertur- 
bation method in order to solve the Schrédinger equation in the same way as 
has been done by the author [15] to solve the Schrédinger equation for the 
-Thomas-Fermi potential. 


REFERENCES 


P. M. Morse, Phys. Rev., 34, 57, 1927. 
H. M. Hutsurt and J. O. HirscureLpeER, Journ. Chem. Phys., 9, 61, 1941. 
N. Rosen and M. Morsz, Phys. Rev., 42, 210, 1932. 
R. Rypgere, Z. Phys., 73, 376, 1931. 
M. F. Mannine and N. Rosen, Phys. Rev., 44, 953, 1933. 
. G. Péscut and E. Tetter, Z. Phys., 83, 143, 1933. 
_ P. M. Davinson, Proc. Roy. Soc. (London), 135, 459, 1932. 
. R. Macxg, Z. Phys., 42, 390, 1927; B. M. SUTHERLAND, Proc. Indian. Acad. Sci., 8, 341 
1938. 
9. J. W. Linnet, Trans. Farady Soc., 38, 1, 1942. 
10. C. K. Wu and C. T. Yane, J. Phys. Chem., 48, 295, 1944. 
11. G. Pupp, Il Nuovo Cimento, 3, 338, 1946. 
- 12. E. R. Liprrincort, J. Chem. Phys., 23, 603, 1955. 
- 13. A. A. Frost and B. Musutin, J. Chem. Phys., 22, 1017, 1954. 
. 14. Yarenpra Pat Varsant, Rev. of Mod. Phys., 29, 664, 1957. 
15. T. Trerz, J. Chem. Phys., 25, 789, 1956. 


Vb sa Ne he S 


So SS ON OT 


Acta Phys. Hung. Tons. XIII. Fase. 3. 
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In the physical literature there are, as known, several illustrations of 
HetsenBerc’s uncertainty principle, e.g. electron diffraction by a slit, 
determination of the position of a free electron and other examples. The 
purpose of this note is to show that HEIsENBERG’s uncertainty principle can 
also be formulated with the help of the Bonr theory. 

On hand of two examples we shall illustrate HEISENBERG’S uncertainty 

~ principle in the Bour theory. As it is known, the particle of mass mp in an 
elastic field of force corresponding to a one-dimensional potential function 


ey ly Vim, 
a k x2 is described by a simple harmonic motion of frequency @) = /k/mo 


and amplitude [1] V2E|k, where E is its energy. The square of the maximum 
displacement (4x)? of the classical particle is just equal to the sqare of the 
amplitude, this means: 
2E 

- 


(Ax)? = (1) 


This equation for the classical oscillator is true for every energy. As we know, 
the one-dimensional harmonic oscillator in the Bour theory has the eigen- 
value E,, = Aw gn, and in wave mechanics the eigenvalues are given by E,= 


f . . 
= ho,|{n + Sil Substituting the corresponding eigenvalues into equation (1) 


we obtain for (Ax)? in the Bour theory and in wave mechanics the relations 


2h i 
pppoe on and (et — [+5]; (2) 
Mp MW % 
where n= 0,1, 2,..... The last expression in equation (2) was obtained for the 


first time by REMARK [2] with the help of the wave mechanical solution of a 
one-dimensional harmonic oscillator. For higher quantum numbers n the wave 
mechanical expression for (Ax)? passes over into the Bour formula for (4*)’. 
This is obvious directly from equation (2). Further it is known that the 
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| | j 
square of the maximum momentum ofa classical particle for a simple har-- 


monic one-dimensional motion having energy E is | 
(Ap, 2m,E. (3), 
Substituting in equation (3) for E the eigenvalues E, — Aw n of the Bour} 


1 
theory or the wave mechanical eigenvalues E,, = AWy f + 4 we obtain 
? 
(Ap,)? =2m,howyn or (Ap,)? = 2m,ho, f a 4) . (4) ) 


The second relation in the last formula was for the first time obtained quan- 
tum mechanically also by Remark [3]. According to equations (2) and (4) 
the product of the maximum displacement and the maximum momentum 
in the Bour theory and quantum mechanics, respectively, is given by 


(Ax) (Ap,) =2An and (Ax) (Ap,) = 2A f + =| . (5) 


As another example les us consider the uncertainty principle of the hydrogen- | 
like atoms in the Bour theory and wave mechanics. As we know, the orbital 
radius r,, the frequency w, and the velocity v, of the electron are given by 


h? m,Ze* I 
™2=— 7, ms @, = —°—_.— and v,=7,0,. (6) 
m, Ze A3 n3 


In equation (6) n is the principal quantum number. In the wave mechanical 
picture the orbits are not defined, so that the uncertainty of the displacement 
of the electron with respect to the nucleus according to the first relation of 
equation (6) is 
f2 
(Ar) ~ Tae (7) 


2 
m, Ze 


In the particle picture the momentum p of the electron corresponding to the 
principal quantum number n is 
4 m, Ze* 
PHM Vv, = Nyt, Q, = ———— (8) 
An 
Therefore the 


uncertainty of the momentum (Ap) according to equation (7) 
and (8) is 


(Ap) ~ — (9) 
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“The product of (Ar) and (4p) given by equation (7) and (9) in the Bour theory 
_ for the electron of the hydrogen-like atoms is thus 


(Ar) (Ap) ~ An. (10) 


The exact calculation of (dr) and (4p) for the electron of the hydrogen-like 


atoms in wave mechanics gives according to Remark [4] after simple modi- 


_ fications and calculations 
4 


“rtd AIC ae es 
(Ar) ~ m, Ze n2 and (Ap) = peti ¢ (11) 
thus the same result as given in equation (7) and (9) in the Bour theory. 
Multiplying (4r) by (4p) given by equation (11) for the wave mechanical 
theory we obtain the same result as that given by equation (10) for the BouR 
theory. Pat Varsuni [5] has considered the connection of the uncertainty 
principle of the hydrogen atom with the Bour theory for the quantum number 
without making any comparison with the exact results of wave mechanics. 


~ Our results given by equations (7) and (9) agree well for n = 1 with the results 


of Pat VARSHNI. 
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Uno Incarp and Witi1AM L. KravsHAar, Introduction to Mechanics, Matter 
and Waves (Addison—Wesley Series in Physics; Addison—Wesley PC. Inc., 
_ Massachusetts, USA, 1960; XV + 672 pages; $ 8,75) 


The authors’ aim, by this suggestive 
presentation of the selected topics of an 
introductory course of physics for the first 
year of a two-year sequence in general 
physics having in mind the students of 
science and engineering (as well as of an 
intermediate-level course in mechanics and 
related subjects) has been to maintain, in 
a balanced manner, the flavour of experiment 
and inductive reasoning. This means that 
instead of the usual deductive foundation 
of mechanics via a totally analytic approach 
— often overemphasizing the “given the 
force—find the motion” situation — _ the 
“given the motion or behaviour — what are 
the model and forces from which the pheno- 
mena can be understood” type of situation 
is favoured. The authors’. approach empha- 
sizes for this reason the study of interactions 
through observations of motions and their 
textbook deals with motions as influenced 
by all the different types of interactions in 
nature: electric, magnetic, nuclear, etc. as 
well as the traditional contact, spring, and 
gravitational forces. First, two-body colli- 


sions are investigated and then processes. 


involving inertial mass, momentum and its 
conservation and further the center-of-mass 
motion are very clearly developed. The 
chapters on energy, angular momentum and 
moving coordinate systems and inertial 
forces are followed by chapters containing 
examples of forces and motions which have 
been very fortunately selected and arranged 
so as to illustrate the basic concepts as they 
are developed. The transition from the study 
of the gross motion of bodies to the inertial 


motion in matter and the associated macro- 
scopic properties of matter is accomplished 
in chapters on the temperature concept, on 
thermal interactions and on the elementary 
theory of the atomic structure of matter. 
The chapters on kinetic theory, thermo- 
dynamics and properties of matter have 
been woven. together, and the atomic- 
molecular interpretation of concepts such as 
internal energy, entropy and properties of 
matter have been kept in the foreground. 
The classical concepts are, however, complet- 
ed by a qualitative quantum mechanical 
interpretation of experimental results. The 
role of intermolecular forces in the inter- 
pretation of the equation of state of real 
gases is studied in some more detail, together 
with molecular interpretations of other gross 
mechanical properties of gases and liquids. 
Finally, through a combination of experi- 
ments and applications of conservation of 
momentum the mechanics of deformable 
bodies and waves, the behaviour of wave 
pulses, their wavespeed and energy content 
is treated, followed by the discussions of 
examples involving both transverse and 
longitudinal waves in different media. From 
the principle of superposition waves of 
arbitrary shape are then constructed and 
the properties of harmonic waves are studied 
in detail. Summarizing, we may say that 
the authors’ introductory textbook on gener- 
al physics can be regarded as an excellent 
selection of the classical foundations of up- 
to-date teaching of modern physics. 


J. I. Horvat 
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L. HerrortH—H. Kocu: Radiophysikalisches und radiochemisches Grund-_ 


BUCHBESPRECHUN G 


praktikum. VEB Deutscher Verlag der Wissenschaften, Berlin, 1959. 


Das Buch erschien als der 3l-ste Band 
der von FRANZ X. EDER und RoBERT ROMPE 
herausgegebenen Reihe der Hochschulbiicher 
fiir Physik. Die Verfasser des Buches, die 
an dem Institut fiir angewandte Radioakti- 
vitét in Leipzig tatig sind, beabsichtigten, 
sowohl den Teilnehmern der von dem Institut 
veranstalteten Isotopenkurse, wie auch ande- 
ren Interessenten, die an einem solchen 
Isotopenkurs nicht teilnehmen kénnen, ein 
Praktikumsbuch in die Hand zu geben, um 
damit den immer O6fter auftauchenden 
Wunsch nach einem solchen zu erfiillen. 

Den Gegenstand des Buches bilden dem- 
nach diejenigen radiophysikalischen und 
radiochemischen Aufgaben, die zur Zeit der 
Fertigstellung des Manuskriptes (Oktober, 
1958) im Leipziger Isotopenpraktikum durch- 
fiihrbar waren. So erhebt das Praktikums- 
buch in der vorliegenden Form keinen An- 
spruch auf Vollstandigkeit. 

Das Buch hat einen Umfang von 470 
Seiten und gliedert sich in 13 Kapitel, von 
denen sich 7 Kapitel mit radiophysikalischen 
und 6 Kapitel mit radiochemischen Aufgaben 
beschaftigen. Die einzelnen Kapitel sind im 
allgemeinen in mehrere Aufgabengruppen 
gegliedert, die einzelnen- Gruppen enthalten 
wiederum im allgemeinen mehrere verwandte 
Aufgaben. Diese Ordnung der Aufgaben in 
insgesamt 35 mit Titeln versehene Gruppen 
macht die Ubersicht iiber das Material klar 
und leicht. 

Die Verfasser verfolgten bei der Bearbei- 
tung der einzelnen Gruppen die folgende 
Methode: Am Anfang jeder einzelnen Gruppe 
wird das Wesen der Aufgaben beschrieben, 
die Messmethoden werden mit anderen, in- 
aktiven Methoden verglichen und die durch 
die radioaktiven Verfahren gelieferten neuen 
Moglichkeiten werden deutlich hervorgeho- 
ben. Danach folgen die einzelnen Aufgaben 
in folgender Behandlungsweise: 1) Auf- 
gabenstellung, 2) Grundlagen, das heisst die 
wissenschaftliche Begriindung der durchzu- 
fiihrenden Aufgabe, 3) Zubehor, 4) Arbeits- 
anleitung, das heisst eine ausfiihrliche Be- 
schreibung des Arbeitsganges und praktische 
Hinweise fiir den Anfanger, und 5) ein 
Beispiel, in dem die konkreten Messergebnisse 
und deren Auswertung, meistens in graphi- 
scher Darstellung, mitgeteilt werden. Schliess- 
lich wird am Ende jeder einzelnen Gruppe 
ein Literaturverzeichnis gegeben. 

Die Verfasser haben ihren ausgezeichne- 


ten didaktischen Sinn dadurch 


bewiesen, 
dass sie einerseits den Teilnehmern an einem 
solchen Praktikum den Reiz der Durch- 


fiihrung der Aufgaben nicht durch ausfiihr- 
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liche Beschreibung des Arbeitsprotokolles 
nehmen und andererseits auch die Nicht- 
teilnehmer dadurch befriedigen, dass sie das 
Endergebnis jeder einzelnen Aufgabe in 
graphischer Darstellung oder in Tabellen- 
form mitteilen. Die 
Fehlerrechnungen bzw. Abschaitzungen wird 


dem Praktikumsteilnehmer selbst iiberlassen, — } 
in einer der ersten Aufgaben werden diese | 


Rechnungen ausfiihrlich behandelt. 

Die Art und Weise, in der die Verfasser 
die Probleme angreifen und behandeln, ver- 
raten grosse Fachkenntnis und _ vielseitige 
praktische Erfahrungen. Das Buch ist klar, 
und einfach geschrieben und fiir jeden mit 
entsprechender Vorbildung leicht verstind- 


lich. Die Brauchbarkeit des Buches wird | 


ausserdem durch die 182 grossen, schénen 
Abbildungen und durch die mehr als 50 
Tabellen in grossem Masse erhéht. Der An- 
hang von mehr als 25 Seiten Umfang enthalt 
ausserdem zahlreiche weitere besonders niitz- 
liche Abbildungen und Tabellen. 

Im folgenden geben wir einen kurzen 
Uberblick iiber die im Praktikumsbuch be- 
handelten Aufgaben. 

In der Einleitung weisen die Verfasser 
vor allem auf die 4ussere und innere Strahlen- 
gefahr und auf die Vorsichtsmassnahmen 
beim Umgang mit. Radionukliden hin. Im 
weiteren behandeln sie die Methoden der 
Herstellung von Messpraparaten. 

Das I. Kapitel enthalt 6 Gruppen: 

1. Gruppe: Grundmessungen an Geiger — 
Miller-Zahlrohren. Die Charakteristik eines 
GM-Ziahlrohres, Zihlrate eines Praparates, 
Fehlerberechnungen, Priifung auf statistische 


.Reinheit und relative Langsempfindlichkeit 


eines zylindrischen GM-Zahlrohres. 

2. Gruppe: Methoden der Totzeitbestim- 
mung und Totzeitkorrekturen. Die Oszillo- 
graphen-Methode, die Zwei-Priparate-Metho- 
de, die Bestimmung mit einer Totzeitstufe 
und Bestimmung des “over-all-correction”- 
Faktors. 

3. Gruppe: Gammastrahlmessungen mit 
dem GM-Zahlrohr. Energiebestimmung durch 
Absorptionsmessungen. Berechnung von Mas- 
senabsorptionskoeffizienten fiir beliebige Ele- 
mente. 

4. Gruppe: Relative Betastrahlmessungen 
mit dem Glockenzihlrohr. Geometriefaktor, 
Riickstreufaktor, Absorptionsmessungen, die 
maximale Reichweite und Energie von Beta- 
strahlen und schliesslich die Selbstabsorp- 
tion von Cl, 

5. Gruppe: Relative Aktivititsbestim- 
mung von Betastrahlpriparaten mit dem 
Glockenzihlrohr. Vergleich von gleichartigen 


Durchfiihrung von | 


tastrahlpraparaten eines Radioisotopes mit 
cn Vergleich von zwei gleichartigen 
Praparaten auf verschiedenen Unterlagen 
und Vergleich von zwei gleichartigen Prapa- 
raten verschiedener Radioisotope. 
6. Gruppe: Zahlmethoden der absoluten 
Aktivitatsbestimmung. Absolute Aktivitats- 
bestimmung mit definierter Geometrie am 
Glockenzahlrohr nach der Koinzidenzmethode 
und mit dem 42-Zahlrohr. 
; II. Kapitel: Szintilliationszahlermessun- 
gen. 
7. Gruppe: Grundmessungen am Photo- 
sekundarelektronenvervielfacher. Spannungs- 
ee sickett. relative Spektralempfindlich- 
eit. ' 

8. Gruppe: Szintillationszahler fiir Alpha-, 
Beta- und Gammastrahlung. Aufnahme von 
Szintillationszahlercharakteristiken fir Al- 
pha-, Beta- und Gammastrahlung. Vergleich 
von Gamma- und Betastrahlmessungen mit 
GM-Zahlrohr und Szintillationszahler. 

9. Gruppe: Alphastrahlmessungen. Er- 
mittelung der giinstigsten Schichtdicke eines 
“ZnS- Ag-Leuchtschirmes, Reichweite von Al- 
phastrahlen in Luft, Absorption in festen 
Substanzen. < 

Ill. Kapitel: Ionisationskammermessun- 
gen. 

10. Gruppe: Betastrahlmessungen mit der 
Aluminiumionisationskammer. Spannungs- 
eichung des Elektrometers, Abstandsvaria- 
tion, Riickstreumessungen, Absorptionsmes- 
sungen und Aktivitaétsbestimmung von Beta- 
strahlpraparaten. 

11. Gruppe: Gammastrahlmessungen mit 
der Bleiionisationskammer. Kontrolle und 


Spannungseichung, Abstandsvariation, Ab- 
sorpticnsmessungen, Bestimmung von Ra- 
diumaquivalenten, Aktivitatsbestimmung 


eines Gammastrahlpraparates. 

IV. Kapitel: Strahlenschutziiberwachung. 

12. Gruppe: Dosismessungen. Messung 
von Gammastrahlendosen mit Taschenkon- 
densatorkammern und mit Filmplaketten. 

13. Gruppe: Dosisleistungsmessungen. Er- 
mittelungen der maximal zulassigen Auf- 
enthaltsdauer, Abschirmung von Gamma- 
strahlen. 

14. Gruppe: Verseuchungsmessungen. Prii- 
fung von Arbeitstischauflagen. 
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V. Kapitel: Anwendungsbeispiele aus der 
Technik und Industrie. 

15. Gruppe: Messung diinner Schichten 
mit Betastrahlern. Bestimmung der Dicke 
von Aluminiumschichten nach der Durch- 
strahlungs- bzw. Riickstreumethode ohne 
Unterlage und auf dicker Bleiunterlage, 
Riickstreumessungen zur Materialbestim- 
mung der Dicke von aufgespritzten Lack- 
schichten. 

16. Gruppe: Messung dicker Schichten 
mittels Gammastrahlung. Messung nach der 
Durchstrahlungsmethode. 

17. Gruppe: Bestimmung von Fiillstands- 
héhen durch Gammastrahlmessungen. Be- 
stimmung durch Absorptionsmessungen bei 
senkrechter bzw. horizontaler Durchstrah- 
lung. 

VI. Kapitel: Sonstige Aufgaben aus der 
Radiophysik. 

18. Gruppe: Einige weitere Messmethoden. 
Der Funkenzahler und die Gammaradio- 
graphie. 

19. Gruppe: Die kosmische Strahlung. 
Absorption und Einfallsrichtung der kosmi- 
schen Strahlung. 

VII. Kapitel: Die Aktivierungsanalyse. 

20. Gruppe: Die Aktivierungsanalyse 
nach der Absolutmethode. Bestimmung der 
Verunreinigung von Dysprosium in Holmium, 
Bestimmung des Neutronenflusses. 

21. Gruppe: Die Aktivierungsanalyse nach 
der Relativmethode. Bestimmungen der 
prozentualen Verunreinigung, die Silber- 
schnellanalyse. 

Die Kapitel VIII—XHI behandeln die 
folgenden radiochemischen Aufgaben: Tren- 
nung und Anreicherung der Radioelemente, 
Fallungsreaktionen, lonenaustauscherchroma- 
tographie, Solventextraktion, Radiopapier- 
chromatographie, Trennung von Radionuk- 
liden durch Destillation, die Chemie der 
“heissen’’? Atome, Szilard-Chalmers-Effekt, 
Isomerentrennung, Isotopenverdiinnungsana- 
lyse, Radiometrische Analyse, Radioelemente 
als Leitisotope, Isotopenaustauschreaktionen, 
die Adsorption von Radioelementen an 
Glasoberflachen, Léslichkeitsbestimmungen, 
das Arbeiten mit Kohlenstoff-14. 
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’ 

Bei dem Raman-Fffekt bleiben die streuenden Atome nach dem Prozess im angeregten 
Zustand zurtick. Das bedeutet aber nicht, dass es zwischen den an den cnt Pr pectin Wee pts 
_ gestreuten Photonen keine Phasenbeziehungen gibt, diese sind vielmehr im Sinne der Quan- 
tenmechanik koharent. Diese Tatsache kann sich folgendermassen bemerkbar machen. Man 
lasst an den angeregten Atomen, wahrend diese in den Grundzustand guriickkehren, eine 
zweite Art von Photonen streuen. Es besteht dann unter Umstanden zwischen den gestreuten 
Photonen verschiedener Arten eine Richtungskorrelation. 


b I 


Worin besteht die Koharenz der koharenten Streustrahlung? In der 
Klassischen Theorie beantwortet man diese Frage leicht. Die von den einzelnen 
Streuzentren (z. B. Atomen eines Gases) ausgehenden Streuwellen haben wohl- 
definierte Phasenbeziehungen zueinander, sie treten daher miteinander in 
Interferenz. Diese Tatsache springt besonders deutlich bei dem Versuch ins 
Auge, an den wir im folgenden ankniipfen wollen. Wir stellen uns eine soge- 
nannte Natrium-Resonanzlampe vor. In dieser werden die Atome eines ver- 


Primare 
Lichtquelle \~ 


Yeas 
“ee 


Abb. 1 


haltnismiassig kalten, in einem Glasgefass befindlichen Na-Dampfes durch das 
Licht gliihenden Natriums angeregt. Aus der primaren Lichtquelle soll ein 
paralleles Biindel auf das Glasgefass fallen. Wird die Dichte des Dampfes im 
Behalter geniigend erhéht, so wird bekanntlich die sehr diinne Schicht der 
Na-Atome in unmittelbarer Nahe der Glaswand die Primirstrahlen spiegeln. 
(Abb. 1). Halt man sich die quantenhafte Natur der Emission und Absorption 
»heraustropfen«. Fassen wir zwei Atome A und B aus der spiegelnden Ober- 
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vors Auge, so wird unsere Frage etwas verwickelter. Es sei das einfallende | 
Licht so schwach, dass die Photonen nur noch einzeln aus der Licht quelle 
flachenschicht des Na-Dampfes ins Auge. In der Sprache der Quantenmechanik | 
geht der Prozess der Absorption und Reemission des Photons durch einen} | 
Zwischenzustand durch, in welchem kein Photon vorhanden ist, dagegen das _ 
eine bzw. andere Atom sich auf dem ersten angeregten Niveau befindet. Pra- | 
ziser gesagt, ist der Zwischenzustand eine Superposition folgender Kompo- 
nenten: a) Atom A angeregt, B im Grundzustand, b) umgekehrt. Es ist nun — 
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eben die quantenmechanische Koharenz dieser beiden Komponenten, die die 
spiegelungsartige Reemission des Energiequants hy erméglicht. Nach der 
Reemission sind beide Atome mit Sicherheit im Grundzustand, so dass es 
ungewiss ist, an welchem die Streuung stattgefunden hat. Der Sachverhalt ist 
volkommen analog zu dem in der gewohnlichen Quantenmechanik, wo man die 
Wellenfunktion eines Elektrons in zwei Teile spaltet und die Teile nachher — 
wieder vereinigt. Die Koharenz der an der Superposition teilnehmenden Kom- 
ponenten fiihrt auch in diesem Falle zu Interferenzerscheinungen [1, 2, 3]. 
In Anbetracht der Interpretationsméglichkeiten ist die experimentelle Kontrolle 
solcher Koharenzen nicht ohne Wert. Im weiteren méchten wir auf eine neue 
experimentelle Méglichkeit in dieser Richtung hinweisen, die mit dem Raman- 
Effekt zusammenhingt. 


II 


Worin besteht die Inkohiarenz der inkoharenten Streuung? Wir beleuch- 
ten wiederum die Atome eines Gases mit monochromatischem Licht. Zur 
Vereinfachung stellen wir uns die Atome sofort modellmassig vor. Sie sollen 
neben dem Grundniveau E, nur zwei angeregte Niveaus besitzen, mit den 
Energien E, bzw. E,. Die Frequenz der einfallenden Photonen sei v, ~ 
wz (E, — E))/h = vg9. Wir illustrieren den Prozess wieder mit Hilfe von zwei 
Atomen A and B. Das primaire Photon ky wird durch A oder B verschlungen. 
Nach Reemission eines Photons k, (vy, ~ ¥,,) bleibt das eine oder das andere 
Atom im angeregten Zustand E, zuriick, und dadurch ist es entscheidbar, an 
welchem Atom sich die Streuung vollzog, daher interferieren »die von den 
einzelnen Atomen ausgehenden Streuwellen (Frequenz — »,,) nicht, sie sind 
inkoharent«. Wir miissen nun aber folgendes bemerken. Die quantenmechani- 
sche Entwicklung des ganzen Systems erfolgt auch hier iiber Zwischenzu- 
stinde, die Superpositionen von koharenten Komponenten sind. Wir wollen 
das durch eine Skizze veranschaulichen. Abb. 2a zeight das Grundniveau und 
zwei angeregte Niveaus irgendeines Gasatoms. Durch die Pfeile werden erlaubte 
optische Uberginge, durch die Kreise die entsprechenden atomaren Zustande 
reprasentiert. Die Abb. 2b—f zeigen den Ablauf der inkoharenten Streuung 
an zwei Atomen. Aus der Superposition der Zustande 2c und 2d bildet sich die 
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ae der Zustinde 2e und 2f aus, ohne irgendeine Beschrankung 
bs treffs der Richtung des sekundaren Photons. Dies bedeutet aber nicht 
— im Gegensatz zu der im Schrifttum verbreiteten Meinung —, dass es zwi- 
schen den in den beiden letzten Figuren gezeichneten Photonen »keinerlei 
Phasenbeziehung« gibt, im Gegenteil: nach der Quantentheorie sind die Zu- 
stinde 2e und 2f streng koharent. Dies wird ohne weiteres ersichtlich, wenn 
wir auf die Wahrscheinlichkeitsamplituden der Zustande, die in dieser Zer- 
legung des Prozesses vorkommen, die Schrédinger-Gleichung anwenden, wobei 
‘die Wechselwirkung der Atome und der Strahlung, wie gewohnlich, als Pertur- 
bation betrachtet wird. 


A; A A A A 
Ig 
2 & ee & ©) @) S 
E, &) hear 4| Rept es, ky E,-Ey 
oe Oe Oy ef ae @ 
ie} 

ste Q) by c- d) e) h 
Abb. 2 


Vom experimentellen Standpunkt ist diese Koharenz »latent«, sie macht 
sich aber bemerkbar, wenn der Streuung die Emission eines neuen Photons 
nachfolgt, begleitet von dem Ubergang © > O (k: = E,— E,). Die ein- 
fache Rechnung zeigt namlich, dass — obwohl die Frequenzen verschieden 
sind — eine Richtungskorrelation zwischen k, und k,, besteht. Diese wiirde 
nicht entstehen, wenn z. B. nur das eine Atom anwesend ware. 

In dieser Form beschaftigen wir uns nicht weiter mit den experimentellen 
Méglichkeiten. Wenn die Uberginge E, > E,, E, — E, erlaubt sind, so ist 
der Ubergang E, > E, im allgemeinen verboten. Auch wenn wir dieses 
Verbot (z. B. durch ein Magnetfeld) aufheben, wird die Richtungskorrelation 
wegen der langen Lebensdauer des Zustandes EF, sowie der thermischen 
Bewegung der Atome wahrscheinlich sehr verwaschen. 


II 


Es ist zweckmassiger, folgende modifizierte Anordnung zu betrachten 
(Abb. 3). Der Behalter T mit glatter, durchsichtiger Wand sei wieder verhalt- 
nismassig dicht mit Atomen im Grundzustand angefillt, die wiederum insge- 
samt nur drei, nicht degenerierte Energieniveaus besitzen sollen. Beziiglich 
der erlaubten Ubergange wollen wir uns gesondert mit den zwei in Abbildun- 
gen 4a und 4b dargestellten Méglichkeiten beschaftigen. Im Falle 4b nehmen. 
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ir an, 
ae a kann. Aus der Lichtquelle F baw. F’ fallen parallele, mont 
chromatische Lichtbiindel gegebener Richtung auf den Behilter, die Frequ on 
zen sollen jedoch verschieden sein: Vp ~ (E, — Ey)h = 19) YF, ~ (E, - 
— E,)/h = »2,. Wir betrachten zunachst den Fall 4b. { 
Was geschieht im Gase? Da die meisten Atome in T im Grundzustand 

sind, kénnen die Photonen ky, das Gas beinahe ungehindert durchdringen. 
Dagegen regen die Photonen kp die Atome der beleuchteten Grenzschicht an 
der Wand zu Resonanz-Fluoreszenz an. Ist die mittlere Distanz der Atome 


geniigend klein und kleiner als die Wellenlange des Lichtes, so wird das Biindel 

F durch die Oberflichensicht gespiegelt. (Grosse Gasdichte = starke Refle- 

xionsfahigkeit und starke Absorption; das Licht kann nicht in das Innere des 

Gases eindringen.) Die Atome werden voriibergehend .auf das Niveau E, 

gehoben. Etliche von ihnen kiénnen — noch vor der Emission von k, — ein | 
Photon k;. absorbieren; dies wird von dem Ubergang E, — E, begleitet und 

ist von der Emission eines Photons k,. gefolgt. (vy ~ (EH, — Ep)/h = vg9, das 

Atom gelangt wieder in den Grundzustand.) Die Oberflachenschicht ist also 

schon fahig, auch das Licht des Biindels F’ zu streuen. (Und zwar »inkohiren- 
terweise« vy + vp). Wir zeigen jetzt, dass auch diese Streuung »spiegelungs- 
artig« ist, die Strahlung der Frequenz »,, ausgehend von den verschiedenen 

Atomen, wird nur in einer einzigen, bestimmten Richtung »reflektiert«. 

Wir wollen uns im Anfangszustand auf ein einziges Photon k, und ein | 
einziges k;,, ausserdem zunichst nur auf zwei Atome der Oberflichenschicht 
beschranken. Der zur Bestimmung der endlichen Linienbreite verwendeten : 
Methode von Wetsskopr und WicNneER folgend [4], beriicksichtigen wir nur_ 
diejenigen Zustande, die in der Zerlegung des Prozesses mit bemerkbarer Wahr- 
scheinlichkeitsamplitude vorkommen. Diese und der Ablauf des Prozesses 
werden in Abb. 5 dargestellt. Anfanglich, zur Zeit t = 0, ist nur die Amplitude 
b, des Zustandes a von Null verschieden. Spiter erscheint auch die Superposi- 
tion der Zustande b und c, diese wirken wieder auf die Zustande d,e und fi 
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umittelbar ein. Endlich regen d und e gemeinsam den Zustand g an. (Der 
ustand f entwickelt sich nicht weiter, k;, tritt mit den Atomen im Grund- 
gustand in keine bemerkbare Wechselwirkung.) 

: Die Folge der Koharenz der Zustande d und e kann schon mittels der 
sewohnlichen Perturbationsrechnung [5] tiberblickt werden.* 


A A A 

0148 [xO] @| OC] & O ©) 

a -- « B | B ts / ks B 

: Ae EGO Ro A GO LO 
- Abb. 5 


Fiir die Amplituden b, bestehen die Gleichungen 


— ihby = S Him bp elimt, baw. —ihbs = S Ham bP elmm (2) 
m 


m 


mit -b, = 2 n) Den Wert von Hj, liefert (1). Die Verbindung der Zustande 
der Abb. 5a—g im Gleichungssystem (2) zeigt Abb. 6. Suchen wir samtliche 


* Wir schliessen uns den Bezeichnungen von (5) an. Die Strahlung wird durch das 


Vektorpotential A = Y (q,A,, + 97 47) beschrieben, wo A,(r) = ey) 4atc? - exp - (ix,v), %, = %y/e- 
Die Wechselwirkung eines Photons vom Impulse k,h/c und eines atomaren Elektrons wird 


durch H’ = — aS Pp (qA, + Aj) dargestellt. Bei unmittelbaren Ubergaingen verandert sich 
le 


die Anzahl der Photonen um eins, und das Atom fiihrt einen Quantensprung 9%, > @p aus. 
Das Matrixelement ist 


eas eae 
H’an,, bn, + 1 = = | = Ex n+l pe (pe) ela) phat ms — 
het xX . 


(1) 


i Rs a a 
e |= e Vin, 1] eli A) (pe) ab. 
u 15 


Hier ist r, der Ortsvektor des Atoms (dessen Ausdehnung klein gegen die Wellenlange sein 
soll). 
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Amplituden by, ... bg in der niedrigsten nicht verschwindenden Niaherung, sog 


miissen wir nach (1) und (2) die Gleichungen 


5) al (3a) ) 


Shp Hen b©) efoat — K- eloat gira) (3b) 


— K’. evra) OD eircat +. K’ ers). b@)- elt (3g) 


lésen. Die Lésungen sind der Reihe nach leicht anzuschreiben. Wir interessie 


ren uns fiir (3g). Es ergibt sich 
b? az N(t) ; [eitacr tee) =}: ell a(ert er — “| ; (4) 


wo N nur vom Absolutwert von kp, kp, ky (k =k = hex) abhangt. Dies 
Wahrscheinlichkeit der Emission des Photons ky, (~ |b,|?) wird durch die Ver- 
bindung der Richtung von k, mit den Richtungen von den vorher absorbiertent 
Photonen bestimmt. Bei festem k und veranderlichem ky, (beweglicher Quelles 
F’) muss zwischen k, und ky eine solche Richtungskorrelation bestehen, wiet 
sie durch den Zusammenhang (4) beschrieben wird. Ziehen wir von der Gas~ 
schicht der Oberflache mehr als zwei Atome in Betracht, so wachst die Anzah 
der Glieder auf der rechten Seite von Gl. (4), die Korrelation zwischen kp, 
und k,, wird verscharft. Bei dicht liegenden Atomen tritt in der Amplitude des: 
Zustandes, der das Photon k,, enthalt das Integral itiber eltvrter—4) aubl 
das nach r zu integrieren ist. Das heisst: die »inkoharente« Streuung » -, > Vsx 
ist spiegelungsartig; es muss also die Relation 


kp tke —ky | 0 (5)/ 


bestehen, wo n die Flachennormale ist. In der Abb. 7 ist die Richtung den 
Strahlung der Frequenz y,, in dem speziellen Fall aufgetragen, in dem kp, kf: 
und tt in eine Ebene fallen. Es ist ersichtlich, dass neben dem »reflektierten« 
auch ein »gebrochener« Strahl entsteht, letzterer dringt aber ebenso wenig in 
das Innere des Gases ein wie die Strahlung yp, er wird mittels der Resonanz- 
Fluoreszenz E, — E, — E, reflektiert und mit dem ersteren vereinigt. 

Zur Beantwortung der Frage, ob diese Erscheinung tatsichlich beobacht- 
bar ist, miissen wir noch die voraussichtliche Intensitaét der Strahlung bestim- 
men. Zu deren Berechnung ist die gewéhnliche Perturbationsrechnung nicht 
mehr geeignet, man kommt aber mit der Methode von WEIsskorrF und WIGNER. 
die auch die Dimpfung beriicksichtigt, leicht zum Ziel. Wir fiihren die Resultate 
hier nicht an, die man in Bezug auf die Atome unseres Modells bekommt. Die 
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Z realen Umstande sind nimlich verwickelter, obwohl sie im Prinzip nichts. 
_ Neues bringen. So kénnen wir z. B. wenn wir an Na-Atome denken, in der 
a Nahe der Niveaus E,, E, (Abb. 4b) auch solche Niveaus Ej, E3 finden, die vom 
‘ Standpunkte der Ubergiinge der Abb. 4a entsprechen u.s. w. Ist die Theorie 
richtig, so scheint jedenfalls der Effekt experimentell leicht nachweisbar zu 
_ sein. Dem atomaren Ubergang E, > E, kann in der Wirklichkeit ein verbotener 
_ Ubergang, bei dem z. B. ein dusseres Feld das Verbot aufhebt, entsprechen. 
- Zum Schluss bemerken wir, dass die Atome sich in der obigen Anordnung 


_ jedenfalls nur kurze Zeit im angeregten Zustand befinden (die Wahrschein- 
_ lichkeit des Uberganges b + d ist zwar klein, aber die des Uberganges b > c 


Abb. 7 


sowie d +e ist gross) und daher nicht imstande sind, waihrend des Prozesses 
die (eben gedachte) Grenzschicht zu verlassen und so die Richtungskorrelation 
zu verwaschen. Der Strahl, der zu beobachten ist, ist zwar von kleiner Inten- 
sitat, er ist aber andererseits auf eine feste Richtung konzentriert, die durch 


(5) gegeben ist. 
IV 


Nun wollen wir ganz kurz den Fall a der Abbildung 4 betrachten. Bei 
unveranderten Lichtquellen geht hier der Prozess in folgender Weise vor sich: 
Die Atome der Grenzschicht werden die Photonen kr im Laufe des Uber- 
ganges E, > E, — E, reflektieren. Einige Atome gelangen aber statt durch 
den unmittelbaren Sprung E, > E, itiber dem Umweg FE, > E, > E, > E,in 
den Grundzustand zuriick, d. h. sie werden wahrend einer sog. mehrstufigen 
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- Fluoreszenz zunachst ein Photon ke streuen (kp —k;,) und erst dann die | 
vorher aufgenommene Energie in Form eines Photons k; wieder abpeberaa | 

Da der Ubergang E, > E, jetzt erlaubt ist, tritt dieser Prozess 6fter auf als 
der im Abschnitt I ehenientel Nun soll das Experiment eine Richtungekoroant 
lation zwischen den im Laufe der mehrstufigen Fluoreszenz emittierten Photo- _ 


nen k,, k; nachweisen. Nach der einfachen Rechnung muss namlich folgende _ 
Relation bestehen: { . 
kp +khp- eel WS 


die wieder in der quantenmechanischen Koharenz der an der Streuung teil- 
nehmenden Zustandskomponenten begriindet ist. Wenn nur ein einziges Atom” 
den Biindeln F und F’ im Wege stehen wiirde, ware die Richtung der Photonen 
k,, und kg beliebig. Ist die Intensitat der Lichtquelle F nicht zu gross, so kénnen 
wir von der Absorption der-Photonen k, absehen, andererseits kénnen die 
Photonen k; nicht ins Innere des Gases eindringen. (Sie werden bei grosser 
Dampfdichte meistens spiegelungsartig reflektiert.) Mittels Koinzidenzmessun- 
gen sind die Aussagen der Theorie auch in diesem Falle wahrscheinlich nach- 
prifbar. Die Frequenzen der zu beobachtenden Photonen kommen allerdings 
auch in der Primarstrahlung vor, das kann unter Umstanden vielleicht einen 
zu starken »Hintergrund« geben. Die realen Verhaltnisse sind auch hier ver- 
wickelter, bringen aber prinzipiell nichts Neues. Auch dieser Prozess hat einen 


schnellen Ablauf, wie das zur Beobachtbarkeit der Korrelation auch wiinschens- 
wert ist. 


Die oben vorgeschlagenen Experimente sind vom Standpunkte einer 
klassischen Strahlungstheorie von keinerlei Interesse. Wollen wir uns aber an 
das Quantenbild halten, so ist es wichtig zu bedenken, dass nach der Theorie 
das Bild der Erscheinungen wesentlich davon abhingt, ob mehrere oder nur 
ein einziges Atom vorhanden sind, obwohl bei den einzelnen (zusammengesetz- 
ten) Streuprozessen nach der Energiebilanz immer nur ein einziges Atom eine 


Rolle spielt. 
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The;energy of a finite real crystal is expressed as that of an alloy of the atoms and 
vacancies. This energy is a function of the vacancy concentration and of the size of the crystal 
block. The mixing entropy of the crystal is a function of the vacancy concentration. For 
certain block sizes the energy-entropy curve shows two inflexions. In these cases the melting 
temperature is determined by the common tangent of the curve and the melting entropy 
is the interval between the two points of contact. We get as a necessary condition for normal 
melting a certain block size. Results for alkali and noble metals and for diamond are in good 
agreement with experimental data. 


1. Introduction 


The existing theories of melting are all unsatisfactory in certain respects. 
One group of these theories uses the anharmonicity of the potential curves, 
connecting in some way the melting properties with the tensile strength of the 
crystal [1]. These theories do not give a convincing explanation for the sudden 
melting, or they give a melting point 3—4 times too large (in Kelvin degrees). 
Other theories use the local and distant order-disorder phenomena to explain 
melting [2]. These are in good agreement with the experiment, their insuffi- 
ciency being their semi-empirical structure only. There are further thermodyna- 
mic theories of melting, which do not give a direct connection between the pro- 
perties of the atoms of the solid and the melting properties [3]. 

There has been a tendency in very recent times to develop the theory of 
melting in a direction which takes as the basis the non-ideal structure of the 
erystal [4]. The theories using order-disorder were in some respects already 
such theories, however, the theories mentioned in this paragraph extend the 
non-ideal behaviour beyond the order-disorder phenomena to other properties 
too. The present theory also follows this direction. 

Summarizing the requirements which a modern significant theory of 
melting has to fulfil, we have collected the following list of phenomena con- 
nected with the process of melting: 

1. Melting occurs discontinuously at the melting point. 

ot Melting is connected with a certain latent heat, i. e. an entropy change, 


the melting entropy. 
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3. At melting there is a discontinuous change in volume. 

4. Melting occurs almost exclusively without the phenomena of over- 
heating. 

5. The opposite process, freezing, is, on the contrary, sometimes con- — 
nected with a considerable measure of undercooling. _ 

6. There are some smaller anomalies in the specific heat near the melting- 
point, however, these anomalies do not lead to an infinite specific heat at the 
melting point. In addition to these the theory should show the following 
features: 

7. It should reproduce the true quantitative connections between the 
thermodynamic and non-thermodynamic quantities occurring at melting. 

8. The theory should make one hope, that it — or a possible extension — 
of it — can give the absolute values of these quantities too. 

9. The theory should be as nearly as possible a purely theoretical and 
not a semi-empirical one. 

In the present work we treat the solid as a real crystal with vacancies, 
i.e. Frenkel-defects. We shall derive a relation between the vacancy con- 
centration and the entropy, further between the vacancy concentration and 
the lattice energy of the crystal. The form of this last relation depends on the 
size of the crystal block as a parameter. Determining this parameter we can 
treat the energy as a function of the entropy only. It is essential at this point 
to note that when plotting this energy-entropy relationship, the curve has for 
certain block sizes two inflexions, and thus there exists one among the tangents 
to this curve, which has two points of contact. As the slope of the tangent to 
any point of this curve gives the absolute temperature belonging to this point, 
this double tangent corresponds to the melting point, the point of contact 
lying lower representing the solid state and that lying higher the liquid state 
at the melting temperature. — On these bases we get good agreement with 
the experimental data for the melting point, for the melting entropy, for the 
vacancy concentration in melting and we can form an idea of the phenomena 
occurring in undercooling and overheating. 

The calculations were carried through in this work for one-valency 
metals and for diamond for atmospheric pressure only. 


2. The energy of a real crystal block 


The first question which arises is: What is the difference between an 
ideal and a real crystal? — Usually there is one respect, which is emphasized 
as this difference: the ideal crystal has a strict geometrical arrangement of 
the nuclei of the constituent atoms or ions, while in the real crystal there is 
the possibility of some deviation from this strict geometry. These deviations 
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_ may be vacant lattice points (vacancies) in the strict geometrical arrangement, 
__ or lattice points, which are occupied by foreign atoms or ions (impurities), or 
; they may be atoms or ions located not at the lattice points defined by the 
_ strict geometrical arrangement (interstitials). There is another type of deviation 
__also, in which the geometry does not repeat itself strictly periodically, i.e. 
| there is a small deformation in the lattice. 


There is, however, another possibility, which is usually not emphasized 

as a deviation from the ideal case and this relates to the size of the crystal 

» block. A crystal is ideal, if besides its strict geometrical arrangement it has 

_ infinite size in all directions. The calculations made for ideal crystals were 
related always to such infinite crystals. We consider therefore a finite erystal 
as a real crystal, even if it has a strict geometrical arrangement of the consti- 
tuent nuclei, in contrast to the infinite ideal one. 

In our model we treat a crystal block which is finite and possesses vacan- 
cies, but no interstitials or impurities. The number of vacancies in equilibrium 
is well determined by the temperature. If we denote the number of atoms in 

_ the crystal block by A and the number of vacancies in the same by V, we can 
consider the block as a lattice of A + V points. The vacancy concentration 


is thus: 
sees (1) 
Pe ae i 
and the concentration of the atoms 
A 
1 ae : 2) 
aati emer ( 


The number of vacancies in the block is from (1) 


pe se (3) 
1—p 

The energy of the crystal block may now be calculated in a very crude 
approximation as follows. In the lattice each lattice point has z nearest neigh- 
bours. This z, the coordination number, is given by the crystal structure under 
discussion. It is 6 for the simple cubic lattice, 8 for the body-centered cubic 
lattice, 12 for the face-centered cubic lattice and 4 for the diamond lattice. 
In our approximation we shall take into account additively only the contri- 
bution of the binding energy of the nearest neighbours. In a simplified phra- 
seology we may say that all atom-atom bonds contribute E.,, to the energy 
of the block and all atom-vacancy “bonds”, i.e. all atom-vacancy pairs of 
neighbouring position, Ey. If the whole number of the atom-atom bonds in 
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the block is N44 and that of the atom-vacancy “bonds” Nay, the whole energy — 


of the block can be written in this approximation 
E = NagE ga, + Nav Eay- (4) 


We have to pay attention here to the circumstance that Nay should contain 
also the atom-vacancy ‘‘bonds” on the surface of the block, where the word 
vacancy has lost its meaning. 

To determine N4, and Nay we suppose that the vacancies are distri- 
buted uniformly in the block, i. e. if p is their concentration, each inner lattice 
point has pz vacancy neighbours and (1 — p) z atom neighbours, irrespective 
of its being atom or vacancy. 

If we denote the number of atoms on the surface by A’ and that of the 
vacancies there by V’ supposing the concentration to be the same at the sur- 
face as in the inner parts of the block, we have similarly to (3) 


[re eae (5) 


We shall define a surface coordination number as the number of lattice 
points neighbouring a lattice point on the surface, counting only those which 
are within the block or on its surface. If this is 2’, the number of those 
points, which are outside the block, is — z’. These last zs — 2 neighbours are 
accordingly vacancies in any case. So each lattice point on the surface has 
(1 — p) (s — 2’) vacancy neighbours in addition to the pz vacancies located 
around the inner points of the block. We have thus a total 


i 1 ‘ ; 
Naa=—> (1p) 4z— — (1 p) A’ 2), (6) 


where the factor 1/2 prevents the bonds from being counted twice once at 
each end atom connected by them. 


Similarly, we have for the atom-vacancy “bonds” 
Nay = pAz + (1 — p) A’ (z — 2’), (7) 


where the factor 1/2 is omitted since each bond is counted only once, at the 
atom end. 


Presently the various crystal structures will be taken into account by 


specifying A’ and 2’. 


Acta Phys. Hung. Tom. XIII. Fasc. 4. 


THE THEORY OF MELTING 885 


3. N,, and N,, for various crystal structures 


on bins ara Na hes ay ies 


<a 

a We now proceed to determine the values (6) and (7) of the number of 
atom-atom and atom-vacancy bonds for the simple cubic, the body-centered 
3 cubic, the face-centered cubic and the diamond lattice. 

| In Fig. 1 parts of these four structures can be seen together with the 
‘bonds occurring on the surfaces. It can be seen that for the simple cubic 


metic 
; 5 
P= Oo-s= 0, 1.6. 2 === 5, (8) 
6 
for the body-centered cubic lattice 
; z 
F=— 9,92 = 4, ise. 2’ = —x, (9) 
2 
for the face-centered cubic lattice 
’ 2 
ee Wa pee ee ee el (10) 
and for the diamond lattice 
r : 1 
ia Ae eae ee Oe Bee (11) 


If we consider crystallites of cubic shape only, the crystallite can be built 
up of n° unit cells, one of which is drawn with heavy lines in each figure as 
the right upper cube. A unit cell contains | lattice point in the simple cubic 
lattice, 2 lattice points in the body-centered cubic lattice, 4 in the face-centered 
cubic lattice and 1 in the diamond lattice. (In this latter case two neighbour- 
ing cells in Fig. 1 d contain 2 lattice points, so that we have an average of 1 
lattice point per unit cell.) 
Thus the number A of atoms in the crystallite is determined by 


A = n(1—p) (12) 
in the simple cubic lattice, 


A = 2n3(1 — p) (13) 
in the body-centered cubic lattice, 


A = 4n3 (1 — p) (14) 
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(6) (d) 


Fig. 1, Sketch of the a) simple cubic, v) body-centered cubic, c) face-centered cubic and 

d) diamond lattice. The full heavy lines show the bonds directed inwards from the surface 

(the plane of the paper), the dotted heavy lines the bonds directed outwards from the surface. 
In each figure one unit cell is marked in the right upper corner by heavy lines 
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A’ = 12n?(1—p) 


toms in the face-centered cubic (f. c.c.) case and 


re Ae 2 Bat (=p) 


re 


a atoms: in ‘the diamond-type lattice case. 
sa Eliminating n from parsers G24?) and the corresponding equations ; 


(1-019). Renae 


on, . ; — 

j | Sed Soll ey Ate 20) 

for the s. c. lattice, ; 
E ah ; 

az A’ =3)2/—p- 4% 1) 
_ for the b. c. c. lattice, 

j 3. 3 
4 =3S)t—p an (22) 
4 for the f. c. c. lattice, and 

= 3)L—p -A® | (23) 


for the diamond lattice. Substituting these values and (8)—(11) into (6) and (7) 


_ we obtain, 

z : 

a Naa= p) [1 — l SoaE (24) 
4 . é 3 

. V ie Soar 25 
: Nay = 42 p+(1—p) aie (25) 
a 2 a — : eis Phys. Hung. Tom. XTiI. Fase. 4. 
2. 

a Pe 


for the s. c. lattice, 


IN es — 
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- 
: 
f 


pls) e2) (26) 
ee ol 


for the b. c. c. lattice, 
eel ic aes 
Az 4(1 — p) 
Naa = 2 P) a / A ? (28) 


Nay = 4e[p + er eceet 29) 


for the f. c. c. lattice and 


Nya=—G- (1 —P) r ety a (30) 
Nav =4:|p+>0—y | 44? | (31) 


for the diamond lattice. 


4, Determination of E,, and E,y 


The essential feature of the method will be the determination of Ey, 
and Ey as functions of the vacancy concentration p and of the size n of the 
block. The usual theories of solids do not take into account the finiteness of 
the crystal block. In fact the effect of this finiteness may contribute a very 
small corrective term only to the total energy of the block. On the other hand, 
we are not interested now in the total energy, but in the — relatively small — 
change of this energy with p and n, and thus we have to use a model which 
can account for the finiteness of the block. 

In previous crude LCAO MO calculations we could build up such a model 
in the case of a linear chain [5]. According to that work we have for the bind- 
ing energy of a linear chain of k similar atoms 


Ei, = al : = ‘! (32) 
“2 41) 
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if we suppose k to be even. f is the (negative) exchange integral between two 
Gearest neighbours in the chain. For k odd we get a similar formula: 


ee | 3) 


(32) and (33) differ only very little if k is not too small. For simplicity we shall 
use throughout this article (32), i.e. we suppose k to be even. 
A Now we consider the linear analogue of a finite crystal block with vacan- 
cies. The vacancy means in the linear case that the chain is broken at the place 
of the vacancy. Suppose the total number of atoms in the chain to be N and 
the number'of vacancies in it j. In this case the chain is broken into j + 1 
parts. The i-th part should contain k; atoms. Then, obviously, we have 
j+1 
PE SN. (34) 
tI 
Zs In the nearest-neighbour approximation this structure corresponds to 
j + 1 independent chains, each containing k; atoms. The total binding energy 
will be the sum of the energies of the j + 1 chains, i. e. from (32): 


j¢l jel 1 
E= YE, =28| > j—1}- (35) 
: ‘ — 4 IU 
at f=I sin 
2(k; + 1) 


The vacancy concentration is here 


j 
| ee aa (36) 
N+] 


which we suppose in the linear chain to be the same as in the three-dimensional 


crystal. 
For given N and p, E has a well-determined range of variation, which is 


given by the minimum and maximum of the expression (35) for all possible 


variations of the k; compatible with (34). 
According to the rules of calculating the conditional extremum we have 


to solve the following system of equations: 
ie caret), (37) 
a 
‘Sk, =N, (34) 


where A is a Lagrange multiplier. 
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As we see from (35), E is a symmetrical function in all k; and so using; 

(37) all k; are equal at the extremum. (34) gives now for the extremum 
f 

) 


| 
| 
) 
| 


(ee aoe (38 
Ra a 
and substituting this into (35): | 
: 1 q 
Ey = 267 +12) mee D LM; (39) | 
sin : 
2(N +j + 1) 


Introducing p instead of j with help of (36) we have 


mr Ne PVE u eee i) kc 40). 
Ey = 2pn{—P— + | (40) 


(40) gives one end of the range of variation of E. The other end of the range is | 
given by the end of the domain of the variables, i. e. with our convention that 
all k should be even, by 


ky = ky =-++ =k, =2, kj =N—Q. (41) 


Substituting this into (35) we get for the other extremum of E: 


: 1 
name = ———|, (42) 
sin see 
2(N — 27 + 1) 
or expressed by p instead of by j 
; 1 1 
_ opin | —? o : . el 
1—p N N si a 
on Sey ing eae 
2N |. P 
l—p N 


The distribution of the vacancies in the chain is random and the energy of the 
system is established by a suitable averaging. But E, and E, do not differ 
very much, if N is not too small, so that it does not matter, in what way we 


perform the averaging. Thus we take the arithmetical mean of E, and E, as 
the average: 
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This average energy can be interpreted according to equation (4) in the 
; following way. The number of atom-atom bonds is in this linear case: 


uf 4 2 Ih 
Nae SG — NaN —j-129| eee) AS) 
i=1 peli ji Nj 
‘ince ech group of k; atoms contains k; — 1 atom-atom bonds. 


Similarly, each group has 2 atom-vacancy bonds, one at each end, and 
so we have for the number of the atom-vacancy bonds 


j41 Pp 1 
Nay = $2 =2j +1) =2N| : | (47) 


ie 


_ Equation (4) is therefore in the linear case: . 


| a, 1 
E Egy - (48) 


“pe 1 
TON | L 
LEA mas N 


E=N| 


Pl 
f hn é 
; x am > Acta Phys. Hung. Tom. XIII: Fasc. 4. 
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We assume now that E,y, the interaction energy between an atom and 
a vacancy, does not depend on N and p. E,a, on the contrary, depends essen 


tially on both these variables. 
However, we can assume that in an ideal crystal, i. e. if p = 0, the bonds 


are independent of the size of the crystal, i. e. | 
E,,(N, 0) = E,4(c, 0). (49) 

With these assumptions we shall now compare (45) and (48) at the point 
pO: . 
Lets 

N 


2 eae ae | 
Eqa(o>.0) + 5 Eay = 28] — ~ =. f ali (50) 


Since this equality holds for all N, it holds for the terms not containingg 


1 
yan for those containing N separately: 


Egg (50) =e, | (51) 


— E,,(co, 0) + 2Egy = — 26 l a =| . (52) 
Tt 


(51) is the well-known result for an ideal crystal. Eliminating E,4,(°, 0) frome 
(51) and (52) we get for Eyy: 


Eye & es 7 (53) 


Substituting this value into (48) and comparing it now with (45), neglect-- 


, 1 
ing powers of N higher than the first one, we have for E,ya: 


E,, = 28 ae toe ey, 1—Tp 
2(1 — 2p) sin — 1—2p —— x(1 — 2p) 
Ac |" =plesep) pia (54) 
N (1 — 2p)? (1 — 2p)? 
: ap 
ap(1 — p)? ctg —— 
an a) rey. Co Phe Sirs 
2(1 — 2p)*sin 4(1 — 2p) sin 
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We note that in (54) NV means the number of atoms present in the chain. 
J To conform with the previous notation (equ. (12)—(15)), where n was the 
_ number of unit cells along an edge of the crystallite, we have to express N in 
(54) in terms of n in a way depending on the crystal structure. 


5. Energies for the various crystal structures 


A With the results of the last two sections we can write down the energies 
of the crystals as functions of n and p. 
In the case of a simple cubic lattice the chains containing the nearest 
neighbours are parallel to the edge of the cube and so the number of atoms in 
one chain, N, is connected with the number of cells in the same direction, 


n, by 
N = n(1—p). (55) 


3 


in (24) and (25) using 


’ Further, we have to introduce — instead of | eed 
: n 


equation (12). 
In this way we obtain by substituting (24), (25), (53) and (54) into (4) 


1 
and neglecting terms of order — or higher, 
n 


iL — 2p @ sin up 
2 
2 SYS 1 
(aw i 1 — 4p + 2p? — — (1 — 8p + 2p?) — (56) 
no(1 — 2p)? 4 
Itp 
mp(1 — p)(1 — 2p) etg —— 
1— 2p + 2p? A 2 
2 sin 4 sin ae 


for the s. c. lattice, where we introduced no, the value of n at zero vacancy 


concentration by 
3 
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‘In the case of a body-centered cubic lattice the chains containing th 
nearest neighbours are parallel to the body diagonal of the cube. The chain 
are therefore of different length. As one can calculate easily, the average lengt 


cats 


1 z 
of a chain is 1a -times that of the edge of the cube. Thus the average number 


of atoms in the chain, N, is connected with the number of cells along an edge, | 
n, by 
2n 
3 


N= 


aoe (58) 


where we have taken into account, that the nearest-neighbour distance is . 


—=% 3 (a I 
: -times that of the edge of the unit cell. So we have, replacing ae 


u 
by — according to (13), substituting (26), (27), (53) and (54) into (4) and neg- 
n 


lecting terms of order —, or higher: 
n 


E=fAz Rie ee p+ I (1 — 4p — p®) 4 p(l — p) 
ba 


1— 2p 2sin—~P 
2 
3(1 — p)48 iT 
et ap Opt 1 — 8p + 2p? 59 
In,(1 — 2p) Let ie hig p + 2p") (59) 
zep(1 — p)(V=- 2p) ete 
Big Resse ose ot en 3 ere 
2 sin a 4-sin 


for the b. c. c. lattice. Note that (56) for the s. c. lattice and (59) for the b. c. c. 
lattice differ only in that the second term in the square bracket is Seewe as 
2 


large in (59) as the corresponding term in (56). 
In the case of a face-centered cubic lattice the chains of nearest neigh- 
bours are parallel to the diagonals of the faces of the cube. The chains are 
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again of different length. A straightforward calculation shows that the average 
J 
i of a chain is in this case y2 -times that of the edge of the cube. 


o The average number of atoms in the chain, N, is therefore connected 
‘i with the number of cells along an edge, n, by 


N= n(l—p), (60) 


where we -have taken into account, that the nearest-neighbour distance is 


. : [= p) 
times that of the edge of the unit cell. So we have, replacing 


2 A 


1 
by — according to (14), substituting (28), (29), (53) and (54) into (4) and neglect- 
n 


1 
ing terms of order ——, or higher: 
n 


E = BAz 2) ptt (1 — 4p — p?) 4 p(l — p) 
a 27s 
it A Mees 4/3 il 
batele 4p + 2p? —— (1 — 8p + 2p’) (61) 
n(1 = 2p} I 
Jtp 
} 7 1 a= 1 — De (ig 
te op poet P( ; PT ap) ete 2 
2 sin He 4 sin re 


for the f. c. c. lattice. Note that (56) for the s. c. lattice and (61) for the f. c. ¢* 
lattice are entirely the same, except that the connection between A and n 
occurring in these formulas is given by (12) in the s.c. and by (14) in the 
f. €. c. case. 

In the diamond lattice we cannot select a linear chain transversing the 
block. However, we can consider broken chains as seen in Fig. 2. These chains 
contain the same number of atoms as the chains in the f.c.c. lattice case. 
So the average number of atoms in the chain, N, is connected with the number 
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a ee ee 


Fig. 2. Sketch of the chains in a diamond lattice 


of cells along an edge, n, by the same formula (60) as in the f. c. c. lattice case. 


3 


bis 1 | 
Thus replacing ya by — according to (15), substituting (30), (31), (53) and _ 
n 


(54) into (4) and neglecting terms of order —~ or higher, we have: 
n2 


1 
E = pAz | ———_| p?+- —- —(1 —4p = p?)+ p(l— p) 
een 2 sin - ap 
2 
(= ' py 1 
5 see at 6p? 5 — 23p + 6p? 62 
2n,(1 —'2p)}* Baer AL ( P P*) (62) 


zp(1 — 2 t poet 
"2 epee p(L =p) p) etg : 


wtp x . ap 
2 


2 sin a 2 sin 


for the diamond lattice. 
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6. The mixing entropy of the crystal 


The entropy of an atomic system can be built up of parts of various 
origin. These are of two kinds. One part of the entropy is a function of tem- 
perature, varying relatively slowly. This part is independent, or quasi-inde- 
pendent of the various phases existing at the same temperature. The vibra- 
tional entropy for instance is of this kind. The other part of the entropy depends, 
on the other hand, significantly on the respective phases. This latter part may 
be only a very small fraction of the total entropy, but its change is much larger. 


than the corresponding change in the other parts of the entropy in case of a 


change of phase. 

We consider here the vacancies as the causes of melting, thus it is obvious 
that we have to investigate that part of the entropy which has its origin in 
the vacancies. This is the same entropy of mixing which occurs in disordered 
alloys. In our notation this entropy is given by 


Beles nee 


vient (63) 


where k is the Boltzmann constant. 
In the Stirling approximation this gives 


S =k[(A + V) log (A + V) — Alog A — Vlog V] = 


1 
— Ak J log 2 Bes. Deas | = (64) 
1—p 1l—p 1—p l—p 


= — Ab| log py ee log], 
LP 


where we have made use of equ. (3). 

Equation (64) gives the first approximation of the entropy only. Applying 
the next approximation in the Stirling formula to equ. (63) the second appro- 
ximation is obtained which gives in the square bracket of equ. (64) a term 


proportional to —-, that is to—, . As the whole calculation is carried out to the 
A ne 


first order in — only, we can totally neglect in this approximation the change 
n 
of the aropy ain the block size. Similarly, the difference between the inner 


atoms of the block and the atoms on the surface is expressed by a term pro- 


1 . . . . 
portional to— , which we can again neglect in our approximation. 
n 
0 
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7. The free energy of the block structure | 

> | 

In the preceding section we considered a block of the crystal consisting | 

of about ni atoms. Now the question arises, whether ny has or has not a finite ~ 

value in the equilibrium state. In other words, the question is whether in equi- _ 

librium the crystal has a finite block size or an infinite one. 
The straightforward way to decide this problem is to investigate the free 

energy of the system. If one could show that the free energy decreases by 

breaking the crystal into smaller blocks, the equilibrium state would be this 

latter. A natural treatment of the problem would be to show that the free 

energy of the crystal has a minimum at some finite value of ny. There has been 

till now no possibility of showing this in general in the three-dimensional case. 

The present work is not able either to show this, since here all calculations are 


carried through in approximations to the first power of 4 only so that there 
is no possibility of getting a finite extreme value for es 

Instead, we show in a linear case that the chain really has a minimum 
free energy if it is sliced into smaller chains of definite lengths and on the 
analogy of this we conclude that the same is true in the spatial case. 

Let us suppose that we have a linear chain of N atoms as in section 4. 
This chain be broken into 7 + 1 parts containing ky, ky, .. .» kj41 atoms, 
respectively. Then equ. (34) holds and the total energy of the chain is given 
by equ. (35). 

As the energy (35) depends on the sum of the energies of the j + 1 chains, 
the thermodynamic probability, i.e. the number of the micro-distributions is 


! 


N! 
Vs Gap (65) 
Keg! Hog! «Kj 44! 


since the 7 + 1 chains may be interchanged. The free energy of the system is 
therefore from (35) and (65): 


_ ; ag! il 
F=E—TS=E—kTilog ¥ = 28) Yet 
i=l sin == ai — 
2(k, +1) 
ea! 
~ kT Hop Ni -loetj 1)! — Sloe: | = 
tk 
; j+1 l : (66) 
== 2p “N - _ ro as ] — 


kT 


ay 
log /‘(N + 1) + logy + 2) tS log I(k; + | = 


i=] 


where /(x) denotes the gamma function of argument Xx. 
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In the equilibrium state the energy has a minimum with respect to 
ky, ky, ...,kj,1 and with respect to j. First we consider the minima with 
respect to k,,k,, ..., kj,1. Here we have to solve the conditional minimum 


. problem, where the condition is given by equ. (34). We have thus in the usual 
- manner, if 4 is a Lagrange multiplier: 

2 ores. ap 2(k; + 1) 

<4 = - ! 

Z oh; (k; +1) Git eee ee 

i 2(k; + 1) 


+kP P(K) —A=0, (¢ =1,2,...,7 + 1), 
' 
where ¥(x) is the logarithmic derivative of the (x + 1)-function. As the j++ 1 
~ equations in (67) are all of the same form, we easily obtain 
koe . of eed Zien J 1); (68) 
re 
where we have made use of the condition (34). Substituting (68) into (66) we 
have: 


OO Be 


We Se 


F = 26(j +1) 1 


+1] 

. Pe } (69) 
N 

a KT log P(N By tog (74-2) == (7 + 1) ber zs || 


We seek the minimum of F given by (69) with respect to j, i. e. we have 
to determine j from the equation: 


t MA 
ctg = 
layed 
1 
“= = 2 a 1 — - 
J sin —— sin — 
2/4] deems, 
L jal tat 
(70) 
N 
=e aN RT| Mj +1) log P| + I} 
2| eae hee j 
Jana 
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Let us denote for the moment by 
d N 
: 
7 
{ 
: 


the nu 
Equation (70) may then easily be solved for T and may be written 
Tt mn Tt 
1 — sin ctg | 
2p 2(n + 1) 2(n + 1)? 2(n + 1) 
ee tly |% | 4 nen) —log F ee | 
si n) — 1 
"(n+ 2) Jes ae m+] 


The temperature corresponding to any value of n may be easily calculated 
if we take into account, that the parameter N occurs only in one term in the 
denominator. The results of the calculation are shown in Fig. 3. To make the 


| 
B=- 1,76 eV/mol 


N=10 


a 
2500 3000 TIK? 


Fig. 3. Val : ini 
g ues of n for the minimum free energy at different temperatures for a linear chain 
built of copper atoms 
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order of magnitude of the temperature and n perceptible, we have taken in 
the Figure for B the value —1,76 ev/mol. Considering the situation at fixed 
‘temperatures there are two points of the curves at each temperature. The 
lower point corresponds to a maximum of the free energy and the higher to 
the minimum of the free energy. 

;. Moreover from Fig. 3 one may see that at not too high temperatures 
(lower than 500° K in the Fig.) each n corresponds to a very narrow tempera- 
ture interval in a large interval of N. This means, that approximately we have 
_a unique relation n(T) irrespective of the value of N. This would mean that 
_at a fixed temperature all chains are broken into small chains of lengths n(T) 
whatever the length of the whole chain. 

: These results show that in a linear chain the free energy has a minimum, 
‘if the chain is broken into smaller chains. To make the same calculation for 
the planar or the spatial case would be, however, very involved and so we 
restrict ourselves here to suggest that by analogy we may suppose that the 
free energy is lowered by the block formation even in the planar or the spatial 
case. For the sake of simplicity we assume further that the parameter of this 
“block Ny is independent of the temperature. 


8. The energy — entropy curve 


Formulas (56)—(62) and (64) allow us to investigate the behaviour of 
the energy and entropy as functions of the vacancy concentration. (56), (59), 
(61) and (62) can be written in a common form: 


E 1 
@(P, 1) = —_— =f (p) + — a(P). (73) 
BpAz Ng 
where f(p) is for all four lattice types the same: 
1 : p(! — p) 
= 24 1 — 4p 2) 4 ; (74) 
F(P) aera te fap gi aay A > ein 2P 
2 


g(p) is the same for the s. c., the b. c. c. and the f. c. c. lattice: 


(ee) 
(1 — 2p)? 7 


B(p) = 


| a 
ap(1 — p)(1.— 2p) etg ae 


TP. 


4. sin ——— 
2 


Re el I Pd ee 
CY 
2 


2 sin 
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2n 
We remark that in the b. c.c. case ny has to be replaced DS aos For the dian | 
t 
t 
: 
i 


mond lattice we have: 


__ p)4/3 1 - . 
g(p) = (I — p)" | 3 — 1p + 6p? — — (5 — 23p + 6p) — 
2(1 — 2p)? I | 
| (76) 
hi a 
ap(1 — p)(1 — 2p) ctg —— 
rea pt — Pp) = 
Tt et tp 
2 sin 2 sin 5 


For the sake of completeness we re-write here the formula for the entropy too, 
s P 
#(p) = Se ie Og pie Sai log p. (77) 


Our thermodynamic functions are now the following: the internal energy of 
the system e(p, m9), a function of the vacancy concentration, p, only, if no is 
held constant; the entropy of the system, s(p), again a function of p only if 
we disregard the slow change of the entropy with temperature. In our whole 


treatment we deal with the case of zero pressure. This is certainly admissible | 
in the solid state and we suppose that we do not make a large error if we hold 
this supposition to be valid also for liquids in the neighbourhood of the melting 
point, i.e. we treat isobar melting at zero pressure. 
The volume of the crystallite can be expressed by (12)—(15) in the 


form 


(= ; (78) 
Sant 

where v, is the volume at zero vacancy concentration, i.e. at absolute zero 

temperature. (73) and (77) give in addition the internal energy and the entropy 


of the system. The general thermodynamic relations [7] give now the following 
results. The absolute temperature is given by 


de 
— 
OE a) 
ADs = ————— —= ae fabs . 
| as Pes Os Sie 
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he specific heat at constant zero pressure has an additive contribution from E 


major part of it originating from the vibrational motion of the atoms, 
“4 supposed to be the same in the solid and in the liquid phase). This contri- - 
z bution is: . 


OE 
dcp = cca = oe = 
aT dn, 8 | 0E /os 
Op | Op i | 
de ;{ Os i oe 
ages ap | dp 
ae os de Gs” 
Op  . “Op | ep Op” 


Equs. (78)—(80) are sufficient to describe the behaviour of the system. 
For a specified n, we can now plot the e—s curve. We give here a some- 


_ what detailed discussion of the behaviour of this curve, since it is of very great 


importance for the’ considerations further below. 

According to (79) the absolute temperature is proportional to the tan- 
gent of the e—s curve. 

We have to note, that the n, occurring in the formulas after (73) are the 
same as the n, before this formula but with a reversed sign. This means that 
one must not attribute too great an importance to the interpretation of ny 
as the number of cells in a specified direction. Indeed, the following discussion 
shows that n, occurring in the formulas after (73) takes on positive values 
throughout and this would mean a negative nuinber of cells in the system. 
For the moment let us disregard the meaning of ny and make the analysis 
with n, as a simple parameter without any specific meaning. Further we have 
to note that (79) holds only, if we suppose B to be independent of the tem- 
perature. This is not the case in reality. In spite of this we make our calcula- 
tions independent of the variation of / and for the sake of simplicity we make 
a correction in the last step of the discussion only. 

As f is negative, only those parts of the curve are feasible in which 


de /Os oe Be. 708 “5 F 
—~ /— is also negative.The parts with / —— positive are not points of thermo- 
ap/ op Qp | Op 
66 OS « vom 
dynamic equilibrium. Moreover, if the curve has a part, where = ae positive, 
Pi oP 


it must have more than one minimum (the point s = 0 is certainly a minimum 
belonging to p = 0). This would mean that the crystal has a metastable state 
at some vacancy concentration different from 0. This we should exclude — at 
least for ordinary pure metals. Such an exclusion imposes the condition 
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ae (81) 
. Op Op ? 
along the whole curve. { 
As | 
hk SAU ers (82) 
ap (1p)? | 


is always positive, taking into account (73), this means, that the inequality — 


Rie Tees Sp (83) 


Op Ng Op 


9 
should hold along the whole curve. Since = is negative everywhere, this con- 


dition is fulfilled in the whole range, where is negative (small p-values). 


In the range, where 5 is positive, n, must be subject to an additional condi- 


tion, namely 


6) 
My < — a (84) 


re Og. LAE 

everywhere in this range. — —— / 
Op/ Op 

this range. Therefore the condition (84) is fulfilled everywhere, if it is fulfilled 


at the minimum. The curve is given for the cubic and diamond type lattices 


is a function of p, which has a minimum in 


in Fig. 4. This curve has a minimum at some value of p. According to (84) 
this means, that there is a maximum value for nj, namely the value at this 
minimum. This is 


ny = 11,08 (85) 
for the cubic lattices and 

ny) = 10,75 (86) 
for the diamond lattice. 


If one disregards the sign of ny, one obtains, using equ. (12)—(15) and 
(57), that the maximum value of atoms in a block of the crystallite is 


A = 1360 (87) 


for the simple cubic lattice, 
A = 2721 ; (88) 
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A = 5441 (89) 


“4 


for the face-centered cubic lattice and 


A = 1242 (90) 
for the diamond lattice. 
Further investigation of the e—s curve shows that for a certain range 
of n, it has two inflexion points, whereas for other values of ny it has no 


' 
Ng cubic Ny diamond 


13 


i ; | | 


diamond 


12 


Fig. 4. The maximum value for ny for the cubic and for the diamond-type lattices 


inflexion points at all. If the curve e—s has two points of inflexion, it is 
possible to find a common tangent to two points of the curve, whereas in the 
other case each tangent has only one point of contact on the curve. We shall 
see later that a necessary condition for the existence of a definite melting 
point is the occurrence of a double tangent to the e—-s curve. In the case of no 
inflexion points we conclude that the solid-liquid transformation is a conti- 
nuous one extended over a wide range of temperatures. This property charac- 
terizes the amorphous phases. 

The calculations show that the two inflexion points existing in the case 
of ny not much smaller than given in (85) and (86) resp., approach each other 
more and more with decreasing ny. We can find a value for ny, where the two 
inflexion points coincide (where the second and third derivatives of e with 
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respect to s vanish at the same p) and if ny is less than this value, the curve: 


has no inflexion points at all. | 
This value of n, is for the cubic lattices | 

ly = 40 (91) 

and for the diamond lattice | 


gies tA) (92) } 


Using equs. (12)—(15) and (57) we get for the minimum value of atoms in the: 
crystal for a non-amorphous melting process 2 | 


A= 9} (93) 
for the simple cubic lattice, 


“422 183 (94) 
for the body-centered cubic lattice, 

A = 365 (95) 
for the face-centered cubic lattice and 


A = 69 (96) 
for the diamond lattice. 

The final conclusion can be drawn that the solids having normal dis- 
continuous melting properties have subcrystallites of the size of 91—1360 
atoms for the simple cubic lattice, of 183-2721 atoms for the b. c. c. lattice, 
of 365—5441 atoms, for the f. c. c. lattice and of 69—1242 atoms for the dia- 
mond lattice. This relatively broad range for the number of atoms gives an 
uncertainty in the calculation of the melting temperature, since each sub- 
crystallite size is connected with a well-defined melting point. 

The results of equs. (87)—(96) seem to give extraordinarily low values 
for the size of the crystallite blocks. The idea of such intrinsic crystal blocks 
is familiar in the literature. Apart from the investigations of G. W. STEWART [8] 
about the cybotactic groups there is some theoretical and experimental evid- 
ence for the existence of small intrinsic blocks, even in the single crystals. 
M. Born [9] shows that the consequent quantummechanical treatment of the 
dynamics of a crystal lattice leads to difficulties which cannot be solved unless 
an inner block structure is assumed in the crystal. Born determines a critical 
number of atoms, z), which is the maximum number of atoms on one edge of 
an ideal crystallite block at absolute zero temperature. He gets for this value 
29 = 900 for almost any substance. For finite temperature the number of atoms 
on one edge of a crystallite is according to BorN 
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w here 6 is the Debye temperature of the substance. This gives e. g. for gold 
with 6 = 170° K, at the melting point T,, = 1336,2° K about z = 30, which 
‘is of the same order of magnitude as the value (85). However, the meaning 
of the block in Born’s work is not the same as in the present paper. Our block 
‘size namely is independent of the temperature, whereas Born’s block decreases 
with increasing temperature, further our block contains vacancies too, whereas 
Born’s block is an ideal one, without any lattice defects. 

R. Firru [10] has shown that any theory of melting, which takes into 
account ide'al crystals and tries to explain the melting by the anharmonicity 
of the vibrations, gives unsatisfactory results for the melting point. He draws 
the conclusion that the intrinsic block structure is essential for a theory of 
‘melting. In another paper [11] he connects Brace’s theory of the mechanical 
strength [12] with the theory of melting. Brace develops in his paper the 
theory of the mechanical strength of solids assuming the existence of an internal 
“block structure in the crystal and Ftrru, connecting the melting temperature 
“with the existence of such a block structure concludes that the evolution of 
this block structure is a structure-insensitive, intrinsic property, as the melting 
point is also independent of the history of the sample etc. In contrast to this, 
the micro-crystalline mosaic structure (dealing with larger micro-crystals than 
those mentioned above) is a structure-sensitive property depending very 
strongly on the previous mechanical, thermal, etc. treatment of the sample. 
As experimental evidence for the existence of subcrystallites of very 
small dimensions we may quote the investigations of W. A. Woop [13]. 
Woop and his collaborators made X-ray structure investigations on quenched 
metals. They found that deforming these metals the erystallite blocks can be 
broken up into smaller subcrystallite blocks, which have a well-defined mini- 
mal size, characteristic for the metal. This supports the view that this sub- 
crystallite block structure is an intrinsic property of the solid. Recently, 
Stmmons and Bauvrr [14] have shown experimentally the existence of the 
subecrystallite blocks in aluminium and in silver. 

Considering the liquid state there is experimental evidence, evaluated 
by the Eétvés equation, showing that there is a tendency of association in 
liquid metals near the freezing point [15]. 

A similar tendency of association was observed in melts of selenium by 
Prof. RicuTer in Stuttgart with an X-ray diffraction technique [16]. 

In our opinion the small subcrystallite blocks given here do not consti- 
tute different units in the crystallite, observable by optical or X-ray methods, 
because the lattice planes of neighbouring suberystallites are parallel and only 
a minute difference in the distance of planes in the same suberystallite and of 
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planes in neighbouring subcrystallites (at the surface) constitutes the deviatio : 
from a larger crystallite. The subcrystallites may indicate in this sense that the 
lattice distance at these planes is somewhat larger than the normal one. Thi: 
causes some difference in the binding energy and it is this energy which wa 
taken into account in our calculations. This somewhat larger lattice distance 
however, does, not affect any essential change in the crystal dimensions anc 
thus it is not always observed by the usual X-ray techniques. 


9. The melting properties 


If we take a value for ny between (91) and (85) or between (92) and (86) 
the e—s curve has the form shown in Fig. 5. On the left of the Figure the tang 
ent of the curve is parallel to the s-axis, i. e. the absolute temperature at this 


1g B= Tundercooling 


SOG a a hiqui 
hase eal i ee ase 
- overheated undercooled P 
phase phase 


Fig. 5. Typical E—S curve for intermediate no 


point is 0. As we proceed towards higher entropy values, the tangent becomes 
steeper, i.e. the temperature increases. Finally we reach a point, where the 
tangent to the curve has a second point of contact on the curve. In this case 
both points of contact represent phases at the same temperature (determined 
by the common tangent), the lower point representing a phase with a lower 
entropy, the higher one a phase with higher entropy. We attribute to the 
phase with the lower entropy the solid state and to the phase with the higher 
entropy the liquid state. The slope of the double tangent gives the melting 
temperature, the difference of the abscissae of the two points of contact the 
melting entropy, and the difference of their ordinates the latent heat of melting. 
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By heating the solid the temperature increases and finally we arrive at 
the melting point, P,,. Here there are two possibilities for the system: By 


a 
~ receiving heat the system wanders along the straight line P,,P;, i. e. the tem- 


: 
pe 


perature does not change until reaching the point P;. In the meantime the 
entropy of the system increases by AS. The phase with a higher entropy 
- corresponds to the liquid phase, i.e. melting occurs in the interval P,,P; of 
_ the straight line. 


i The second possibility is that the system proceeds on its way along the 

_ curve in the interval P,,P;. In this case the temperature further increases 

_ right up to the point P,, with a relatively small change in the entropy of the 
“system. This way would correspond to the overheating of the solid. We shall 
revert later to the choice between these alternatives. 

Right to the point P; the temperature is higher than the melting temper- 
ature and the system is in a state with higher entropy, in the liquid state. With 
decreasing temperature arriving at P; we again have an alternative. The 
system could continue along the straight line P;P,, and in this way ordinary 
freezing would happen at the melting temperature, or the system could proceed 

- along the curve P;P,,. In the latter case the temperature would further decrease 
going left from point P,; with a small change of the entropy. This corresponds 
to the undercooling of the liquid. 

Presently we analyze under what circumstances the two alternatives 
occur. In the case of increasing temperature starting from the solid state it is 
clear that the entropy change, accompanying the absorption of a certain heat 
energy, is larger in the case of melting than in the case of overheating. This 
may be seen in Fig. 5, since the double tangent lies always on the right side 
of the curve. To judge which of the two alternatives will occur, we have to 
consider the entropy change of an adiabatic system, namely the total system 
consisting of the melting (or overheating) solid and of the heating medium. 
According to the second law of thermodynamics, in an adiabatic system always 
the process with a higher positive entropy change will be realized and never 
that with the lower one. 

Now heating is accomplished by transmission of the energy in some way 
from a system of higher temperature to one of lower temperature. Usually 


the entropy change of the heater system is then , where Tis the higher 


temperature of the heater and dE the transmitted energy. As the temperature 
of the heated system is always less than that of the heater system, the entropy 
change in the heated system is always larger than that of the heater system 
and thus the net entropy change is always positive. If we use a specific heating 
system, its negative entropy change determined by the heater, will be nearly 
the same in any case, whereas as we have seen above, the positive entropy 
change of the heated solid will be larger in the case of melting than in case of 
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overheating. So we conclude that by normal thermodynamic heating melting: 
occurs in all cases and never overheating. tj 

In the case of decreasing temperature starting from the liquid state the 
(negative) entropy change accompanying the development of a certain heat | 
energy is in the case of freezing always less than in the case of undercooling, 
since the double tangent lies always right to the curve and so the entropy change | 
on the straight line is less than that on the curve, reaching in the two cases _ 


the same ordinate. 
In a cooling process the cooler system absorbs heat energy from the cooled 


dE 


system. The entropy of the cooler increases therefore by an amount T? where 


T is the lower temperature of the cooler. The entropy change of the total 
system is therefore always positive, as it has to be. At first sight the freezing 
procedure seems to be that-with a larger entropy change in contrast to the 
undercooling procedure, since in this case the negative change in entropy is 
smaller. The detailed investigation of the system shows, however, the following 
situation. 

To examine the behaviour of the melting or the freezing system during 
the process, we proceed on the straight line connecting P,, with P;. Any point 
of this line corresponds to a state, where a certain amount of the whole sub- 
stance is in the liquid phase and the remainder in the solid phase, both at the 
same temperature. In P,, 100% is in the solid phase and 0% in the liquid one 
and in P; just reversed. The system needs a small, but in any case finite time 
to get from P,, to P; or from P; to P,,. In the case of melting the presence of 
the heat needed for the process is the only necessary condition for its realiza- 
tion. Therefore this can be achieved homogeneously in any part of the system, 
however small this part is chosen. In this case the total entropy of the system 
discussed above may be regarded as the quantity determining the process. 

In the case of freezing, however, the situation is somewhat altered. In 
this case the possibility of extraction of heat is only one necessary condition 
for the realization of the process. The other one is that the particles should 
reach their regular positions in the crystal. This is connected with the formation 
of crystallization grains. In the liquid just over the melting point there exist 
already some such grains distributed relatively uniformly over the whole 
liquid. Considering this we see that these grains have a finite average distance 
from each other. If we pick out of the whole system, these grains only, without 
the surrounding grain-free parts of the system we must conclude that in 
the neighbourhood of the grains all the conditions for freezing are given, 
whereas in the grain-free regions they are not. Any point of the straight line 
P,P; corresponds therefore to a state, where some percents of the total system 
are already frozen and the others are not. But this is achieved in such a way 
that the frozen parts are concentrated on the grains and reversed. But if we 
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pick out a frozen region, this region is not adiabatically shut off from the other 
parts of the system and therefore the energy balance cannot be made for this 


“part alone. However, the entropy of the individual parts of the total system 
can be discussed. This discussion shows that the entropy change in the frozen 
egion of the system must have a very large negative value, whereas in the 
neighbouring undercooled regions it has less negative values, so that in total 


a 


the entropy change (together with that of the cooler) is positive. That would 
“mean that in the regions of the crystal grains the process is — at least locally — 
p _not submitted to the law of largest positive entropy change. We conclude there- 
fore, that the natural process must be that of undercooling. The situation is 
somewhat altered, if we provide in some other way for the fulfilment of the 
second conilition for freezing. We also have to furnish the freezing system with 


a the necessary atoms in the proper positions. This is made easier if the atoms 
have a larger chance of finding the right place in the system, either by stirring 
_or shaking. These operations supply always a positive entropy change and so 
the large negative entropy change by freezing can be counterbalanced, and 
freezing accomplished. Undercooling is therefore possible only under totally 
- undisturbed conditions. 
. According to the above, undercooling can be accomplished in principle 
down to a temperature which corresponds to the tangent in the upper point 
of inflexion. 

Therefore if the crystal structure and the binding energy are given, we 
have two relations between the three quantities: virtual subcrystallite size 
(n,), melting temperature (T,,) and maximum undercooling temperature (T,,;)- 
If any one of the three is given, the other two can be calculated. 

A first approximation of the melting temperature can be calculated with 
the assumption that the substances may be undercooled right down to the 
absolute zero temperature. This assumption is not justified experimentally, 
but it is a well-known fact that sometimes a system can be undercooled even 

, down to very low temperatures. The condition for such an undercooling is that 
the tangent in the upper inflexion point is horizontal. The condition for the 


horizontal tangent is 


oi, (98) 


where the sign denotes differentiation with respect to p. The condition for the 


inflexion point is similarly 


£702 (99) 


Since s’ # 0, these give the simultaneous conditions 
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and 


According to (73) equs. (100) and (101) can be written in the form 


pkey (102) 
No 
and 
(OS g” = 0 (103) 
No 


Eliminating n, from (102) and (103) we have 


ie —g’ f” = 0. (104) 


As we stated after equ. (84), the curves of Fig. 4 give the ny resulting 
from (84), if we use there the equation sign instead of the inequality. (104) 
determines the minimum point of these curves and (102) the values of ng 
corresponding to these minimum values. These are the values (85) and (86): 
thus we conclude that the assumption of the possibility of undercooling to thes 
absolute zero temperature implies the choice of the largest possible values of n., 
Our assumption means T,,, = 0. Finally, T,, can be constructed from the e—s: 
diagrams with these maximum 7). 

As we have stated in section 7, to be consequent we would have to deter~ 
mine n, by minimizing the free energy of the system with respect to the vari-~ 
ation of ny. This procedure would be, however, very involved, so that we do 
not follow this way. In the present treatment we approximated by taking intof 


account the dependence on my only to the first power of — in a power series: 
n 
0 


in powers of — .So in this approximation the minimization with respect to ng 
0 

is meaningless. Consequent minimization could be carried out in a higher 

approximation only. That is why we have followed the inconsequent way of 

determining ny further above from some other considerations. _ 

Fig. 6 represents the e—s curves for the cubic and for the diamond 
structures constructed with the maximum ny values (85) and (86). The melting 
entropy is the difference of the abscissae of the two points of contact of the 
double tangent. According to (77) we may evaluate this value in cal/molgrade. 
In Table I we give the experimental values of the melting entropy together 
with the theoretical values calculated here. 
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Table I 


Calculated and experimental melting entropies in cal/molgrade 


rr 


AS experimental AS calculated 
igen ache cee 2,43 | 
INSU 5 Sete eae 2% 1,70 
Ke actusercieiers Bic Uhre | 
uh Se see, ees 1,70 | 
6s Bd 1,66 2,16 
Guat eer... 2,29 
t AG Boer asta s 2,19 
CANTEEN eA Sec 227 J 
average ...... 2,00 2k 
C (diamond) .. _ | 2,28 


Table I shows that there is a connection between the crystal structure 
and the melting entropy. The melting entropies of the b.c.c. alkali metals 
(except Li) are fairly constant and so are the melting entropies of the f. c. c. 
noble metals. The exception, Li, shows probably a transition to molecular 
binding and this explains its high value. The difference in the b. c. c. and the 
f. c. c. structures cannot be given by the present simplified treatment. 

The melting temperature can now be calculated knowing the proper 
values of 6. Here we deal only with the simplified treatment outlined with the 
assumption of the possibility of undercooling to the absolute zero. In a follow- 
ing paper we shall discuss the complete connection between ng, Ti, and Ty. 

In our particular case, T,,, = 0, we now have to fix the values we shall 
use in the calculations. For an ideal crystal Horrmann [17] could correlate 
the Bz — values with the binding energy of the crystals. According to this we 
have in our notation: 


E, = 2,0048 pz , (105) 


where E, is the binding energy per atom and we write in our notation fz for 
£ in the paper quoted. The Af,z — values determined from the experimental 
values of the binding energies at room temperature are given in Table II. The 
experimental values were taken from the compilation of BicHowsKy and 
Rossini [18]. 

The values of Table II are room temperature values and since most of 
the melting temperatures are far from room temperature, we are for this 
reason compelled to make a correction in the f value. This is in contradiction 
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to our previous assumption of constant f, but the error made in this way is 
smaller than that committed by using the f,-value for room temperature 
To establish the temperature correction we remark that f is essentially 
the exchange integral of two neighbouring atoms (see e. g. reference [5]). The 
wave function occurring in this exchange integral is of the form ; 
~ 


pr ee < | (106) 


where y is a constant, the Slater exponent. 
The exchange integral is therefore in a crude approximation of the form 

pr ent, (107) 

where dis the distance of two neighbouring nuclei. If 8g is the exchange integral 
in the case, where the two neighbouring nuclei are at the distance dy, we con- 
clude from (107): 
eed hE heaitaneal (108) 


Now the temperature correction consists in the correction of f for the _ 
change of the interatomic distance caused by the change of temperature. The 
latter is connected with the linear expansion coefficient, a of the substance by 


& 


‘ 
pe Saha nigh (109). 


(108) can be written with the aid of (109) as 
B ca ares (T—Ty) ; (110) : 


The exponent in (110) is so small that we can expand the exponential 
in powers of the exponent in a Taylor-series and neglect the terms of orders 
higher than the first one. So we have instead of (110): 


B = By [1 — 2yad,(T — T,)] . . (111) 
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ere R = Ak is the gas constant, R = 1,9864 cal/molgrade. For the cubic 
s we have from Fig-6 . i. ee 


. tigée=> 0,0875 , ; (114) : aa 


; ip gee aes 0 1 tk 
Fig. 6. e—s curve for the maximum no-values for cubic and diamond structures 
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and for a diamond-type crystal 


Al6 T, A. HOFFMANN . 
i 
: 


tge=0,0904. (115) 


In Table III we summarize the values of the constants needed to evaluate 
T,, from (113) with Ty = 293° K (20° C). 


Table II 


The Slater exponent, y, the thermal expansion coefficient at room temperature, a, the nearest- 
neighbour distance at room temperature, dy, and the value of 2yady 


a 


y (L/A) a(10- */grade) d,(A) 2yad, (10-4/grade) 
[Aen esecee 1,2283 58 3,040 | 4,3315 
INE ep eacuanas 1,3857 71 3,707 7,2942 
1S aa Soe cake 1,1236 84 4,616 8,7134 
RD eterna 1,0393 | 90 4,867 9,1049 
Cs cretstiters A otrtaaes 0,9898 | 97 5,239 10,0600 
Cube ge tears 1,8896 16,5 2,503 1,5920 
ENR re mitt ceca 1,7479 18,7 2,885 1,8860 
Auloe oes | 1,6647 14,2 2,878 1,3606 
C(diamond) .. 3.0718 1,18 1,540 0,1116 


The melting temperatures can now be calculated using (113), (114), (115) 
and the data of Table IT and III. These values and the experimental ones are 
given in Table IV. 


Table IV 


Calculated and experimental melting points 


Ty, calculated (K®) Tm experimental (K°) 

Li ee | 704.3 575,0 
Na. bce 488,] 370,9 
K ee 396,0 336,7 
Rb (eee 381,7 312.2 
Cs... 377,8 301,7 
I | 1454.3 1357,2 
Agni. eee 1230,3 1233,7 
Au ; cance | 1655,0 1336,2 
C (diamond) ... 3712,0 3973 
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. THE THEORY OF MELTING _ ety 


3 The next approximation in this theory would take into account the finite 
undercooling. However, as sufficient experimental data for the maximum 
ndercooling temperature are not available, the following discussion, seems to 


e of use. From the known melting temperature values we can calculate the 


Virtual subcrystallite size and the maximum undercooling temperature at the 
Same time. With these data the maximum undercooling temperature can be 
compared with the available undercooling temperatures. On the other hand, 
if we know the maximum undercooling temperatures exactly enough, we can 
‘calculate from these values the melting temperature and the virtual subcrystal- 
lite size. 

These calculations will be given in another paper, however, we can state, 
that the melting points given here for T,,, = 0 will in any Case increase in the 
ease I’, > 0. 

One can see from Fig. 6 and equ. (77) that the vacancy concen- 
tration p increases at melting from a value of 1,5—2% to a value of about 
40%. This would mean according to (78) a similar change in the volume 
at melting. However, this change in volume seems to be too large and 
the high percentage of vacancies in the liquid phase calls also for an 
explanation. . 

The high vacancy concentration would mean in a linear chain the total 
disintegration of the chain. In the planar, or even in the spatial case, how- 
ever, this high vacancy concentration does not bring about the disintegration of 
the system. The remaining atoms, namely, may preserve a skeleton, which 
contains a very high number of vacancies and which all the same does not 
fall into pieces. The reason for this lies in the high coordination number arising 
in the planar and spatial cases. 

The large increase in volume on account of the high vacancy concentra- 
tion is partly compensated by the local shortening of the nearest-neighbour 
distance in the case of diminishing coordination number. The experimental data 
for the nearest-neighbour distance in metal and in molecules built up from 
two metal atoms show for instance for the alkali metals that the latter is 
about 0,85 that of the former. This is connected with the fact that in the 
metal the coordination number is 8, whereas in the molecule it is 2. This short- 
ening would mean a decrease in the volume, i. e. 0,85% — 0,614, i. e. of about 
40°. In the case of melting the effective decrease in the coordination number 
is not so great as the decrease from 8 to 2, but it is still considerable, the 
decrease in volume will be therefore less than 40%. This and the increase 
caused by the large vacancy concentration can explain the 10—15% increase 
in volume at melting. 

We conclude with the assertion that the theory describes quite 
correctly the observed anomalies in the specific heat of the alkali metals near 
the melting points. This will be discussed in another paper. 
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The retention of a number of fission products on humus-rich peat preparations has been 
investigated. At a favourable pj; (5—6) the following elements are firmly fixed: all rare 
earths; Y, Sr, Cs, Zr isotopes. They are firmly fixed by cation exchange on peat with an enrich- 
ment constant (distribution coefficient) of about 10.000 : 1. Some fission products are certainly 
not fixed by humus, such as isotopes of iodine, Nb, not to mention the inert gases. The signi- 
Ficance of this retention is dealt with, from the. point of view of the treatment of fission pro- 
duct contaminated waste waters of the atomic industry and the circulation or retention of 
fission products carried down into the humus-rich fertile soil by atmospheric precipitation. 


—— 
z 


Introduction 


The retention of cations by humic acids 


The senior author observed in 1951 [1] that U is very firmly fixed, 1. e. 
adsorbed by humic acids and fossil forms of plant debris (peat, lignite, brown 
coal), which contain large amounts of humic acids. As it is well-known, they 
ean be regarded as fossil humic acid concentrates. 

The investigations of the senior author showed that this adsorption is 
the responsible factor for the well-known geochemical concentration of U in 
bioliths [2]. 

These investigations which were carried out in an equilibrium state 
between water phase and humus-rich peat phase demonstrated that the distri- 
bution, coefficient of the (UO,)+ * cation between the two phases is 1: 10.000 
in order of magnitude under favourable conditions (pH ~ 3—9). 

If we mix one gram of a peat preparation with a larger volume of water 
and add some microequivalents of a uranyl-salt solution, adjust the py to a 
value of about 5, then separate it by filtering the water from peat, we observe 
that U will almost completely disappear from the water and the U-content 
of one gram of peat will be about 10.000-times higher than that of one gram 


of water. 
We may call this quotient of distribution between the two phases distrt- 


bution coefficient. 
If higher concentrations of (UO,) ++ solutions are used, saturation will 


take place. The saturation capacity of various peat preparations amounts to 
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largely similar values of about 1—3 milliequivalents of (UO,)** per gram of 


dry peat. a | 

: Y tahier experiments were directed to clarify the fixation phenomenon 
itself. Radioactive tracer experiments demonstrated that the fixation process 
is reversible and exchangeable. The fixed cations can be easily exchanged bys 
another isotope of the same chemical element as well as by a cation of another 
element. E. g. the adsorbed (UO,)** cations can be replaced either by Th**) 
cations or by H* cations at a py < 3. These experiments have shown that ther 
process is actually a cation exchange process, effective at least for a number ofi 
other cations too. This property seems to be identical with cation-exchangeg 
properties of the humus of fertile soil long known for some elements of lowe1 
atomic weight (e. g. Ca~~ etc.). 

The reversibility of fixation shows that the cations are not fixed by some: 
irreversible organic complex bond onto a polymer molecule as assumed recently 
by Mansxaga et al. [3], [4]. It is a cation exchange process, even if it appears? 
on account of the very high distribution coefficient to be something else. 

In the case of cations of high atomic weight or high valence, the distri- 
bution coefficient of the cation relating to humus and water is extremely high, 
of the order of 10.000—30.000 : 1, at a favourable py of 3—5. 

The exchange process is very rapid and the equilibrium sets in within a 
few seconds. In fact, the velocity cannot be measured. In contrast to synthetic 
cation exchangers, the cation exchange on humic acids takes place upon a sur- 
face and not in a volume. 


Numerical characterization of cation exchange properties of a given 
humic acid preparation 


By observing the properties of the fixation process, the necessity and | 
possibility arose to develop a useful mathematical formalism for the numerical | 
treatment of the observed phenomena. 

The detailed deduction of the following formula — which gives a good 
numerical representation of the process of fixation — was previously published 
by the senior author [5], [6], wherefore only a short summary will be given here: 

Starting from the two experimentally stated conditions: 

1) the condition of reversibility and 
2) the condition of saturability 


one is lead to an equation similar to the Langmuir adsorption isotherm: 
ac 
a * a ee 9 
1+ ac 
where c denotes the equilibrium concentration of uranium in the aqueous 


phase, N the concentration of uranium in the humus-rich phase (peat) 
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in meq/g), N., denotes the saturation capacity of 1 gram of peat for 
(UO,,Jmeq/e) and a is an empirical constant. 

The observed adsorption isotherms (Fig. 1) can be very well represented 
Re formula [5], if the experiments are carried out at a constant p-value. 
n this respect it is more suitable to speak of iso-p;,-curves instead of isotherms. 
The behaviour of a given humus or peat preparation can be characterized by 
two constants. One of them is the distribution coefficient (N,,. a) and the 
other is the saturation capacity (N..). 


"a 
x 
4 

“5 


ay 


5 10 15 ZO G 


Fig. 1. The adsorption isotherm of (UO;)** on humus-rich peat. Ordinate: equilibrium con- 
centration of (UO,)** on peat. Abscissa: equilibrium concentration of (UO,)** in the water 
phase 


After the investigations concerning (UO,)* *, a number of other cations 
of high atomic weight were investigated in this laboratory [5], [7], [8]. 

I. Szan6 [7] investigated a number of cations and determined their 
distribution coefficients and saturation capacities in a specific peat preparation 


(see Table 1). 
Table 1 


Saturation capacity and distribution coefficient of a specific peat preparation with respect to 
some cations measured by I. Szabo [7] 


Cation | PAUNY ie a | PO page 
INES 0,80 | 0,0451 - 104 
Fet+ 0,66 | 0,0910 + 104 
Gut * 0,70 | 0.2380 - 104 
UO, * 0,72 | 0,8600 - 104 
Tht* | 1,00 |  2,1000 -104 
Lape | 0,80 2.3000 - 104 

| | 
(ese 1,38 | 0,0770 - 10 
Fet++ 1,35 | 2.6500 - 104 
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E. Britcuer [8] compared the fixing of U** with that of (UQ,) 
and stated, that quadrivalent U** is more firmly fixed than bival 


(UO,)+*. 


Prospects of the retention of fission products by humic acids . 
. | 

It is well known that fission products contain a great number of cation: 
of high atomic weight, and of one or more valencies. Since it has been know 
for many years at this laboratory that La and other rare earth metals ar 
firmly fixed by humus at a distribution coefficient of about 20.000, we decide: 
to investigate in detail the fixation of the fission products by means of humus 
rich peat preparations under favourable conditions. 

This problem is not a simple one, because the number of primary radio 
active fission products is about 90 [9], and considering their radioactive daugh 
ter-products [9] this number is raised to about 200. The number of elements 
of the periodic system involved is about 36 extending from Z = 30 up t 
Z = 66. . 

The importance of this problem need not be emphasized. The following 
significant subjects are involved: 

1) Decontamination of the waste waters of atomic industry; 

2) Fission products of nuclear test explosions carried down into the 
humus-rich soil by rain water. 

Waste disposal is a great problem of the growing atomic industry. In the 


industrial processes of the treatment of “burnt out” fuel rods, various types: 
of waste liquors are produced. Those of high concentration and small volume 
are to be concentrated and reserved. Other waste waters of medium radio- 
active contamination have too large volumes to be reserved and also are toa 
contaminated to be dispersed in nature. They must be treated somehow before: 
dispersal. The treatment is to be cheap and reliable, and it should give a high 
volume concentration of fission product contamination. 

As we have seen above, humus-rich peat preparations seemed to be very 
promising for this purpose. Peat is a very cheap natural cation exchange resin 
for cations of higher atomic weight. The distribution coefficient of 10.000 may 
concentrate some of the radioactive contamination of waste waters in the 
proportion of 1: 10.000. A further concentration is easily manageable by 
burning the peat in a special suitable incinerator, where its weight is reduced 
to the weight of its ash content (5—10%) and its volume is concentrated to 
a very small fraction. Further disposal of wastes concentrated in this way Is 
a problem identical with the treatment of other concentrated wastes. 

The following question arises now: which of the 200 or so fission products 
are fixed by peat, and which are not? 
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In our earlier experiments [10], we concentrated our attention on some 


long-lived or biologically dangerous fission products: Cs-137, Sr-90, J-131, 
~ Y-90, Ba-140, La-140. 


a. 


% We observed that the above isotopes are firmly fixed by peat with the 
_ exception of anion J-131, whichis not fixed at all. We prepared acation exchange 

column from humus-rich peat and observed that, in the process of elution, 
‘trivalent Yttrium is more firmly fixed than Sr-90; La-140 is more firmly fixed 


— 
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Fig. 2. The ‘break-through volume” of a humus-rich peat exchange column on which Ba 


140 is fixed. Abscissa: py; units. Ordinate: the volume of eluant, necessary to start the 


elution of fixed Ba-140, in multiples of the volume of the cation exchange column 


than Ba-140; and La-140 is better fixed than Y-90. The difference between 
Sr-90 and Cs-137 is not very pronounced, but Cs-137 is somewhat more firmly 
fixed than Sr-90. 

The elution can be carried out by H*-ions in the form of HCl, in concen- 
trations of 0,01 n or higher. Similarly, the elution can be carried out by NaCl, 
FeCl, or CaCl,-solutions which are able to drive out radioactive c 
used in sufficiently high concentrations. 

The influence of the py upon the retention of cations by humic acid is 
very pronounced. Fig. 2 shows the influence of py upon the “break-through 
volume” of a humus-rich peat exchange column on which Ba-140 was fixed. 


ations if 
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The ordinate shows the volume of eluent necessary to elute the fixed Ba-140 | 
in multiples of the volume of the cation exchange column. The curve takes ong | 
a value of 500 at py = 4 and rises to an immeasurable height at the optimum | 
pu of about 5. If the py is approaching 7, 8 or more, the humus dissolves into | 
a yellow colloidal solution of Na-humate, and the Ba-140 cations are liberated | 
partly by this factor and partly expelled by the surplus of Na* cations. 


. 


Present investigations on mixed fission products 


a) Activation of fission products by n-irradiation of U;0, 
and their electrophoretic and nuclear spectroscopic analyses 


The aim of the investigations described in this paper was to inquire into 
the retention properties of a humus-rich preparation with respect to a large 
number of fission product isotopes. 

Very short-lived fission products are from this point of view less import- 
ant. The investigations of some of the most dangerous long-lived isotopes 
(Sr-90 and Cs-137) were reported in a previous paper [10]. It seemed advan- 
tageous to us to carry out an experiment in the following way: 

A one gram sample of UO, was irradiated in a reactor of the swimming- 
pool type for 4 hours, at a thermal neutron flux of 10%. 

After irradiation and six months decay time, when the short-lived pro- 
ducts practically died out, U;0, was dissolved in concentrated HNO, and 
adjusted to 10 n. 

The fission products were separated from uranylnitrate by solvent extrac- 
tion with aether (free of peroxide), repeated four times. The nitric acid phase 
was free of U, but one part of the fission product activity passed into the 
aether phase. The nitric acid phase containing the majority of fission products 
was evaporated and taken up again with | ce of 1 n nitric acid. 

As to the fraction extracted by aether nitric acid solvent extraction, its 
gamma activity amounted roughly to one third of that of the total fission 
products as measured in Ra gamma equivalents by a GM counter. According 
to the paper of H. FreIseER and Grorce H. Morrison [11], the following 
elements of the periodic system can be expected as partially extracted together 
with (UO,)**: Zr, As, Ce(IV). 

Further investigation of this fraction is in progress. 

The solution of mixed fission products was first investigated by paper 
electrophoresis. A drop of about 3 microliter of the solution was placed on a 
strip of Whatman filter-paper wetted by 1,2% NaNO, solution. After an 
electrophoresis of 2 hours at 280 V, the strip was dried and .the distribution of 
activity along it was measured with an automatic registering beta-counting 
equipment. Figure 3 demonstrates the result. The activity was resolved into 
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four major groups. One of them (group D) migrated towards the anode and so 
consisted of anions. The other 3 groups were cations migrating towards the 
cathode. The paper strip was cut into pieces after the separation experiment, 
nd the gamma radiations of the 4 groups were separately investigated by 
means of a scintillation gamma spectrometer. 

; No gamma radiation was detected in group “A”. It seemed to consist 
entirely of beta emitters. 


Start 
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Fig. 3. The distribution of fission products after a paper electrophoretic test. The figure 
demonstrates an anionic group (D) and three cationic groups (A, B, C) 


We investigated the beta spectrum of this fraction with a beta spectro- 
meter of the toroid sector type constructed by Szatay and Berényr [12]. 

The analysis of the beta spectrum and the determination of the half 
period showed that most of the observed activity resulted from Sr-89. The 
presence of Sr-90 was not significant and could not even be expected for the 
short irradiation time of [,0,. 

The gamma spectrum of group “B” showed three characteristic peaks of 
0,034, 0,080, 0,133 MeV energy and a long continuous spectrum in which no 


peaks could be resolved, extending up to about 1,5 MeV. 
The energy of the photopeaks pointed to Ce-144 as being the most prob- 


able origin of this activity. To check up on this assumption, the gamma spec- 
trum of a Ce-144 preparation was taken by the same scintillation gamma 
spectrometer, in the same geometrical arrangement. Both spectra are shown 
in Figure 3/B. They seem to be identical. The analysis of the beta spectrum 
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showed roughly one group having a maximum energy of 200 + 100 KeV ang | 
another group having a maximum of more than 2,8 MeV. | 

There is no doubt that the gamma spectrum belongs to Ce-144 and to. 
its daughter element Pr-144. Group ““B” is here the fraction containing the 
rare-earth cations. It is sure that the rough chromatographic separation techni- 
ques used (see later) will not separate the rare-earth elements from each other. | 
All rare earths are fixed by peat in the same manner. The short irradiation 


| 


Count/min 


; 60. 70 80 90 100 Vdiser. 
0 100° ~—-200 300 400 500 600 E keV 
34 80 133 661 


Fig. 3/B. Gamma spectrum of group ‘‘B’’, compared with a Ce-144 isotope preparation. 
Group ‘‘B” shows three characteristic peaks of 34, 80 and 133 KeV 


and long cooling down time of the irradiated U,O, results in the presence of 
other rare-earth isotopes with only insignificant activities, just as we calculated. 

The gamma spectrum of group “C’’ showed an intense photopeak at 
0,765 MeV and a complex gamma spectrum, which could not be resolved into 
peaks. (Figure 3/C.) The beta spectrum showed a maximum energy of about 
350 -- 50 KeV. 

These facts indicate that this group consists largely of Zr-95. Of course, 
the presence of other fission products in smaller quantities is not excluded 
either by the gamma spectrum or by the beta spectrum. 

Group “D”’, which showed anionic character at paper electrophoresis, 
gave a strong gamma photopeak (Figure 3/D) with an energy of about 0,76 MeV 
and its beta spectrum had a maximum of 100 + 50 KeV. This fact indicates 
that the major component of this group is Nb-95, the daughter product of Zr-95. 

Our next experiment was the ion-exchange chromatographic separation 
of fission products on a column filled with humus-rich peat. 
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Fig. 3/C. Gamma spectrum of group “C”’ with an intense photopeak at 0,765 MeV 
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Fig. 3/D. Gamma spectrum of group “<P” showing an anionic charter at paper electropho- 
resis. The preparation shows a strong gamma photopeak with an energy of about 0,76 MeV 
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b) Preparation of a humus-rich peat 


a 


Peat is a rich source of humic acids. It consists usually up to about 50% 
of humic acids, depending upon origin and progress in fossilization. It is easy _ 
to make a concentrated humic acid preparation from peat by extracting it — 
with a 1° NaOH solution and reprecipitating it with dilute HCl. Earlier expe- . 
rience of the senior author showed that this concentration is not practicable _ 
and necessary. The concentrated humic acid extracted and precipitated in the 
above manner has a very fine disperse colloidal structure and it is very imprac- 
ticable from the point of view of filtration, because it stops the filter paper. 
It is impossible, or at least impracticable, to prepare a useful chromatographic 
column from this preparation. Further earlier experiments of the senior author 
revealed that peat extracted from its humic acid content looses largely its 
fixation (or exchange) properties with respect to cations. This demonstrates 
that the fixation of cations by peat is identical with their fixation by its humic 
acid content. For the above reasons it is more practical both at the laboratory 
and possibly in industrial application to use peat as a carrier of humic acids 
in a modestly dispersed form. We dispersed mechanically some low-moor peat 
which showed an exchange capacity of about 2 milliequivalent/gr, and which 
was very young at an early stage of fossilization. We purified it from the bitu- 
minous and waxy substances by extraction with benzene. Resinous substances 
and humic acid components of low molecular weight had been extracted with 
ethylalcohol, and after this procedure we transformed the preparation into 


a hydrogenous from by treatment with dilute HC] and washed out the surplus 
of acid by distilled water up to a py of 4,5. In this way we obtained a purified 
peat preparation easily wettable (hydrophil) and rough-dispersed (standard 
mesh-size between No. 16 and 50, particle size between 0,37—0,12 mm). 
The preparation showed good cation-exchange properties and its dispersity 
enabled easy filtration and column chromatography. 


c) Chromatography of fission products on a peat column 


The purpose of the following experiments was to compare the strength 
of fixation of the different fission products on peat. A cation exchange column 
was prepared from the peat preparation described above. A sample of the 
mixed fission products from irradiated U,0, was poured on it and eluted by 
HCl of increasing concentration. ; 

The dimensions of the peat column were 0,8 cm in diameter and 17 em 
high. The total quantity of the humus-rich peat was 0,75 gr measured in a 
dry state. 

0,02 ccm of the fission product solution was diluted to 5 ccm. This solu- 
tion was poured over the humus column, and eluted by HCl solutions of in- 
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; creasing concentration in 100 ml steps. The total beta activity of the fission 
4 products had been measured before fixation on the humus, and in Table 2 


=] 


4 
=a 


Ke 


the activity of evaporated eluent fractions was expressed in its percentage. 
The fraction belonging to p; = 4,9 may be regarded as non-fixed by 

humic acids. Between p; = 4,9 and 2, no peak of outstanding intensity came 

down from the column. In our earlier experiments Cs and Sr started to come 


_ down at about py = 2,4 but a large volume of the eluent was necessary at 


. 
' 


this py. For this reason we preferred to proceed with the elution after py = 4,9 
immediately with py = 1. We know from our earlier experiments [10], that 
alkaline cations and alkaline-earth cations must come down in this py range. 
' 
Table 2 


Elution of fission products from a peat column by HCI solutions 


Pit poet | Bae sty (0 
4.9 0,94 
1,0 17,21 
In 59,66 
eluted: 717,81% 
rest activity on the column 22.19% 


Most of the activity (about 60%) is eluted by 1 n HCL. 

As the table shows, a significant fraction (in this experiment about 22%, 
of beta activity) was so firmly fixed on peat, that it could not be eluted by 
In HCl. 

The above experiment was repeated in a manner that the eluate was 
taken in 1 ccm steps and the beta activity of each sample was measured 
(Figure 4). 

The Figure demonstrates that at pj = 4,9 a group of non-fixed products 
appears. We proceeded with the elution at py = 1, where a strong activity 
appears with a sharp peak within the first eluate samples and afterwards a 
long sequence of lower activities was observed up to 200 cem eluate. If the 
concentration was changed to 0,96 n HCl, a strong activity appeared with a 
sharp peak within the first eluate samples. 

A radiometric test was carried out on the eluate samples of peak activity 
in the same manner as at the electrophoretic test. The test demonstrated that 
the peak at py = 4,9 (non-fixed products) shows the significant presence of 
Nb-95 and seems to he identical with group “‘D”’’ (anion-group) of the electro- 
phoretic test. The activity eluted at pj = | consists largely of Sr-89 (eran 
“<A”? of the electrophoretic test). The peak eluted with 0,96 n HCI consists 
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largely of Ce-144 and its daughter product Pr-144 (group “B” of the electro- 
horetic test). The group firmly fixed on humus and not to be eluted by 0,96 n 
Cl consists largely of Zr-95 (it is identical with group “C” in the electro- 
phoretic test). 

Ze The above observations seem to demonstrate the presence of some fission 
products only. The total number of fission products is very large but the 
Majority of them has either very short or very long decay periods. The short 
irradiation time (4") of the U,O, sample activates the long-lived isotopes only 
to a very small extent. Short-lived isotopes decayed during the 6 months cool- 
ing down time. 

The group eluted at py = 1 contains all the alkaline earth and Cs. The 
retention of Rb by humus has to be investigated in a separate experiment. 
The fraction eluted by 0,96 n HCl should contain all rare-earth isotopes and 
Y as well. The most firmly fixed group “C”’ may contain, in addition to the 
overwhelming Zr, other cations in quadrivalent form. The investigations must 
be extended in this direction. Group “‘D”’’ (non-fixed by humus) contains 
probably not only Nb but also isotopes which are inclined to form complex 
‘anions under given conditions (e. g. Ru, Tc, etc.). 

The junior author is carrying out further detailed investigations concern- 
ing fission products not fixed by humic acids. 


Survey of the results 


If we regard all the elements of fission products in the periodic chart 
(Table 3), and denote the cations, which are according to our investigations 
definitely fixed or definitely not fixed by humus, we see that from a scientific 
point of view many other elements have to be investigated. 

A further series of investigations is necessary to clarify the fixation of 
some cations (e.g. Rb, Zn, Ga, Rh, Pd, Ag, Cd, In), and some amphoteric 
elements (Ge, As, Sn). 

If we regard this problem from the point of view of public health endan- 
gered by the waste waters of a growing atomic industry, the short-lived pro- 
ducts can be neglected. 

It is practical and customary to store burnt out fuel elements for a cooling 
down period of about two years. During two years the fission products of a 
decay period of less than one month decay to less than one millionth part of 
their initial activity. Table 4 shows fission products with a period longer 
than one month. They are arranged in groups according to their behaviour 
with respect to the cation exchange properties of humus, so far investigated. 

The results of the present investigations can be generalized for all isotopes 
of the same element and for all rare-earth cations from the investigated rare- 


earth elements. 
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Table 3 | 
H He 
Li Be BC NO F N@ 
Na Mg Alsi PS Cl A 


K Ca Sc Ti V Cr Mn Fe Co Ni Cu,Zn Ga Ge As \Se Br ko) 
Rb Sr Y Ze WH Mo Te Ru Rh, Pd Ag Cd In SniSb Te (1) (Xe) 
Rb Sr_¥_2r No Mo Tc Ru ye A 
Cs Ba La Hf Ta W Re Os Ir Pt AuHg Tl Pb Bi Po At Rn 


Fa Ra Ac 


ee eeeEeeEeeeeeeee eee eee _—_e,.e _ ek _ e _ eee _ Dee_OEeeeeeeee< 
Ce Pr Nd Pm SmjEu Gd Tb Dy Ho Er Tm Yb Lu 
Th Pa U Np PuAmCm Bk Cf E Fm Mv 402403 


Table 4 


Table of the fission products of a period over one month 


sper a Not fixed | Not investigated 
l 
Sr—89 pe ya) Rb ae 
Sr—90 b> ) yesaat ge ees 
Y—93 | Nb—95 Ru— 106 
Zr—91 | Kr—85 Ca—115 mi 
Cs—135 | (; Sn 133 
Cs—137 } Te—127m 
Ce—141 | Te—129 m 
Ce—144 | Te—99 
Nd—144 | | Se—79 
Pm—147 | Pd—107 
Sm—147 | Sn—121 m 
Sm—151 | Sb—125 
Eu—155 | ‘Te 125 
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In the light of these investigations peat or other humic acids containing 
natural substances are very promising for the waste disposal of the growing 


ad “ = : . 
~ atomic energy industry. Peat is a very cheap natural substance and by a very 
_ i . . : . : . ° 

_ simple treatment it is able to fix the majority of fission products from large 


7" 


_volumes of waste waters. For this purpose it is necessary to adjust the py, of 
the waste waters to a value of about 5—6 before contacting it with peat. 


‘A further condition is that waste waters should not contain large amounts of 


cations (especially those of higher valency; and high atomic weight, e. g. 


Ca++, Fet ++, Al***, Zr**) because they will saturate the cation exchange 


capacity of peat and expel fission products. The quantity of fission products 


expressed in chemical equivalents is very small. 1 Curie Sr-90 amounts to 


only 1,11 -'10~* g equivalents, and 1 Curie Cs-137 amounts to only 1,01- 10-4 g 


equivalents. The quantity of peat necessary for treating waste waters conta- 
minated by fission products is not determined by the volume of water and 
its fission product content but by its content of other cations. 
These investigations throw some light on the retention of fission products 
in fertile soil. Fission products may be carried down into fertile soil by rain fol- 
lowing an atomic weapon test or a reactor accident. It can be assumed that 


- the humus content of the soil is able to fix a great part of the fission products 


for a considerable period of time. They are probably withheld from the circu- 
lation of subsoil waters and from uptake by the roots of plants. The role of 
humus seems to be more significant than that of clayminerals because the 
distribution coefficient is very high. 
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YCCIIEQOBAHHA MO COXPAHEHHIO MPOWYKTOB HESIEHUA f 
B TFYMYCOBbIX KHCJIOTAX ; 
: 


A. CAJIAM u M. CHJIADbY 


Pesrome 


Uccnezosanu yaep»kanne Oonbuloro uicia MpOAyKTOB AeueHHA TOpOBbIM MperapaTom, | 
Goratpm Trymycom. IIpu GnaronpuATHOM pH (PH = 5—S6) cuefylolllue 91eMeHTHI XOpoulo | 
allcopOupoBasINch: BCe H30TOMbI peAKOSEMEIbHBIX IseMeHTOB, Y, Sr, Cs, Zr. STU CBASBIBAINCh | 
Ha Tope KaTHOHHEIM OOmeHOM. @akTOp oOorolleHuA Topha (KospPuuNeHT pasieueHus) — 
10000:1. UmetcaA npoayKTbl eseHHA, KOTOpble OMpeAeCHHO HE CBASbIBAIOTCA rymMycom, — 
Kak Hampumep uz0TonpI Hoja u Nb u pasymeeres, MHepTHble rasbl. ITO uMeeT Oomblloe sHaueHHe 
UIA We8aKTHBalM OTXOAHHIX BOA ALepHOH MpOMbIWIeHHOCTH U TakOKe JIA CBASbIBAHHA IIpO- 
RYKTOB JeueHus, NonaBliux Ha ryMycOBy!0 MIOLOposHy10 WOYBy aTMOcepHIMH OcaKaMH~ 
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This paper reports on some important problems arising from the measurement of the 
angular correlation between electron and neutrino by the cloud chamber method. On the 
ground of a critical evaluation of the method, our earlier data of measurements for e—v angular 
correlation were revised. We obtained the value of +-0,278 +0,243 for the angular correlation 
coefficient. Because of the great statistical error it is impossible to give preference to either 
the tensor or the axial forms of interaction. 


In recent years a number of angular correlation experiments have 
“been carried out on weak interactions in order to determine the form of 
interaction. Recent experimental check up of earlier contradictory results 
confirmed more and more the supposition of SuDARSHAN and Marsnak [1] 
that the possibility for a universal weak interaction between fermions of all 
kinds can only be realized in the form of combination VA. In the He®-decay, 
the investigation of electron-neutrino angular correlation plays an important 
role in the experimental check up of combination VA. In 1957, we successfully 
managed to take quite convincing cloud chamber photographs of the nuclear 
recoil effect of the neutrino from the f-decay of He® [2], [3]. Some of the photo- 
graphs revealed such ranges for the recoil nuclei (2—3 mm in a cloud chamber 
of 200 mmHg filled with H, + H,O + C,H,OH) which made possible the 
determination of the angle between f-particles and recoil nuclei and by its 
means the investigation of e — » angular correlation. Our results [4] obtained 
by e — y angular correlation measurement regarding the form of interaction 
existing in the B-decay of He® was in disagreement partly with the theoretical 
VA — combination, partly with the experimental results of ALLEN et al. [5] 
obtained by another method for the same decay. Therefore we thought it 
reasonable to review critically our applied method mainly with respect to the 
possible occurrence of systematic and subjective errors, first of all, when the 
events are to be distinguished from the background. 

The measurement of e—y angular correlation is exceedingly difficult 
because of the low energy of recoil nuclei and this fact results in a number of 
problems in the current methods. In this report we are going to give an account 
of problems of more importance occurring whenever the “cloud chamber 
method” is applied, which otherwise possesses favourable properties. 
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The electron-neutrino angular correlation may be measured by the elo ou 
chamber method in the following three ways: bi 
(i) the energy distribution of recoil nuclei is determined,* a | 

(ii) the angle between -particles and recoil nuclei as well as the impulse: 
of 8-particles are determined, 

(iii) the energy value of the recoil nuclei is determined at a given 
energy value. 

The basic requirement in all the three cases which determines also t : 
accuracy of the measurement is that the recoil nucleus of low energy should! 
undergo a measurable displacement. In $-decay the impulse and energy o! 
recoil nuclei are given by the following relations: 


apts g*+2pq cos? 


| 
| 
| 
1 
| 
\ 


where r, p and q are the impulses of the recoil nucleus, electron and neutrino; 
9 is the angle between the directions of electron and neutrino. Expressing the : 
2 
: : r 
impulses by the corresponding energies and making use of the relation Ez Pag > 
where Ep is the energy of the recoil nucleus and M is its mass, the energy of | 
the recoil nucleus may be expressed as follows: 


(Es + 2m, c*) Es + ES + 2E, V (Es + 2m, c) Fs cos # 
2Me? : 


Ez = 


where E, and E, are the kinetic energies of the electron and neutrino, respecti- 
vely and m, is the rest mass of the electron. The maximum recoil energy ob- 
viously occurs when E,= 0. In the He®-decay E}“*= 3,5 MeV, M(Li®) = 6,017 | 
MU, and thus Ez** = 1412 eV. In order that the recoil nucleus at such a low 
energy may undergo a measurable displacement, a cloud chamber filled with 
a gas and vapour of a very low pressure and small stopping power must | 
be used. | 
The determination of angular correlation from the energy distribution of | 
the recoil nucleus with the cloud chamber method does not seem to be favour-_ 
able for several reasons. Figure 1 shows the calculated energy distribution of | 
recoil nuclei arising from the He® S-decay. The calculation was made by taking 
the whole angle (0 < 9 < 2) and energy spectrum into consideration and by 


* Tosnixo Yuasa. Etude du d’invariant de l’interaction Gamow — Teller en désinteg- 
ration 5~ de He®, J. Physique Rad., 22. 169, 1961. 
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pure tensor and axial vectors. The energy spectrum of {-particles was taken 
from Rustap and Rusy’s [6] measurement. As it can be seen in the Figure, — 
there is a significant deviation in the shape of the energy distribution corres- 
ponding to the two forms of interaction at higher energies only. 

| The energy distribution of recoil nuclei can be determined by the measu- 
rement of either the range distribution or that of the droplet number. 


Al(A=-%3) 


Gai ZG bo 7 ORG MO 2 IARHOM Exiev) 


Fig. 1. The calculated energy spectrum of Li-recoil nuclei from He®-decay 


The determination of the energy of recoil nuclei by counting the droplets 
is uncertain for several reasons: 

(1) Inside an interval of a few hundred eV for the energy value, the 
energy loss per ion pair is not exactly known. ‘ys 

(2) The number of droplets may be changed by molecular dissociation. 

(3) Recombination arising from high ion density decreases the number 
of droplets. 

(4) The heat capacity available at low pressure being small, the heat 
released by the start of condensation, will suddenly decrease super-saturation 
and thus the droplets enlarged by statistical fluctuation will grow to the disad- 
vantage of the smaller ones. In this way, only a fraction of abe ions prow into 
droplets of visible size. At random expansions, the case is similar in decays 
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at different points of time after expansion, as the droplets Sow eat visible : 
size only on a fraction of the later arising ions. This in confirmed by photo-- 
graphs a and b to be seen in Fig. 2. 

(a) Po —a rays emitted at different delays according to the expansion | 
greatly vary in their number of droplets. 


Fig. 2. (a) In a cloud chamber of low pressure, Po — a-particles emitted at different points 

of time after expansion. (b) The track of an a-particle crosses that of an earlier B-particle 

and in the area around the crossing point, on the ions produced by the a-particle the droplets 
have not grown into visible size 


(b) The path of an earlier -particle is crossed by the track of an o.-par- 
ticle, and in a considerable area around the crossing point, on the ions produced 
by the a-particle, the droplets have not grown into visible size because a local 
warming up has taken place along the path of the §-particle. 
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. In the determination of the energy distribution of recoil nuclei by measur- 
ing the range distribution, the greatest difficulty comes from the fact that for 
_ various reasons a considerable fluctuation may occur in the range. 

(1) Natural straggling. 

(2) The charge of Li®-ion produced in the He®-decay may vary [7]. 
(3) The charge of recoil Li®-ion may change along its path. 

(4) At random expansions, in decays occurring during expansion, a 
_ considerable change takes place in the range, considering that the expansion 
ratio and through it the relative change in pressure is very high at a low 
pressure. This change can be decreased by applying suitably chosen gas and 


a -—-- = Hy+80%H20+20% CoHs OH 
= He+H20 : 


130 


120 


—-—. —, 


0 1 2 3 4 5 x 10? mmHg 


Fig. 3. The value of the expansion ratio for the ion limit as the function of the pressure pre- 
ceding expansion for different gas and vapour mixtures 


vapour mixtures. The value of the expansion ratio for the ion limit is presented 
by Fig. 3 as the function of the pressure preceding expansion, when mixtures 
H, + H,O; He + H,O and He + 80% H,0 + 20%, C.H,0 (in the -per- 
centage of volume) are applied. As the Figure shows the best condition can be 
obtained by using the latter mixture. Further advantage of the alcoholic 
mixture is that the chamber can be operated at a considerably lower pressure. 
(5) As it has been mentioned, the value of super-saturation at a given 
point greatly influences the size of the droplets and subsequently the range of 
_ the recoil nuclei. 
(6) The diffusion of ions, which is greatly influenced by the composition 
of the gas and vapour mixture. At 150 mmHg total pressure, the width of the 
tracks of a-particles with an energy of ~ 0,1 MeV was examined in the above- 
| 


mentioned three kinds of gas and vapour mixtures. As it can be seen in Fig. 4 
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He #80 % H,0 + 20% Cy Hs OH 


dt a oe oe ae iad 7 


Mists gter t,. yeas 


Ca Bes Flak lg 6 S(mm) 


Fig. 4. The distribution of track width for Po— a-particles in the case of different gas-vapour 
mixtures with a total pressure of 150 mmHg 
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pee average width of tracks and the fluctuation of width are considerable for 
—#A + H,0. The fluctuation of width for very short tracks becomes more and 
More significant in range fluctuation. 

. Taking the above facts into consideration, method (ii) seems to be the 
| most reliable of the three methods used for measuring e — y angular correla- 
tions by a cloud chamber method. In view of the fact that the choice between 
_ the two possible solutions for p > q cases may be made according to the range 


_ of the recoil nucleus, only the p < q energy range proves to be adequate. In this 


= 


0 05 7 15 -2 20 3 35 Ep (Mev) 


Fig. 5. The calculated energy of Li®-recoil nuclei arising from the B-decay of He® as the 
function of Eg at 0 and 7 values of # 


‘nucleus, considering that in cases p ~ q, the electrons from e—y-emissions of 
nearly opposite directions cannot be distinguished from background electrons 
' of corresponding energy because the recoil nucleus cannot be observed on 
account of its low energy. Such events may easily escape observation and the 
angular correlation may undergo subjective distortions effecting unfavourably, 
first of all, the higher J-values, that is the interaction of A-type. Thus the upper 
limit of the f-energy region is to be chosen so that the direction of the track 
of the recoil nucleus should be measurable even in ¢ — ¥-emissions of nearly 
opposite direction. The determination of the impulse of f-particles with a low 
energy is inaccurate, therefore this range also must be excluded. In view 
of the above, the choice of the interval 0,3 MeV <= E, < 0,7 MeV seems to be 
most suitable for He®. As it is shown by Fig. 5, where the energy of the 
recoil nucleus is plotted at values 0 and z of #, the energy of the recoil 
nucleus in the f-energy interval of 0,3—0,7 MeV is always higher than 250 eV. 
On the basis of the f-spectrum, nearly 10%, of He®-decays is included in this 
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region. This region is very favourable also for the observation of B-particlog 
when a cloud chamber is operated at a low pressure. | 

In view of the above investigations and considerations, our earlier measu- } 
rements (4) for e —y angular correlation in He®-decay have been reviewed. | 
The following events were excluded: . 

(1) those where the energy of the recoil nucleus was determined by 


counting the droplets, | 
(2) where the energy of the f-particle is outside the energy region of 
0,3—0,7 MeV. 
On the basis of the 93 events thus remaining from the 381 by using the 


relations 
m2 ms m% =! 
| ob © cos) sin 0d} — i [1 ae 1~ cos sin 0d? 
c c 2 
N,—WN, a 0 m/2 : — lv Z 
N,+N, is - 2c 


i 1 a 1* cos d| sin 0d} 
c 


0 
the following value of the angular correlation was obtained: A= + 0,278 + 0,243. 
The value—— = 0,849 corresponds to the mean energy of the events 
c 


obtained in the region of 0,3—0,7 MeV. The error of 2 was calculated by the 


relation: 


OA he VN, +N, 
A | Ni — Ng| 


Taking the limits of error into consideration, the value obtained for the 
correlation coefficient excludes with certainty the existence of the scalar 
(A = —1) and vector (A= +1) forms of interaction only. Because of the 
great statistical error it is impossible to give preference to either the tensor or 
the axial forms of interaction. For this very reason, our statements [4] on the 
existence of the tensor form of interaction has to be withdrawn because the 
nature of interaction cannot be definitely decided on the ground of our previous 
investigations, if we consider the above critical aspects. 

For the purpose of getting better statistics, taking the above critical 
viewpoints into consideration, we go on with our investigations. We continue 
to produce isotope He® through reaction, Be®(n a)He®, but for the purpose of 
increasing intensity, we shall use reaction D + D for neutron source (instead 
of Po + Be so far used) which we produce by means of an impulse operating 
accelerator. The cloud chamber will be filled with He instead of H,, using a 


mixture of water and alcohol and decreasing the 200 mmHg so far applied to 
120 mmHg. 
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- KPMTHYECKHE 3AMEYAHMS 110 OTHOWEHMIO MCCJIEJOBAHUS SJIEKTPOH- 
_ HO-HEMTRHHHOM YrJIOBOM KOPPEJISLIMH METOJIOM KAMEPbI BMJIbCOHA 


A. CAJIAH, HW. UAKAM u HW. BAYUO 


Pesrome 


B paOoTe npHBOAMTCA HECKOJIbKO MHTepeCHbIx mpoOsemM, BOSHHKaIOlIux MpH ompeyte- 
JIHHH YIrOBOH KOppeNAUMH MeE*KAY IIeKTPOHOM M HeHTpHHO MeTOAOM KamepbI Busipcona. 
B OcHOBy KpuTHYecKOrO aHasIM3a MeTOJa T10J10)KeH MepecMOTP [aHHbIX, NOMYYeCHHbIX HaMH 
paHblle IpH onpesenenuu yruoBoli Koppetaunn. Lia Kosppuunenta yrnoBol KOpperALun 
" mloty4eHo 3Hayenne + 0,278 + 0,243. BenegcTBue Sonbuloit craTucTHyecKOl OWIMOKU HEIIL3A 
_ faTb MpeumMyllecTBa HH TeH3OpPy, HU aKcHasbHOM topme BsanMmozelicTBUA. 
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A METHOD FOR MEASURING THE HALL COEFFICIENT 
AT HIGH TEMPERATURE 
By 


Hussein ELKHOLY* 


CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 


(Presented by E. Nagy. — Received: 9. V. 1961) 


A direct method for measuring Hall voltages at high temperatures is described. As an 
application of the method, the temperature dependence of the Hall coefficient of Cu,Au was 
investigated. It was shown that: 

1. The Hall coefficient of the Cu,;Au alloy in the disordered state is temperature- 
independent; 

2. The Hall coefficient changes its sign from a negative value in the disordered state 
to a positive value in the ordered state; 
3. The Curie point of that alloy lies at about 385° C. 


Introduction 


It was my aim to investigate the kinetics of order-disorder transforma- 
tions in Cu,Au alloy by studying the Hall coefficient of that alloy. This was 
done by disordering the sample above the Curie point and then quench 
to a lower temperature below the Curie point and anneal at that tempe- 
-rature for several hours. Meanwhile the continuous change in the Hall 
voltage as a function of time of ordering was measured, i. e. the measurements 
of the Hall voltages were all done at high temperatures. It is much less diffi- 
cult to measure the Hall voltage of a quenched specimen at room temperature 
than at higher temperature. This is because of the parasitic thermoelectric 
potentials due to the inhomogeneous temperature distribution in the specimen. 
These thermoelectric potentials may have a magnitude equal in order, or even 
greater, than that of the measurable Hall voltage, especially when the sample 
has a small Hall coefficient as is the case in noble metals. Therefore special 
care must be taken in measuring Hall potentials at high temperatures. 

This paper describes the apparatus and the method used in measuring 
Hall voltages at high temperatures. 

A de method was used due to its simplicity and its advantages in 
our case. 

As an application of the method, the temperature dependence of the Hall 
coefficient of Cu,Au alloy has been investigated. The results are shown in Fig. 4. 


* On leave of absence from the Faculty of Science, Cairo University, Cairo, Egypt, 
U. A. R. 


Acta Phys. Hung. Tom. XIII. Fasc. 4. 


448 HUSSEIN ELKHOLY 


eka: 

Important results on the kinetics of order-disorder transformation in the _ 

same alloy were obtained by using this method. This will be the subject of a _ 
_separate publication. ; 


Preparation of the sample 


An alloy of atomic composition of 25.90 + 0.05% copper and 74.10 + 
F 0.05% gold served as our sample. This alloy was prepared from pure copper 
and gold and melted in a graphite crucible by high frequency technique. In 
order to make the alloy more homogeneous it was remelted twice. After remelt- 
ing, the alloy was homogenized in hydrogen for 10 hours at 800° C. The resulting 
ingot was rolled to a thickness of 0.03 mm. After machining, the sample was 
annealed in vacuum for 10 hours at 600° C. The sample was in the form of a 
flat plate 10 cm long, 1 cm wide, and 0.003 cm thick. Three Hall probes were 
cut from the sample itself; two probes at one side of the sample, 4 mm apart, 
and one probe at the other side of the sample. 


Probe contacts 


Since the Hall measurements were made at high temperatures, to prevent 
oxidation of the sample, it was put in a glass tube evacuated up to about 
10-5 mm Hg. Pt wires (convenient for glass sealing) were used as Hall leads 
and tungsten wires for current leads. 
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Different kinds of contacts between the Cu,Au probes of the sample and 
he Pt leads were tried, and all gave large thermoelectric voltages which, in 

me cases, were found to be larger than the Hall voltage measured. To over- 
come this difficulty, a disc of pure copper 5 mm diameter and 1 mm thickness 
was cut into three triangular segments. These segments were insulated from 
each other by mica. Into each segment a fine hole 0.8 mm diameter was bored, 
-and the Cu;Au probes and the Pt leads were inserted into each hole and brought 
into contact with each other by a thin pin of copper. A cross section of the 
contact segments is shown in Fig. 1. These contact segments proved to be very 
/ convenient, and due to their small size and the high heat capacity of copper 


the temperature at the three contacts was practically the same. 
: ; ; 


Sample holder 
The sample was held between two mica sheets. Two copper holders 


served as current electrodes and helped in supporting the sample to two thick 
dliscs of mica. The two mica discs were fastened by two thin copper rods which 


mica for support thermocouple 


copper ho/der 


TRA FIA 
rrrerers 
Gy 


(ZZZP ILL 


thermocouple for regulation spring 


current lead silvered glass-tube furnace 


copper rod for support sample 


Fig. 2 


gave additional support and served to connect the current electrodes to two 
tungsten wires used as current leads. The central part of Fig. 2 shows the 
essential parts of the sample and its holder. The spring shown in the Figure 
served to compensate for any elongation in the sample due to heat expansion, 
and thus making the sample always straight. 
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Circuit and method of measurement 


Fig. 3 shows the actual measuring circuit. The Hall probes 1 and 2 wer 
bridged by a 10 ohms resistance potentiometer, by which it was possible to) 


balance the voltage drop in the sample due to the primary current and due to} 
any small thermoelectric voltages appearing at the lead contacts. The Hal ) 
voltages appearing between the center tap 4 and probe 3 were measured by the | 
aid of a Diesselhorst type compensator (U.S.S. R. make, type PPIN) and | 


4 


| 24V 


Compensator Cz G;) 


Fig. 3 


a photocell galvanometer (U.S.5. R. make, type F 16). The compensator has} 
a range of measurement from 0.1 uv to 20 mv. The galvanometer has a voltage} 
sensitivity of 2 x 10~§ volts per one division of a scale. 

The leads which are denoted as P, and P, in Fig. 3 were used for the 
measurement of electrical resistivity. The output potential from them, the 
potential of the Pt—PtRh thermocouple, and the potential appearing on the 
10 ohms standard resistance, which was used to measure the current of the 
sample were read by the compensator C, and the galvanometer G,. 

The Hall measurement at every temperature was made with he following 
procedure. Without applying the magnetic field, the voltage drop in the sample 
due to the primary current and due to any thermoelectric potentials (which 
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= 


vere found to be very small and constant) was balanced by means of the center 
4 ap 4. The magnetic field was then applied and the voltage appearing between 
the center tap 4 and probe 3 was measured by C; and G;. Four measurements 
| were made by reversing both the magnetic field and the sample current in all 
| possible combinations. From simple considerations [1], the Hall voltage plus 
the Ettingshausen voltage were calculated from these four measurements. 
Thermocouples [2] can be connected to each Hall probe which enable us to 
correct for the Ettingshausen effect. Since in metals the voltage due to the 
| Ettingshausen effect is very small and is about one percent of that of the Hall 
voltage, and since the relative error in our measurement was 5%, this correc- 


tion was not done and the Ettingshausen effect was neglected. 
5 


Current stabilizer 


The current of the sample was supplied by using a simple circuit described 
by Gerritsen [3]. The circuit in its simplest form, as it is shown in the upper 
part of Fig. 3, consists of one battery (12V) parallel to the main battery (two 
_12V batteries) and a voltage dividing resistor R, is introduced between, such 
that the voltage of the main battery equals the output voltage. The circuit 
| can be adjusted by introducing a low resistance ammeter A, and varying R, 
until no current flows in A,. By adjusting the variable resistance R,, the 
- desired current could be obtained which was read roughly by the ammeter A,. 

A sample current of 2 amperes was used and this was found to be 
nearly constant throughout a period of more than 15 hours. The exact value of 
the current was measured by a compensator C, and a galvanometer G, by 


switching the key K to position 1. 


Furnace 


A 200 watts furnace was used in this investigation, and temperatures up 
to 500° C could be obtained. Manganin wires were wound on an aluminium 
tube 23 cm long and 2.5 cm diameter. Mica sheets were used as insulator 
between the aluminium tube and the manganin wire. A Pt—PtRh thermo- 
couple was put between the inner side of the furnace and the outer side of the 
glass tube enclosing the sample, and this was used for regulating the temper- 
ature. The temperature of the sample was measured by another Pt—PtRh 


thermocouple placed at the sample. 


Temperature regulator* 


A proportional temperature regulator was used to regulate the temper- 
ature. The voltage appearing on the regulator thermocouple was compensated 


* The temperature regulator was constructed by Mr. F. T6érH and will be the 
subject of a separate publication. 
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and then amplified by a lock-in amplifier. The output of the amplifier was 
connected to a grid of a thyratron tube which had the furnace connected in | 
its anode circuit. The current of the furnace was changing proportionally with ! 
the fluctuation in the temperature. The temperature was constant within | 


+0.1° C. | 
Magnet and magnetic field measurement 


The electromagnet used for the Hall coefficient measurements had 10 cm 
diameter pole faces and a variable gap of 0—9 cm. With a current of 30 ampe- 
res and 4 cm gap, a field of 11,800 oersted was obtained. The magnet was 
calibrated by using a magnetic induction meter (U.S.S. R. make, type IMI-I). 


Experimental results 


As an application of the method, the temperature dependence of the Hall 
coefficient of Cu,Au alloy was investigated. The results are shown in Fig. 4. 
The sample was first disordered at 485° C and annealed there for several hours. 


+3 


Se Saw SS ee SG ee | T 
250 400 450 500 
—> Temperature C? 


—> Ry «10 ™volt-cm/amp- cersted 
+ 
~ 


Fig. 4 


The Hall voltage was measured. The sample was then cooled in steps, and 
annealed at every temperature until equilibrium was obtained. The Hall 
voltage was measured at each temperature. The graph shows the Hall 
coefficients measured at equilibrium at corresponding temperatures. 
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The Curie point determined on the basis of Fig. 4 lies at about 385° C, 
which lies between the value obtained by Komar and Siporov [4] and that 
‘obtained by Burns and Quimsy [5]. 

Me From Fig. 4 it is clear that the Hall coefficient is temperature-independ- 
ent in the disordered state, i.e. above the Curie point. It is also clear from 
Fig. 4 that the Hall coefficient changes its sign from a negative value in the 
disordered state to a positive value in the ordered state, confirming the 
observations by Komar and Siporov [4]. The values of Ry in the disordered 
state obtained here coincide with the value of R, obtained by Komar and 
Siporov [4]. 
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METO] JIS M3MEPEHMSA KOI®®ULMEHTA XOJIJIA 
TIPH BbICOKUX TEMIIEPATYPAX 


XYCCEHH JJIKOJIN 


Pesrome 


OnucpiBaeTcaA TIpAMOH MeTOA WIA H8MepeHHA HalIpsVKCHUA Xonna up Oonbuinx TemM- 
nepatypax. Kak mpumeHeHve AaHHoro MeTo/a yccneqopasach TemMmepatypHax 3aBHCHMOCTb 
KosppuyueHta Xosa B ciydae Cu;Au. OKka3biBaj0cb, 4TO 

1. Kospbuunent Xosmma cnnapa Cu,Au B HeyMOpAAOYeHHOM COCTOAHHH HE 3a2HCHT 
OT TemmepaTyPpbI, 

2. KooppuuveHt Xosma MensAeT 3HaK OT cBOETO OTpHUaTeIbHOrO 3HAYeCHHA Mp He- 
YHOPAAOYeHHOM COCTOAHUM K MOJIOKMTEJIDHOMY TIPU yHOpAAOYeHHOM COCTOAHUH, 

3. rouxa Kiopv AaHHoro ciiiaBa J@KUT OKOSIO Siofeled Op 
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A ZUR HERLEITUNG DER GRUNDGLEICHUNG DER 
ze STATISTISCHEN THEORIE DES ATOMS 


Von 
P. GomBAs 


fe] 
pe PHYSIKALISCHES INSTITUT DER UNIVERSITAT FUR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 


(Eingegangen: 1. IX. 1961)- 


Im An&chluss an eine Arbeit von PLaskeTT wird die fiir die statistische Theorie des 
Atoms grundlegende Beziehung zwischen dem maximalen Impuls und der Elektronendichte 

_auf eine neue Weise hergeleitet, wobei sich ein Korrektionsglied ergibt, das fiir den Fall kleiner 
Elektronendichten, also am Rand des Atoms, von Bedeutung ist. 


Die Grundgleichung der statistischen Theorie des Atoms, wonach der 
Betrag des maximalen Elektronenimpulses im Atom mit der Elektronendichte 
_im Zusammenhang steht, wurde mehrfach hergeleitet.1 Wir geben im folgenden 
auf Grund wellenmechanischer Betrachtungen im Anschluss an eine Arbeit von 
-PLASKETT? eine neue Herleitung einer korrigierten Form dieser Beziehung. 
Der wesentliche Unterschied gegeniiber der Arbeit von PuiasKEetT besteht 
darin, dass wir die mittlere Elektronendichte anders als PLAsKeTT definieren, 
was zu grossen Vereinfachungen fihrt und das ganze Verfahren sehr durch- 
sichtig gestaltet. 

Die Schrédinger-Gleichung eines Elektrons im Atom fiir das r-fache der 


radialen Wellenfunktion y lautet folgendermassen 


822m 


frre eS 0; (l) 


“hier bezeichnet r die Entfernung vom Kern, m die Masse des Elektrons, h die 
Plancksche Konstante, ¢ den Energieparameter, f das r-fache von y, d. h. es 
ist f—ry, f” die zweite Ableitung von fnach rund U die effektive poten- 
 tielle Energie des Elektrons 

hm It+1 
U =—eV+ vay (2) 


822m r 


wo e die positive Elementarladung, / die Nebenquantenzahl und V das elektro- 


1 Man vgl. z. B. P. GomBAs, Die statistische Theorie des Atoms und ihre Anwendungen,, 


Spr ae Wien, 1949. 
2 _S. PLasKETT, Proc. Phys. Soc. London A 66, 178, 1953. 
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statische Potential bedeutet, von dem wir annehmen, dass es eine F unktion | 
von r allein ist, dass also iiber die verschiedenen Richtungen hinweggemittell : 
wurde. 


| 
Mit dem Ansatz 


_—-———_—— 


He eadctinn ve (3) 


S(r) = fp, dr,) dbs o4== ps (4) | 


zerfillt bekanntlich die Gleichung (1) in die folgenden beiden Gleichungen | 


4, 772 822m 
Rp? + 


(ce — U)R=0, (5) 


2R’ p,+Rp;,=0, (6) 


wo p, den radialen Impuls des Elektrons bezeichnet und die Striche rechts 
oben neben den Symbolen R und p, Ableitungen nach r bedeuten. Aus Glei- | 
chung (6) folgt sofort, dass R@p, eine Konstante ist, die wir mit a bezeichnen 
wollen; es ist also 


R? p, =a (7) 


und 


R?=—., (8) 


Als klassischen Bahnbereich betrachtet man das Interwall der r-Werte, 
fir die p, > 0 ist. Die Grenzen r, bzw. r, des klassischen Bahnbereiches 
(r,; <r<r,) sind durch p, = 0 determiniert. Die Eigenfunktion muss an den 
Grenzen des klassischen Bahnbereiches verschwinden. 


Wenn R und p, Lésungen des Gleichungssystems (5), (6) sind, dann sind | 
die Eigenfunktionen gemiass (3) 


Qn Qn 
f,= Ram = p,dr und f,=Rceos = |p dr , (9) 
von denen nur f, als Lésung in Frage kommt, denn nur diese Eigenfunktion 


verschwindet an den Grenzen des klassischen Bahnbereiches und zwar nur 
dann, wenn die Bedingung 


2 \p,dr=n,h (10) 
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_ besteht, wo n, eine ganze Zahl ist. Diese Bedingung ist mit der Sommerfeld- 
_ schen Quantenbedingung identisch. 
Die radiale Aufenthaltswahrscheinlichkeit des Elektrons wird also 


2 T 
f2 = R? sin? — Par. 11 
‘3 P 


Fy 


' Diese setzt sich aus zwei Faktoren zusammen: aus dem Amplitudenquadrat 
~ R2 und aus dem zwischen den Werten 0 und 1 oszillierenden Faktor 


Tr 
276 


“4 
5 | p, ar. Dieser oszillierende Anteil wird also durch das Amplituden- 


sin? 
r. 


1 = 
quadrat moduliert. Eine mittlere radiale Aufenthaltswahrscheinlichkeit fic 
lasst sich zweckmassigerweise in der Weise definieren, dass man den oszillie- 


1 
renden Anteil durch den Mittelwert = ersetzt und fir 


‘eae (12) 
1 ; 
setzt, wobei wir den Faktor a mit der in R enthaltenen Normierungskon- 


stante verschmolzen haben. 


Fir fo besteht die Normierungsbedingung 


aa { fidr=42{ Rdr=1, (13) 


Ty Fy 


aus der man mit Riicksicht auf (8) fiir die Konstante a den Wert 


erhalt. 
Die mittlere radiale Dichte D, der Elektronen mit der Nebenquantenzahl 


lin einem Atom ergibt sich mit Riicksicht auf (8) und (12) folgendermassen 
f2 : (15) 
D, = 2(214+ 142 Sfi= 221+ Anas 
Ny Ny Tr 
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"Mit dem Klassischen Ausdruck fe 


P; = [2m (e — U)}? 


_ erhalt man den Zusammenhang 


Op, m 


loa Pz 


und mit diesem und (14) aus (17) 


2m cl gas Luce ete 
h ie h 42a de 


Man kann also in (16) dn, durch 


de ersetzen und erhalt 


P 2m “y 
D,=2Qi+ 1) =" | —de, (21 
h J p, | 


wo die Integration auf alle besetzten Quantenzustande zu erstrecken ist und 
€) und ¢, die Energie des tiefsten bzw. héchsten Quantenzustandes bezeichnet. 
Mit (19) ergibt sich aus (21) 
fa 


2 ) 2 
D,=2Qba Ni | pede = 224 1) [Pr (6x) — Pr (Ca)] = 


&o x : (22) 
4 (21 + 1) } 


is ae (Pro = Pro) 


Acta Phys. Hung. Tom. XIII. Fasc. 4. ‘ 


ZUR HERLEITUNG DER GRUNDGLEICHUNG DER STATISTISCHEN THEORIE 459 


as 


wo wir fiir den maximalen radialen Impuls und fiir den minimalen radialen 
_ Impuls der Kiirze halber p,,, bzw. p,o setzten.3 
Im allgemeinen wird angenommen, dass p;) = 0 ist, wodurch man aus 


(22) zu der bekannten Beziehung 


D, = a Pru (23) 
h 

2 gelangt. Unserer Meinung nach ist jedoch die Annahme Pro = 0 nicht zulassig, 
_ denn dies ware damit gleichbedeutend, dass man annimmt, dass die minimale 
- radiale Energie eines Elektrons gleich 0 sei, was, wie sich leicht zeigen lasst, 
nicht der Fall ist. 

Hierzu teilen wir das Elektronengas des Atoms in Kugelschalen von der 
Dicke s ein und wahlen s den Voraussetzungen der statistischen Theorie ent- 
- sprechend so klein, dass in der Kugelschale U praktisch als konstant betrachtet 
werden kann. Die Lésungen der Gleichung (1), die den Randbedingungen — 
nach welchen f an den beiden berandenden Kugelflachen der Kugelschale ver- 


schwinden muss — geniigen, sind die folgenden 
f= Csinia[ TTA), (24) 
s s 


“wo C eine Normierungskonstante und r;, den Radius der inneren Kugelflache 
der Kugelschale bezeichnen. Die entsprechenden Eigenwerte der Energie sind 


E, ee (25) 


Hierin ist das Glied mit A? der radiale Anteil der kinetischen Energie. A kann 
den Wert 0 nicht annehmen, da fiir diesen f, identisch verschwinden wiirde, 
was bedeutet, dass der Zustand mit A = 0 nicht existiert. Hieraus folgt, dass 
der radiale Anteil der kinetischen Energie nicht yerschwinden kann, also in 
unserer halbklassischen Betrachtungsweise auch p,o den Wert 0 nicht anneh- 
men kann. 

Statt der bekannten Beziehung (23) erhalt man also die genauere, kor- 
rigierte Beziehung (22), in der po als Korrektionsglied auftritt. Fir grosse 
Elektronendichten wird man p,) neben p,, vernachlassigen kénnen und die 


dass von ihm die nachstehenden Folgerungen gezogen wurden. 


3 Diese Beziehung wurde auch von PLASKETT auf andere Weise gefunden ohne jedoch 
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Beziehung (23) wird eine sehr gute Naherung darstellen. Fir kleine Elektronen- 
dichten — also in den dusseren Gebieten des Atoms — kann jedoch p;o von — 
gleicher Gréssenordnung werden wie p;, und man kann dann p,o in (22) nicht © 
vernachlassigen, wodurch sich in diesen Gebieten eine Korrektion des statis 
tischen Modells ergibt. Das Problem besteht in der Bestimmung von pro, was | 
in einer folgenden Arbeit durchgefiihrt werden soll. Aus (25) erhalt man fiir 
Pro den Ausdruck 


h 
19 26) 
Pro 25 ( | 


der jedoch fiir unsere Zwecke nicht brauchbar ist, da in diesem die Breite s 
der jeweils herausgegriffenen Kugelschale eingeht. Es soll versucht werden 
diesen mit einem fiir rechnerische Zwecke brauchbaren Naherungsausdruck 
zu ersetzen. 


K BbIBEJIEHHIO OCHOBHOrO YPABHEHHMA B CTATHCTHYECKON 
TEOPHH ATOMA 


Tl. TOMBAILIL 


Pesiome 


B cpssnu c padoTol IInackera na craTuctuuecKkol TeopHu aTOMa BBbIBOAUTCA OHA 
OCHOBHaA 3aBHCHMOCTb MexKAY MAKCHMAJIbHBIM HMIMyJIbCOM HM MJIOTHOCTbIO II€KTPOHOB. JanHan 
3aBHCHMOCTb TouyuaeTCA HOBbIM, OTJIMYHbIM OT YHOMAHYTOrO, CMmOCOOOM, B pe3yIbTaTe 
NOABJIACTCA KOPPEKIMOHHbI WieH. KOTOPbIt B CTyyae MeHbilleii SeKTPOHHOH MOTHOCTH 
SHAaUHTeseH WM BO BHelHeH OOacTH aroma. 
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' 


In previous papers [1, 2], a set of coupled integro-differential equations 
has been deduced for antisymmetrical two-electron orbitals orthogonal in the 
_ strong sense. By varying the energy expression given in [3, 4, 5] and taking 
into account the auxiliary conditions 


SyH(l2) p1(A|2) dr, dr, = 1, a 288 Ny Py 
fp7(1{2) p3|4) p, (3|2) p14) dt, dt,dt3dt,=D,, if J#I, (2) 
(020 D,, = 1), (fee ee N's 


we have obtained the equations 


; a Ea 

Ha) +H@)+—— +2 > | drgde| * Pus 2 | wo 0 (818) 9112) = 
Ti2 J#1 13 T93 

(3) 


i je" = SEU drgde [P.3 + Pas] v9 (3/4) vy it) vy; (1/2), (I=1, 2,...,N) 
JAI , 


for the two-electron, orbitals y, . In the limiting case, when all Dy; > 0, the 
antisymmetrical solutions y,(1|2) (I = 1, 2, ... N) of the equations (3) satis- 
fying the auxiliary conditions (1) and (2), are the orthogonal two-electron 
orbitals to be found. When D,; — 0 and {7(1|2) y(1|3) dt, > 0, then [EN 
must tend to infinity so that lim E”/{y% (1|2) p; (1|3) dt; = &™ (2|3) will be 
well-behaved functions. Using these, the equations can be put into the form 


lr) + H2) +—- +2 ¥ (ddr, i ft 
T12 car 13 


fits | ys (3/14) v, i y, (12) = E! y, (12) + (4) 
Tos 


ab > (aeel8782)v, 08) + 848 vy BAI), fam, 2 NY. 
J#AI 
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Even if we assume that solutions satisfying the auxiliary conditions (1) and (2) 
(when D‘J — 0) do exist, the above limiting procedure makes it more difficult — 
to find them. 

Recently it has been proved [6] that, for given antisymmetric two- 
electron orbitals orthogonal in the strong sense, there exists a complete set of 
orthonormal one-electron spin-orbitals u, which can be partitioned into sub- 
sets 


Uy44> Uyo. Uy2>- - -9-- + Uys Uo. U3,---9*- -UN 1, UN22 UNZ2- - - 3 


such that each p)(1|2) can be expanded in terms of uy, Uj», Wig, - - « only: 


YP] (1\2) a 2: Chi u; (1) uz," (2), 


etc. Hence the full space can be decomposed into mutually perpendicular N 
subspaces I,2,...,1,... Nam such a way that each two-electron orbital 
y(1|2) is localized to the corresponding subspace J. 

In the beginning we assume that both the spin-orbitals u, and their 
proper decomposition into N subspaces corresponding to the ground state of 
the system with Hamiltonian H are known. By requiring to satisfy, instead of 
the orthogonality conditions 


Svt (12) y,(3)dr, = 0, if J#I, (5) 


the constraints that each y,(1|2) be localized to the corresponding subspace, 
we have the following set of equations: 


Q! H! (1)2) yp, (1|2) = E! p; (1[2), (I = 1,2,...N). (6) 


: Tus . ; : ; 
Here Q° is a projection operator projecting on the subspace I: 


Q'F (12) =f) = SFhe wl) wil) 


usr 


he = SfC)2) whl) why (2) dry dry, 


| 
we 


iP, 


A! (12) = |H(L) + H@)+ = +2 > {dry de 
| Ti2 JF 


T13 
_ ta Pea] ye (34), i4)| 
a |v (3"\4)y, Bi), . 

The antisymmetric solutions 19, Yoo, --- YNo of the equations (6) 
belonging to the lowest values E?!°, £?°, EN. correspond to the ground 
state of the system. Keeping the operators H'(1\2) and Q’ fixed, each of 
the equations (6) has further antisymmetric solutions ;,,Yj,Pj, -.. with 
Lagrangian multipliers E”, E”, E',... which have the following properties: 


To3 
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gre en 2 stron aie of res ikea are 
eee to ait rent eons “of the space. thos can be utilized to 


ie the beginning the set uj; is not known, nee in antes to replace 
re have to find a finite set of one-electr onspin orbitals v,;. There are_ 
rwo methods to derive an approximate basis. Both resemble, to some 
xtent, the extended Hartree-Fotk equations [7, 8]. 

A) The approximate two-electron orbitals ;(1|2) are pene in the form 

e also [9]) 
Y1 (2) = = > Ci, i, (1) LY) pa ied oe Fe) Cae ae ee ee ney 7) 

txts 


|. We require that 


o 


a Fak en = fet) 28,2 71 ;)- (9) 
When 
Cc! _—— my Ge 
ii ia. Toit 


Ss Ch, Chi, = = 1, (I = 1S, 2, . oN), (10) 
Ly i,,iz=1 

( 

tf 

A ‘the approximate two-electron orbitals are antisymmetrical and normalized, 
L respectively. With these, we get the energy expression 


a 

2 fi 

fe EO Sas (0) a7 = > Cm Chi, 2(Li, |H(1), Tis) Dig i i4 “ 

- SIs, hes fey t= 

ae = | li,, lig Tol, | » 

2 ae | (11) 
2 N ny my ee i 

F ae = : = ; = Cla Gals ChieC hi a Ti, r, Jj 2, ri a7 
Wer berg iy, tg) fg =1 fay Jo, fa=1 12 

fe t . . 

2 al [sit z Ti, Tiel : 

IZ 12 ; 


| Variation of the spin-orbitals v;; in (11) taking into account the auxiliary con- 
_ ditions (9) with Tagrengian multipliers —2 e''/ leads to the set of equations 


We wo 
a ‘ 
J om 
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dt. 
SoC Ce lan) ee J 2 yt (2) 07, (2)! enn (1) + 
is, isy be Ty2 
dt. 
ee Chis Chis hi, Chis | 2 bein ey) (2) v;;, (1) — 
df ig ig diy Jas ds Ty2 7 
JAr” (12) 


ne V1i,(2) 07 j. (1) | = eM" vy, (1) + ye » May, (1) + 
iy 
inAiy 
Se ae 
oe ae, 
j#1 
Varying the coefficients Cj,;, and taking into account the auxiliary conditions 


(10) with Lagrangian multipliers —€'(and the antisymmetry of the coeffi- 
cients Cj ;, in the indices i,i,) we obtain the set of equations 


| 


>) Ci. (Ti, |H(1)| Tis) Oi5 ia oF (Ii; \H(1)| Ti,) a) iy te + Hin Tis 


ighg 


li, Til 4 


Tie 


Jis ri Sia 


io,i4 


: nee 
ate z2 >: Ci. i, OF Chis ie ae? Pde Viv Ni, 


: lists eh inite | Ti2 


(13) 
eee TT sees ip | See 
te [bm Prana Jin ts aa JJx Ti, Sal = 8! Cig» 


| Tye 


(Lele Ne ais ta ty le 


(12) and (13) have to be solved simultaneously. The approximate two-electron 
orbitals gy; can be constructed from solutions v(t Sl, 2; ...'nyp) Gt ey 
satisfying the constraints (9), and from antisymmetrical solutions Cie of (13) 
satisfying the constraints (10). Since the first order density matrix is quasi- 
diagonal (diagonal in the indices I, J) 


rv) = SFA) = >|\9 (1’|2) y; (1|2) dry = 


tig “iis 


= Pa Cre vi, (1’) v7;, (1); 


Th, Tye 


the submatrices J";(1’|1) can be separately diagonalized by unitary transforma- 
tions U’ [10] introducing natural spin-orbitals [7]. 

The approximation can be improved by increasing n (the number of the 
spin-orbitals v). 

The main difficulty of the method A) lies in the solution of the equations 
(12). This is an unrealizable task as yet. 


Acta Phys. Hung. Tom. XIII. Fasc. 4. 


=: DERIVATION OF “ALMOST” ORTHOGONAL TWO-ELECTRON ORBITALS 465. 


_ B) We choose as a basis a fixed finite orthonormalized set of one-electron 
“spin-orbitals w,(1) (vy = 1, 2, ... 1; n > 2 N). This will be divided up into N 
8 ‘subsets w (1) (i = 1,2, ... a) so that each to the w, ’s occurs in one of the 
| subsets only, ie. my +... +ny+... +ny =n. We obtain with the two- 
electron orbitals 


ny = 
> Chi, Wiz (1) Wij, (2) ? (I = 1 oe % .N), 


eee 


_ap, energy expression similar to (11). The only difference is that the matrix 


Blements (Ii, |E(1)| i,), iv Te 


I Ti, etc .are now calculated between 
Fiz | 


‘spin-orbitals w,;, of course. Varying the coefficients Cj ;, and taking into account 


yi 
the normalization condition (with Lagrangian praltipliers —') we obtain a 
set of equations identical with (12) which can be solved by iteration for the 
lowest roots ¥' and the corresponding coefficients C det 2 ne pace Ye 
Of course, the results strongly depend on the choice and the ceepeieen 
of the basic set w,. It would be a good starting point if we knew the ex- 
elusive orbitals and some oscillator orbitals of the system [11]. However, we 
‘can subject the basic set w,; decomposed intuitively to an arbitrary 


unitary transformation 


N 
Ci > at ain (14) 


which has to be determined so as to give the best total energy for the 
ground state. Substituting (14) into the energy expession (11) and varying 
the matrix elements Vj; ;; subject to the unitarity condition, we obtain a 
set of equations for the Vy; ;;-’s which has to be solved with equation (13) 
simultaneously. In this way we can determine the best decomposition of 
the basic set w, into N subsets v;; of given dimension nj. 

To avoid the preliminary decomposition, 9; (1/2) can be taken in the 
form 


9: (12)= > Chw,(1)w, (2), (E=1,2...N). 


x, A=1 
The orthogonality conditions (5) require that 
SCUCh=0, POG (ea ea ORE 
Taking these into account with Lagrangian multipliers = Ein (and the 


normalization conditions with Lagrangian multipliers — &') we obtain 


[* 
4 set of equations for the coefficients C!,. Then the matrices ~ Co Cua 
A= 


Acta Phys, Hung. Tom. XII. Fasc. 4. 


466 E. KAPUY 


can be diagonalized by a unitary transformation [6]. In this way we can 
determine the best decomposition of the basic set w, into N subsets vjj- 

Increasing suitably n, the approximation will be better, of course. 
To improve convergence we introduce the idea of “almost” orthogonal — 
two-electron orbitals 7, (1/2). These are defined to be solutions of the : 


following set of equations: 


{H! (12) — B} U2) = Sy, @ + HHA) Ol | 


Jj | 
ww , | 
+ OY #3 pyr Qe 2), C=L2,.--N), ] 
Siege 
Fa sod 
where 
Hy, (1) = § v3 (2) A! (12) @, (2) dre. 
HF}, (2) = § v4; (1) H (12) p, (2) dry, 
HB hy gr = S$ v8y (L) vy (2) A (12) dry dre, 
= 1 
i (1|2) = )H(Q) + H2) +——+ 
| Tig 
. to Pp oe pare. 
“I | arya] Pow 8 _| p, (3'|4) vy (3i4) |. 
J#I1 T13 To3 | 


The antisymmetrical solutions #(1\2) (I = 1, 2, ... N) of the equations, 
(15) corresponding to the lowest E'° (I =1,2,... N) values and satisfying 


the auxiliary conditions 
i w* (1/2) p, (112) dt, dt, =1, (I= 1,2,...N), (16) 


f v5) (1D) by (12) dry = 0 | 


YY if J#HULS =1,2,...N; j=1,2,...n,); (7 
(oF (2) br (12) dr, =0 | ae J ny); (17) 


are the “almost” orthogonal two-electron orbitals to be found. We may assume 
that the equations (15) (keeping the orbitals 7 jo(1|2) fixed in them) even have 
further antisymmetric solutions 7;,, Pj, ..- corresponding to excited states, : 
which also satisfy the auxiliary conditions (16) and (17). The solutions belong- 
ing to the same operator H’(1|2) are orthogonal to one another in the usual 


sense. The strong orthogonality conditions (5) do not hold for the solutions 
wy, exactly 


§ p43) py (2) dr, #0, if JH I. 
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They are, however, satisfied approximately as we shall show below. The solu- 
ions 7 can be written in the following form 


1 


(2) =a, * (9; (\2)+-F;(1/2)1, (18) 


a, =1+ JS f¥ (12) f; (12) dt, dr, , 


S 97 (12) fi; (1/2) dr dt, = 0, (19) 


Sey Oh (1/2)dt,=0] . 
foi, F,2)ar =0 if J#1, (I,J =1,2,..-N; j=1,2,...mj). (20) 


Thus 
§ 4 (1/2) py (U3) de, = J F412) fF, Aa)dr, | (21) 


| are of second order in the functions f;, consequently, the energy expression 


B= H0) + > {97 0D] HO) + HE) + —| 112) de, dra + 


Tig 


(22) 


I T13 
J#1 


Ls P. ~* 7Q7 GY ns , 2 
+25 ‘ dr, dt dt, dr, — 3 (3"\4) 9) (314) #4 (12) #1 (12), 


is only correct up to first order. Thus, E may be lower than the exact non- 
relativistic energy of the system. To avoid this we calculate the energy 
with the expression 


& =(WHY dr, (23) 


, where 


W ~ (1 P) yy (1)2)--- Pr (2L—1 1)... py (2 N12.) + 


+ = p, (1/2)... f; (21 — 120)... en (2N—1]2 Ny , 


In this case & is always lower than E©), nevertheless the former is an 
upper bound to the exact non-relativistic energy of the system. In most 
cases & is lower than the energy E obtained by the exact two-electron 
orbitals orthogonal in the strong sense. Suitably increasing the basic set 
'w,, at least in principle, the terms of (21) type can be put as small as 
desired, at the same time E® and @ will tend to E. 
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Instead of solving the set of equations (15) directly we can determine 
the two-electron orbitals }, variationally. We choose suitable antisymmetrical 
trial functions g;(1|2) which contain many variational parameters and arg 
flexible enough to account for the electronic correlation. Then we orthogonalize 
them to satisfy the conditions (19) and (20) as was done in the case of the | 
functions f;. As a result we obtain functions of the form 


f1 (12) ~ 8 aP)— 3 J dts {87 (3|2) v5, (3) v,,;(1) + 


#1 
+ 8, (13) vy;(3)v,;(2)$+ > J deg dey gz (3/4) v3; (3) ¥7,-(4) 0; yy (2) — 
SSF 
J#1 


es fdr, At, 8; (3\4) p7 (3|4) (1|2). 


Substituting these in the energy expression (23) and minimizing the energy we 
get approximate f; ’s which belong to ~, functions corresponding to the ground 
state. This variational procedure can be applied to determine also two-electron 
orbitals };,, Yo, ... belonging to the excited states. 

The above methods can be easily generalized to the derivation of 
‘almost”’ orthogonal many-electron (group) orbitals. 
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In the research into luminescence the examination of pure salts has 
become of ever growing importance. In connection with this we have set 
ourselves the task of examining the luminescent behaviour of the manganous 
ion, that is of great importance in luminescence, in unactivated Mn compounds. 

As it is known, Mn shows as an activator a characteristic red light in 
| several inorganic salts. Apart from the luminophors made with double activ- 
- ation, a typical Mn band is shown by ZnF,: Mn, ZnS : Mn, Cd,B,0; : Mn, 
- CdS: Mn etc. The emission band of these phosphors is between 560 and 
640 mm. 

The luminescent intensity of the pure manganous salts is considerably 
lower and it appears in several cases only at low temperature. So e. g. the 
MnSiO,, MnCl,, Mn acetate shows a weak red emission. As these materials 
have not been put to practical use as far as now, the characteristic properties 
of the Mn salts have hardly been examined and only a few references can be 
found in the literature concerning this topic. 

Among the above-mentioned Mn* ~ salts the Mn acetate containing the 
organic anion is of special interest, because the interaction between the lattice 
and the activator seems to be simpler than in the case of other crystal phos- 
phors. 

In the form of Mn phtalate we have found a manganic Juminophor with 
an organic anion, but with better luminescent properties. The mentioned 
compound might be produced from a Na or K phtalate solution in the presence 
of Mn?2* ions on the effect of heating. The luminous properties of the resulting 
compound are indepen dentof the anion of the manganous ion. Acetate, bromide, 
chloride as well as sulphate were used in our experiments. The pH of the medium 
has a strong effect on the development of the compound; probably this is why 
we did not succeed in producing it from phtalic acid and manganous salts. The 
so-produced compound is insoluble in water or organic solvents. Its X-ray 


diffraction pattern showed a crystalline structure. The photoluminescent spec- 
d. As irradiation source we have used a 


UG-11 and BG-12 coloured Shott- 


trum of the luminophor was measure 
medium pressure mercury lamp screened by 
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Fig. 1. Spectral energy distribution of a manganous phtalate sample at different temperatures, 

in arbitrary units. Curve 1: —112° C; Curve 2: —105° C; Curve 3: — 88° C: Curve 4: —70° C: 

Curve 5: —57° C; Curve 6: —29° C; Curve 7: — 7° C; Curve 8: +15° C; Curve 9: +34° C 
Curve 10: -+58° C; Gurve 11: +83° C 


. 
> 
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on Fig. 1 shows the spectral energy distribution at different temperatures. 
git can he seen that the intensity of the emission as well as the wavelength of its 
_maximum changes with temperature. With increasing temperature this maxi- 
| mum is shifted towards the shorter wavelengths. Further on it can be seen 


bina A max (nm) 


700 


680 


660 
Q) 


620 b 


600 


10 130. 150 170 190 210 230 250 270 290 310 350 T 


Fig. 2. Temperature dependence of the maximal intensity (curve a) and temperature depend- 
ence of the wavelength of the maximal intensity (curve b) 


ristic for the Mn band. The luminescent properties of this compound are similar 
to that of the Mn acetate, so there are good hopes that in these materials a 
possibility will arise for the direct investigation of the luminescent properties 


of the manganous (or manganic) ion. 
We will revert to further experimental details resp. to the interpretation 


of our results in due time. 
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' 
It is generally assumed in biochemical genetics that the genetic inform- 


ation carried by the deoxyribonucleic acid (DNA) molecule is determined by 
the sequence of the nucleotide bases in this molecule. Very likely, this inform- 
ation is transferred in a first step from DNA to ribonucleic acid (RNA) and 
in a second step the sequence of the nucleotide bases in RNA determines 
(“codes”) the sequence of amino acids in the protein molecule [1], [2]. On the 
~ other hand, Crick’s [1] assumption that no information can be transferred 


~ from protein to nucleic acid or from protein to protein is generally accepted. 


Therefore, the sequences of the four kinds of nucleotide bases: adenine (A), 
thymine (T), guanine (G) and cytosine (C) of the DNA molecules of a cell 
determine through RNA molecules those proteins which can be built up in the 
cell under consideration. Since all possible biochemical reactions in a cell are 
determined by their specific protein catalysators (enzimes), the genetic inform- 
ation carried by the DNA molecules of a cell determines all chemical reactions 
in the cell in question. 

The coding problem of the first step (DNA — RNA) is the simpler. 
RNA also consists of four kinds of nucleotide bases: A, G, C and instead of 
thymine, uracil (U). Thus a four-letter alphabet must be coded with the help 
of another four-letter alphabet. In the literature diverse coding principles for 
the solution of this problem [3], [4], [5], [6] have been published. In the light 
of recent investigations [2] it seems probable that for unicellular organisms 
the coding principle of Ricu [3] is valid, according to whom the base sequence 
of a single DNA helix determines the base sequence of the complementary 


RNA helix, through the well-known 
Aw Ge. TA, CAG (1) 


Watson—Crick correlations [7] (here, at the left, stands the base of DNA, 
at the right that of RNA). For multicellular organisms it is, however, the coding 
principle of Zusay [4] which seems to be valid [2]. According to this, a nuc- 
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leotide base of RNA is determined by a base pair of the DNA double helix | 


namely: 


: |! 
GC — A, CG—U, AT—G, TA—C. 2) 


} 
| 
: 
(Here again on the left stands the nucleotide base pair of DNA and on the 
right the coded base of RNA.) ] 

It is to be noted that though the molecular mechanism of this coding | 
scheme is not clear, it was experimentally found to be in agreement with the 
base compositions of the DNA and RNA macromolecules of the multicellular _ 
organisms. | 

At present, the problem of the RNA-protein coding is far from being | 
solved, as here the four different bases of RNA have to code the twenty differ- 
ent amino acids of the protein molecules [8]. The twenty different amino — 
acids cannot be coded by dinucleotides because there exist but 4% = 16 
different dinucleotide combinations. As a first requirement for the coding 
principle it is therefore stated that at least three nucleotides can code one amino 
acid [8]. From the study of the known protein compositions and sequences it — 
results further that these amino acid determining sites of RNA are independent 
and share no nucleotides with their neighbours. In other words, the code is not 
‘overlapping’. This second requirement follows from the fact that the amino 
acids have different frequencies in the proteins [8]. It is, therefore reasonable 
to believe that the coding principle itself imposes certain differences in fre- 
quency on the various amino acids. 

When working with three nucleotides — one amino acid codes, two 
problems will arise: 1) Three nucleotides give 42 = 64 possible combinations, 
but only 20 amino acids are to be coded by them. In other words, only log, 20 = 
= 4,32 bits information content is necessary to determine one amino acid, 
whereas a trinucleotide has log, 64 = 6 bits information content. The coding 
scheme has thus 6,00—4,32 = 1,68 bits /amino acid redundancy. The first 
problem is thus to select those 20 trinucleotides among the 64, which will 
really code the 20 amino acids. 2) After the solution of the first problem, it 
would be necessary to correlate to each amino acid the trinucleotide which 
codes it. 

We are still very far from the solution of the second problem and con- 
sequently the whole RNA-protein coding principle is an unsolved question. 
As regards the first problem, however, some attempts at a solution are to be 
found in the literature. Gamow [9] has recognized that by disregarding the 
sequences of the trinucleotides, and by taking into account only the composi- 
tions of them, we get exactly 20 different trinucleotides. These are the following: 
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fw G&G A. AG, or U, or C 

A G U ¢ 5—7. 

AS Grey ¢ G, GSA, or U, or C 

eh. 2-8 4 8— 10. 
U, USA, or G, or C (3) 
11— 13. 
C. ch A, or G, or U 
14— 16. 

As. U 9A, UU CA, GG GU, C 

t 17 18. 19. ZA. 


Tt is to be noted that here the letters mark only the bases present in the tri- 


nucleotide and these bases can be arranged in any kind of order. 


Ycas [8] showed that the advantage of this coding scheme lies in that 


it can impose differences in frequency on various amino acids. The amino acid 


namely which is coded by the trinucleotide of A, G, U composition, for instance, 
must be 6-times as frequent (6 being the number of different sequences with 


“composition A, G, U) as the amino acid coded by the AAA trinucleotide, which 
has only 1 configuration. Here, however, the a priori equiprobability of each 


sequence of the three nucleotides is assumed. It is further to be mentioned in 
connection with this scheme that a scheme which disregards the sequence of 


the symbols can by no means be taken as a coding scheme in an information 


theoretical sense. From a physicochemical point of view it equally seems very 
improbable that the sequences of the bases in the trinucleotides should play 
no role in the selection of the amino acids. 

Crick [10] and his coworkers have proposed another scheme taking into 
account also the sequences of the bases in the trinucleotides. They assume that 
20 of the possible 64 trinucleotides are ‘sense sites” which correspond to an 
amino acid, while the remaining 44 trinucleotides are ‘“‘non-sense sites’, which 
do not correspond to any amino acid. The 20 sense sites are selected with the 
solution of the so-called “punctuation mark problem”. On the supposition 
that three bases determine one amino acid, the problem arises namely why 
the 3n + 1, 3n + 2, 3n + 3 bases do determine one amino acid, while 3n + 2, 
3n + 3, 3n + 4 do not. These authors take as sense trinucleotides all those 
triplets which, when placed next to each other in any possible combination, 
give sense sites only at positions 3n + 1, 3n + 2, 3n + 3, but not otherwise. 
For example, the triplet GGG is a non-sense site because when placed next 
to itself, it gives the sequence GGGGGG. The site is not unambiguously defined, 
as the GGG triplet occurs at the 1—3, 2—4, and 3—5 positions. CRICK and his 
coworkers have found that there are exactly 20 trinucleotides which satisfy 


the above criterion as follows: 
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AG? ACR ee et sG~ eee 
CRC WO GAG Co GH u 
Ap: peta eal eee ae 
1. Sos ae dae 6 % 8.9 36 
G esa Se AG vf 6. cu (4) 
te Wal 0, he 0 UA | 
Ae the Gee Cig canan eee 
leg teere per) merice 1Gccl7Z ls Toe otk 


In connection with this scheme it is to be noted that it has the advantage | 
of taking into account the sequence of the bases. It has, however, the following 
disadvantages: a) the solution of the “‘punctuation mark problem” as selection 
criterion for the “sense”’ triplet seems rather artificial (this problem could be 
solved also if amino acids were selected in a sequential manner starting from 
one end of RNA and if each triplet is able to select an amino acid as in GAMOW's 
scheme). b) Assuming equiprobability for each triplet the above scheme cannot 
explain the differences in the frequency of the various amino acids. c) When | 
only certain triplets of RNA are able to select an amino acid there will be 
other “non-sense” triplets left between the “sense sites’’ and so the ‘‘sense 
sites”’ of RNA will be separated in space from each other. Thus the stereoche- 
mical problem comes up: how can the amino acids coded by these separated 
sites react with each other in order to form peptide bonds. It is, however, to 
be remembered that, when instead of being in an extended or in a helical con- 


figuration the RNA molecule is but folded, this problem gets considerably 
reduced. 


It will be shown that, when departing from the assumption of the equi- 
probability of all possible trinucleotides, the twenty most probable sequences 
can be selected in an entirely natural way. According to the Watson—Crick 
stereomodel of DNA [7] the nucleotide bases of one helix are situated at a 
distance of 3,36 A from each other in parallel planes. On the basis of this stereo- 
picture the existence of a fairly considerable interaction of the z-electrons of 
these bases could be shown [11]. The calculation of the quantum mechanical 
overlap integrals between these bases had further the result that, when a purine 
(Pu) type base is under! another Pu type base, or a pyrimidine (Py) type base 
is under one of the Py type, or finally when a Pu type base is under a Py type 
one the interaction is large, while when a Py type base is under a base of the 
Pu type, the interaction is small.2 Since by this interaction, the binding energy 


‘The DNA double helix being a right handed helix, a direction for the sequence of 
nucleotides can: be defined. 


* The Pu type bases are A and G, the pyrimidine type bases are T and C. 


Acta Phys. Hung. Tom, XIII. Fase. 4. 


A NOTE ON THE NUCLEIC ACID — PROTEIN CODING PROBLEM ATT 


of the macromolecule is increased and since each system tends towards the 
most stable configuration, it seems plausible to suppose for the probabilities of 
the dinucleotides the inequality 


P(Pu/Pu), P(Py/Py), P(Py/Pu) > P(Pu/Py). (5) 


Here P(A|B) is the conditional probability for that case when the base B is 
under the base A (2). The inequality (5) is also supported by the experimental 
work of Sapiro and CHarcarF [12], who have found that in DNA, 70 percent 
“of the bases are arranged in PuPuPu... or PyPyPy type sequences and only 
30 per cent: of them are to be found in PuPyPuPy... type sequences. 

Besides the criterion of great overlapping a second criterion for the strong 
interaction of the nucleotide bases of DNA is the maximum possible neigh- 
bourhood of the same kind of bases. Namely, from the quantum mechanical 
perturbation theory it is well known that in case of the same interaction poten- 
tial, systems with identical eigenstates interact by the maximum amount. 
So the DNA molecule is the most stable when as many nucleotide bases of the 
-same kind are adjacent as possible. Therefore we may write: 


P(G/G) ~ P(A/A) > P(G/A) ~ P(A/G), 
P(C/C) ~ P(U/U) > P(U/C) ~ P(C/U). 


(6) 


With the aid of the inequalities (5) and (6) we may now select the most 
probable 20 trinucleotides of a DNA helix in the following manner: 1) Put in 
the Gamow’s “composition scheme”’ the same bases, always in adjacent posi- 
tions. 2) At 5—16 compositions of (3) regard only the fi, 8 FY type sequ- 
ences, but disregard the 5) type sequences. 3) Disregard the 17—20 compo- 


sitions which consist of 3 different nucleotides. In this way we arrive at the 


5 pepe re Coghn Uleek AAbHe ace <0 
eee eae ee AggC A. Ga: Tete 
he 6. Ua G ere A Te Sk ‘Faget ed aad © 
|) Seer ee 5s BOL woth te et, ee 
ee Cou Cae Cone Un (7) 
weu UU are FOC 
yee Leak cer CU 
13u) 142157 016. 17, 18. 19. 20. 


(A, G Pu type; U, C Py type) 


coding scheme.? The trinucleotides must be read from the bottom upwards. 


31t is to be noted that when we are taking into account only condition (5) and thus 
allow also PuPy combinations in the triplets, we get a scheme of 28 trinucleotides, whereas 
disregarding condition (6) gives a scheme of 32 triplets. 
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From the most probable (1) and (2) DNA—RNA coding principles it is | 
seen that each DNA base triplet of the scheme (7)! gives a trinucleotide of RNA 
which is always a member of the scheme (7). Thus the scheme (7) gives also the | 
20 most probable trinucleotides of RNA. When we define these 20 most prob- 
‘able trinucleotide sequences of RNA as amino acid selecting sites (“sense 
sites”) we come to a coding scheme which selects (among 64) the 20 amino | 
acid coding triplets in a physically more plausible way than Crick and his 
coworkers have done. Furthermore, since the frequency of the triplets in 
scheme (7) may also be very different, the scheme does not contradict the 
frequency differences found experimentally in the various amino acids. The 
estimation of the frequencies of the triplets in scheme (7) is in peegresst Finally, 
if the 20 most probable triplets of RNA are selected as “sense sites”, the redund- 
ancy of the RNA code (the frequency of “non-sense sites”) is decreased and 
with it the above-mentioned stereochemical difficulties also are further les-_ 


sened. 

I wish to exqress my gratitude to Academician J. Ernst for calling my 
attention to the above problem, to Academician F. B. Straus and T. A 
HorrMann, Doctor of Physical Sciences, for helpful discussions and to Prof. 
B. Gyérrry for calling my attention to valuable data in the literature. 
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* Putting into the scheme (7) T instead of U. 
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NEUERE MESSUNGEN ZUR LEITFAHIGKEIT 
VERFORMTER STEINSALZKRISTALLE 


Von 
B. JESZENSZKY und J. Kiss 


INSTITUT FUR EXPERIMENTELLE PHYSIK DER TECHNISCHEN HOCHSCHULE FUR 
BAU- UND VERKEHRSWESEN, BUDAPEST 


(Eingegangen 10. XI. 1961). 


_ Wir haben die zuerst von GyuLar und Hartty [1] beobachteten Leit- 
fahigkeitsspriinge, die an einseitig gedriickten synthetischen und natiirlichen 
-Na(Cl-Einkristallen zustande kommen, mit einer verfeinerten Methode unter- 
sucht. Zugleich untersuchten wir die von Fiscupacu und Nowicx [2] beobach- 
tete Ladungsbewegung in inhomogenen gepressten Kristallen. 

Die Beobachtungen haben wir mit der urspriinglichen Messeinnichtung 
von Gyu.at und Hartty durchgefiihrt, und auch die Messmethode war die- 
selbe: Strommessung mit Elektrometeraufladung, nur wurde jetzt die Be- 
wegung des Elektrometerfadens nicht mit dem Auge beobachtet, sondern 
mittels eines Filmaufnahmeapparates zusammen mit einer Skala photographiert. 
Dadurch konnten 8, 16, 24 bzw. 64 Messdaten in einer Sekunde erhalten werden. 
Wir benutzten ein Einfadenelektrometer der Firma Zeiss. Die Auswertung der 
Filme geschah in bequemer Weise durch Projektion der Aufnahmen. Die Mes- 
sungen wurden bei einer Temperatur von 50° C durchgefiihrt. Die Kristall- 
stiickchen waren 1—4 mm dick und hatten einen Querschnitt von 0,5 cm?. 

Die Empfindlichkeit des Elektrometers war 5—10 Skalenteile pro 1 Volt 
Spannung. An die Kristalle wurde 200—300 Volt Spannung angelegt. 

Wir haben die folgenden Messungen durchgefiihrt: 

1. Wiederholung der Messung des Gyutar—Harrtty Druckeffektes an 
natiirlichen Steinsalzkristallen aus Wieliczka. 

2. Ladungsfluss natiirlicher Steinsalzkristalle bei asymmetrischer Be- 
lastung. Unsere Ergebnisse kénnen wir im folgenden zusammenfassen: 

1. Die Stromspriinge des schon seit langem bekannten Druckeffektes 
bestehen, wie die Beobachtung mit feinerer Zeitauflésung zeigt, aus mehreren 
Teilspriingen. 

2. In den synthetischen NaCl-Kristallen gibt es innere (mechanische und 
elektrische) Anisotropien, die im Falle einer plastischen Verformung auch ohne 
| dussere Spannung das Elektrometer aufladen. 

3. Bei der Wiederholung der asymmetrischen Belastungsversuche von 
Fiscusacn und NowIcx zeigte es sich, dass die Stromspriinge auch bei diesen 


Messungen in Teilspriinge aufgespalten sind. 
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4. Bei Anwendung paralleler Elektroden ist ein Ladungsfluss ohne aus- 
sere Spannung nur bei synthetischen Kristallen zu beobachten. | 
Die Versuche werden weiter fortgefihrt. Wir danken Herrn Prof. | 
7. GYULAI fiir seine vielen wertvollen Ratschlage und sein stetiges Interesse an 
unserer Arbeit. Ebenso danken wir Herrn Dipl.-Phys. E. Hartmann fiir | 


wertvolle Diskussionen. | 
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